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PREFACE 


The idea of applicability of surfaces is introduced in Chapter III 
as a particular case of conformal representation, and throughout the 
booh attention is called to examples of applicable surfaces However, 
the general problems concerned with the applicability of surfaces are 
discussed in Chapters IX and X, the latter of which deals entirely 
with the recent method of Wemgarten and its developments The 
remaining four chapters are devoted to a discussion of infinitesimal 
deformation of surfaces, congruences of straight lines and of circles, 
and tnply orthogonal systems of surfaces 

It will be noticed that the hook contains many examples, and the 
student will find that whereas certain of them are merely direct 
applications of the formulas, others constitute extensions of the 
theory which might properly be included as portions of a more ex- 
tensive treatise At first I felt constrained to give such references as 
would enable the reader to consult the journals and treatises from 
which some of these problems were taken, but finally it seemed best 
to furnish no such key, only to remark that the Eneyklopadie der 
mathcmatischen Wnsenschaften may be of assistance And the same 
may be said about references to the sources of the subject-matter of 
the book Many lmDortant citations ha\e been made, but there has 
not been an attempt to give every reference However, I desire to 
acknowledge my indebtedness to the treatises of Darboux, Bianchi, 
and Scheffers. But the difficulty is that for many years I have con 
suited these authors so freely that now it is impossible for me to say, 
except m certain cases, what specific debts I owe to each 

In its present form, the material of the first eight chapters has 
been given to beginning classes m each of the last two years, and 
the remainder of the book, with certain enlargements, has constituted 
an advanced course which has been followed several times It is lm 
possible for me to give suitable credit for the suggestions made and 
the assistance rendered by my students during these years, hut I am 
conscious of helpful suggestions made by mj colleagues, Professors 
Yeblen, Maclnnes, and Swift, and by my former colleague, Professor 
Bliss of Chicago I wish also to thank Mr A K Krause for making 
the drawings for the figures 

It remains for me to express my appreciation of the courtesy 
shown by Ginn and Company, and of the assistance given by them 
during the printing of this book. 


LUTHER PFAHLER EISEHHART 
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NOTES AND CORRECTIONS 

Page 18, line 6. After " vanish ” insert " or p.= 0.” 

Page 30, Ex. 3. The curve C is plane and P is a point of the plane. 

Page 40, Ex. 3. "Point of a plane” should read "point of a non-isotropic 
plane.” 

Page 95, line 7. After "that” insert "a real function.” 

Page 104. In the statement of the first property at the foot of the page, after 
"straight line ” insert " not through the origin." 

Page 117, § 49. In displayed equation preceding (10) after 

d-x/dv\- , , , Bx (Pu 8x d 2 v 
cv i \ds/ du ds- Bv ds- 

Page 123. The last paragraph is incorrect. The position of the surface relative 
to the tangent plane depends upon the character of the terms of third and higher 
orders. 

Page 131, line 1. In place of " that is, . . . positive ” read " which may be the 
case or not, when the curvature of S t is negative.” 

Page 177, Ex. 4. After "system ” insert " which is parametric.” 

Page 188, Ex. 23. In place of " a single parameter ” read " either it or v alone.” 

Page 195, Ex. 1. The following should be substituted for the printed form : 
" 1. If an asymptotic line is a plane curve, not a straight line, each point of the 
curve is a parabolic point of the surface.” 

Page 197, § 81. If the curves 

* 1 =^ 1 , Vi=U 2 , z 1 = D’ a ; x 2 =V 1 , Z/„= K, z 2 = V s 

do not lie on the surface (32), the surface may be generated by curves congruent 
to them after the manner described in this section. 

Page 198, § 82. If a surface of positive curvature is referred to real parametric 
curves, it follows from (IV, 40) that the parameters of the asymptotic lines are 
conjugate-imaginary. The second quadratic form is real, as follows from (IV, 4). 
Consequently X is real. 

Page 201, illustrative example. It is not possible to change the parameter v so 
that <f>{v) may be made equal to unity. However, if VG is replaced by $Vg in 
the last equation of page 201 and the first equation of page 202, the resulting equa- 
tions are correct, and likewise the theorem. 

Page 217, line 25. After " integral ” insert " with an arbitrary constant.” 

Page 219, Ex. 0. It is understood that a is an arbitrary constant. Replace 
and the curves . . . trajectories” by "and 6„ = const, are geodesic parallels.” 

Page 257, line 7 ; also page 259, lines 3 and 26. Replace " congruent ” by " super- 
posable by a translation." 

Page 2G9, Ex. 18 (g). The section of the surface by each of the planes x = 0, 
1J ~ 0 consists of a line of curvature and a double cubic ; the double cubics are 
the locus of the double points of the lines of curvature. 

xiii 
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NOTES AND CORRECTIONS 


Page 282, Hue 9 In eider to prove that the parametric curves on S, are linw 
of curvature, It is necessary and sufficient to show that the tangents to the para, 
metric curves on S i and oa its spherical representation at corresponding points 
are parallel (cf § 61) The expressions on this page for the displacements of 3/, 
and of Its spherical representation satisfy this condition 

Page 284 In displayed type (54) at end of first line add " + cos f>dX" and at 
end of second line add *• + sintfdX ” 

Page 311, Ex 3 Before "surface of revolution” insert "non-developable " 
Page SCO, Une 22 This theorem cannot be stated as true for any quriace as a 
consequence of (29), since it has not been shown that (20) hold for any surface 
If it, v, z are the cartesian coordinates of any surface, and we write 
s = u, y + fe = t>, y — 4z = 2 i>, 
then the linear element is 

d,« = tf«* + 2 dedtfr = da* + 2^- duds + 2 ^dt>* 

Su Jv 


which is of the form. (41) lienee the linear clement of any eurface can be given 
this form Furthermore, the steps of § 148 are reversible, and as a consequence 
equations i29) hold for any surface Thus the method of § 148 can be applied to 
the determination of surfaces having a given linear element when one such surface 
is known 

Page 400, line 9 Replace " »„ u t " by " 4- ^ ’ 

Pago 412, Ex 9 When this condition is satisfied, there exists a unique con 
gruence with the given spherical representation of its developables , it is deter 
mined by 




>{?}- 


But every congruence with this representation does not have degenerate focal 
surfaces 

Page 436, lines 18-20 This condition is sufficient except when the surfaces 5, are 
spheres or minimal surfaces (5 61) However, from the expressions (34) and those 
preceding (32) it follows that the tangents to the parametric curves on S, and on 
5ts spherical representation at corresponding points are parallel Consequently 
the parametric curves on the surfaces 5, are their lines of curvature (§ 61) 

Page 441, line 27 After " aero " insert " (in fact, L vanishes identically) ” 
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CHAPTER I 

CURVES IN SPACE 

1. Parametric equations of a curve. Consider space referred to 
fixed rectangular axes, and let (x, y, z) denote as usual the coordi- 
nates of a point with respect to these axes. In the plane z = 0 
draw a circle of radius r and center (a, b). The coordinates of a 
point P on the circle can be expressed in the form 

(1) x = a + r cos u, y = b + r sin u, z = 0, 

where u denotes the angle which the radius to P makes with the 
positive 2 >axis. As u varies from 0° to 360°, the point P describes 
the circle. The quantities a , b, r determine the position and size 
of the circle, whereas u determines the position of a point upon it. 
In this sense it is a variable or parameter for the 
circle. And equations (1) are called parametric 
equations of the circle. 

A straight line in space is determined by a 
point on it, P n (a, b, c), and its direction-cosines 
a, ft, y. The latter fix also the sense of the line. 

Let P be another point on the line, and let the 
distance P n P be denoted by u, which is positive 
or negative. The rectangular coordinates of P 
are then expressible in the form 

(2) x = a + xia, y = b + u/3, z— c + «y. 

To each value of u there corresponds a point 
on the line, and the coordinates of any point on the line are 
expressible as in (2). These equations are consequently parametric 
equations of the straight line. 

When, as in fig. 1, a line segment PD, of constant length a , per- 
pendicular to a line OZ at D, revolves uniformly about OZ as axis, 

i 





CURVES m SPACE 


and at the same time D moves along it ■with uniform velocity, the 
locus of P is called a circular helix If the line OZ be taken for the 
2 axis, the initial position of PD for the positive ic-axis, and the angle 
between the latter and a subsequent position of PJ> be denoted by 
h, the equations of the helix can be written in the parametric form 

(3) x = a cos «, y = a sin «, z = bu , 

where the constant b is determined by the velocity of rotation of 
PJ> and of translation of 25 Thus, as the line PD describes a 
radian, D moves the distance b along OZ 

In all of the above equations u is the variable or parameter 
Hence, with reference to the locus under consideration, the coordi 
nates are functions of u alone We indicate this by writing these 
equations 

( 4 ) *-/,(“). y =/,(“). «=/,(») 

The functions /, /, have definite forms when the locus is a 

circle, straight line or circular helix But we proceed to the gen- 
eral case and consider equations (4), when / lt /, are any func 
turns whatever, analytic for all values of «, or at least for a certain 
domain • The locus of the point whose coordinates are given by (4), 
a3 u takes all values in the domain considered, is a curve Equa 
tions (4) are said to be the equations of the curve in the parametric 
form When all the points of the curve do not lie m the same plane 
it is called a space curie or a twisted curie , otherwise, a plane curve 
It is evident that a necessary and sufficient condition that a 
curve, defined by equations (4), be plane, is that there exist a 
linear relation between the functions, Buch as 

(5) a/,+ bf s + c/,4- rf = 0, 

where a, b, c, d denote constants not all equal to zero This con- 
dition is satisfied by equations (1) and (2), but not by (3) 

If it in (4) be replaced by any function of v, say 

(6) v = <#>(«) 
equations (4) assume a new form, 

(!) x=FJf), y = FJ»), «=/',(») 

• E g in case « Is supposed to be real It lies on a segment between two fixed values 
when it Is complex it lies within a closed region in tbe place of the complex variable 
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a 


It is evident that the values of x, y, z, given by (T) for a value 
of v, are equal to those given by (4) for the corresponding value 
of w obtained from (6). Consequently equations (4) and (7) define 
the same curve, u and v being the respective parameters. Since 
there is no restriction upon the function <f>, except that it be ana- 
lytic, it follows that a curve can be given parametric representation 
in an infinity of ways. 

2. Other forms of the equations of a curve. If the first of equa- 
tions (4) be solved for u, giving u = <j> ( x ), then, in terms of a: as 
parameter, equations (7) are 

(8) x = x, y-F 2 (x), z = F s (x). 

In this form the curve is really defined by the last two equations, 
or, if it be a plane curve in the zy-plane, its equation is in the 
customary form 

( 9 ) y=f( x )- 

The points in space whose coordinates satisfy the equation 
y — F„{x) lie on the cylinder whose elements are parallel to the 
z-axis and whose cross section by the ay-plane js the curve y = F„(x). 
In like manner, the equation z = F s (x) defines a cylinder whose 
elements are parallel to the y-axis. Hence the curve with the 
equations (8) is the locus of points common to two cylinders 
with perpendicular axes. Conversely, if lines are drawn through 
the points of a space curve normal to two planes perpendicular 
to one another, we obtain two such cylinders whose intersection 
is the given curve. Hence equations (8) furnish a perfectly gen- 
eral definition of a space curve. 

In general, the parameter u can be eliminated from equations (4) 
in such a way that there result two equations, each of which in- 
volves all three rectangular coordinates. Thus, 

( 10 ) y, z) = 0, <£ 2 (a;, y, z) = 0. 

Moreover, if two equations of this kind be solved for y and z as 
functions of x, we get equations of the form (8), and, in turn, of 
the form (4), by replacing x by an arbitrary function of u. Hence 
equations (10) also are the general equations of a curve. It will 
he seen later that each of these equations defines a surface. 
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3t should be remarked, however, that when a curve is defined 
as the intersection of two cylinders (8), or of two surfaces (10), it 
may happen that these curves of intersection consist of several 
parts, bo that the new equations define more than the original ones 

por example the curve defined by the parametric equations 

(0 * = «, 

Is a twisted cubic, for every plane meets the curve In three points. Thus the plane 

«: + ty + e* + <* = 0 

meets the curve in the three points whose parametric values are the roots of the 
equation + fat + u« + i = 0 

This coMo lies upon the three cylinders 

p = z* r = z* p» = z» 

The Intersection of the first and second cylinders is a curve of the sixth degree 
ol the first and third It is of the sixth degree whereas the last two intersect in a 
curve of the ninth degree Hence in every case the given cubic is only a part of 
the curve of Intersection — that part which lies on all three cylinders 

Again, we may eliminate u from equauons (i) thus 

(») xv = x y* = zx 

of which the first defines a hyperbolic paraboloid and the second a hyperbolic 
parabolic cone The straight line y»0 z = 0 lies on both of these surfaces 
but not on the cylinder y—x 1 Hence the intersection of the surfaces (w) consists 
of this line and the cubic The generators of the paraboloid are defined by 

z — a e= ay, y — t>, x~bc 

for all values of the constants a and b Prom (t) we sec that tlie cubic meets each 
generator of the first family in one point and of the second family in two points 

3. Linear element definition the length of an arc of a ctnte 
is the limit, when it exists, toward which the perimeter of an 
inscribed polygon tends as the number of sides increases and thetr 
lengths uniformly approach zero Curves for which such a limit 
does not exist will bo excluded from tbe subsequent discussion 

Consider the arc of a cnne whose end points tn 0 , m., are deter 
mV**! this, yftav.wfttm 'K.Vasa siwi a, 7ov& Wi w,,, va,, , 
intermediate points with parametric values u,, u t , The length 
l t of the chord 13 

4= V(*,, I -ai)'+(y 4 ,,-y,) , +(». 


i-l, 2,3 
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By the mean value theorem of the differential calculus this is 

equal t0 h= (% + i- %)> 

where £,• = «* + 6 t (u k +1 — u L ), 0 < < 1 


and the primes indicate differentiation. 

As defined, the length of the arc m 0 m a is the limit of L , as the 
lengths mfmffi tend to zero. From the definition of a definite 
integral this limit is equal to 


Vfl“(u) +/"(«) du. 


Hence, if s denotes the length of the arc from a fixed point (u 0 ) 
to a variable point (it), we have 


(11) s= r^ff+ff+Wdu. 

J “o 

This equation gives s as a function of u. We write it 


( 12 ) 


s=<M«), 


and from (11) it follows that 

(i3) f-=v/r+^ +//"-, 


which we may write in the form 

(14) ds" = t?ar + dif + dz\ 

As thus expressed ds is called the element of length , or linear 
element, of the curve. 

In the preceding discussion we have tacitly assumed that v, is 
real. When it is complex we take equation (11) as the definition 
of the length of the arc. 

If equation (12) be solved for « in terms of s, and the result 
he substituted in (4), the resulting equations also define the curve, 
and s is the parameter. From (11) follows the theorem : 

A necessary and sufficient condition that the parameter u he the 
arc measured from the point u — u 0 is 

( 15 ) ' f?+f?+f?= 1 . 

An exceptional case should be noted here, namely, 

(16) fr‘+fr+fr-= o. 
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Unless//,/,',// be zero and the curve reduce to a point, at least one 
of the coordinates must be imaginary F or this case 8 is zero Hence 
these imaginary curves are called curvet of length zero , or minimal 
curtet For the present they will be excluded from the discussion 
Let the arc be the parameter of a given curve and a and a + e 
its values for two points 3/(r, y, z) and Mfz# y v zj By Taylor’s 
theorem we have , 

x i s=x+z'e+z"j + ■ , 

(H) y 1 =»y+y'e + /|+ ■, 

z I «a+zV+z"^+ , 

where an accent indicates differentiation with respect to a 
Unless /, z’ are all zero, that is, unless the locus is a point 
and not a curve, one at least of the lengths x x — x, y,— y, z, — z is 
of the order of magnitude of e If these lengths be denoted by 
Sr, By, St, and e by Bs, then we have 

V&z*4-dy*+$z J = Ba + l t , 

where l t denotes the aggregate of terms of the second and higher 
orders in Ba Hence, as lt x approaches 1Z the ratio of the lengths 
of the chord and the arc 2ZAT l approaches unity , and in the limit 
we have d»*= di*+ + dz 1 . 

4. Tangent to a curve The tangent to a curve at a point M is 
the limiting position of the secant through M and a point M 1 of 
the curve as the latter approaches If as a limit 
In order to find the equation of the tangent we take * for par- 
ameter and write the expressions for the coordinates of in the 
form (17) The equations of the secant through M and 1Z 1 are 
X~xY~yZ~z 

x i~ x y,-y 

It each member ot these equations bo multiplied by e and the 
denominators be replaced by their values from (17), we have in 
the limit as M l approaches 1Z 

X—x _ T—y Z—z 
t' y' z' 


( 18 ) 
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If a y$, y denote the direction-cosines of the tangent in conse- 
quence of (15), we may take 

(19) « = *', £ = /, 7 = z\ 

When the parameter u is any whatever, these equations are * 

fl o_ fl .. fl 


(20) a = 


yS = 


’ 7 : 


v/r+zr+zr vzr+zz+zr vzz+zr+z 


They may also be written thus : 

(21> “=*■ ,s= *’ 7 


£?2 


From these equations it follows that, if the convention be made 
that the positive direction on the curve is that in which the par- 
ameter increases, the positive direction upon the tangent is the 
same as upon the curve. 

A fundamental property of the tangent is discovered by con- 
sidering the expression for the distance from the point M v with 
the coordinates (17), to any line through M. We write the equar 
tion of such a line in the form 

, 9 2 \ X—x = Y—y _ Z~z 

a b c 

where a, b, c are the direction-cosines. 

The distance from If 1 to this line is equal to 

(23) {[(6a/— ay')e + \(bx"— ay") e 2 -f ] 2 

+ [(«/'— bz’) e -1 f + [( az'— cx')e-\ J 2 }*- 

Hence, if MM l be considered an infinitesimal of the first order, 
this distance also is of the first order unless 

a b c 
x~y' = j' 

in which case it is of the second order at least. But when these 
equations are satisfied, equations (22) define the tangent at II. 
Therefore, of all the lines through a point of a curve the tangent 
is nearest to the curve. 


* Whenever the functions s', j/', z' appear in a formula it is understood that the arc s is 
the parameter ; otherwise we use /{, ft, f£, indicating by accents derivatives with respect 
to the argument u. 
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(24) 


5. Order of contact. Normal plane. When the curve is such 
that there are paints for which 

*! *'* 

the distance from M l to the tangent is of the third order at least 
In this case the tangent is said to have contact of the second order » 
whereas, ordinarily, the contact is of the first order And, in gen 
era], the tangent to a curve has contact of the nth order at a point, 
if the following conditions are satisfied for n = 2, , » — 1, and n 

<25) _*L_.£L_A1 

\r I a*" -1 * gt»-*> 

When the parameter of the curve is any whatever, equations 
(24), (25) are reducible to the respective equations 

£LJl = fL fi" 

fi a /!' /«■'“ ft-" 


The plane normal to the tangent to a curve at the point of 
contact is called the normal plane at the point Its equation is 
(26) (X-z)a + (Y-y)0+(Z-z)v = O, 

where a, 0, 7 have the values (20) 


EXAMPLES 

1 Put the equations of the circular helix (3) in the form (8) 

2 FxpresS the equations of the circular behx in terms of the arc measured from 
a point of the curie, and show that the tangents to the curve meet the elements of 
the circular cylinder under constant angle 

S Show that if at every point of a curve the tangeney Is of the second order, 
the curve la a straight line 

K Prove that a necessary and sufficient condition that at the point (xj, y 0 ) of 
the plane curve y t=f{x) the tangent has contact of the nth order is / (i 0 ) —/ (zo) 
— =/ , " > (xo) = 0 , also, that according as n is even or odd the tangent crosses the 

curve at the point or does not. 

5 Prove the follow big properties of the twisted cubic 

(a] Of all the planes through a point of the cubic one and only one meets the 
cubic In three coincident points Its equation as 3 u s x — 3 try + 2— «• «=0 

(S) There are no double points, but the orthogonal projection on a plane has a 
double point 

(«) Pour planes determined by a variable chord of the cubic and by each of 
four fixed points of the curve are in constant cross-ratio 
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6. Curvature. Radius of first curvature. Let AT, AT, be two 
points of a curve, As the length of the arc between these points, 
and A 0 the angle between the tangents. The limiting value of 
Ad/As as Af, approaches 21 , namely dO/ds, measures the rate of 
change of the direction of the tangent at Af as the point of con- 
tact moves along the curve. This limiting value is called the 
first curvature of the curve at AT, and its reciprocal the radius of 
first curvature ; the latter will be denoted by p. 

In order to find an expression for p in terms of the quantities 
defining the curve, we introduce the idea of spherical representa- 
tion as follows. We take the sphere * of unit radius with center 
at the origin and draw radii parallel to the positive directions of 
the tangents to the curve, or such a portion of it that no two 
tangents are parallel. The locus of the extremities is a curve 
upon the sphere, which is in one-to-one correspondence with the 
given curve. In this sense we have a spherical representation, or 
spherical indicatrix , of the curve. 

The angle Ad between the tangents to the curve at the points 
Af, If, is measured by the arc of the great circle between their 
representative points m, m l on the sphere. If A a denotes the 
length of the arc of the spherical indicatrix between m and m v 
then by the result at the close of § 3, 


Hence we have 
(27) 



A 9 
A <r 


= 1 . 


1 _ do- 
P~ da' 


where do- is the linear element of the spherical indicatrix. 

The coordinates of m are the direction-cosines a, y of the 
tangent at AT; consequently 


<27 ’> 

When the arc s is the parameter, this formula becomes 


* Hereafter tre refer to this as the unit sphere. 


( 28 ) 
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However, when the parameter ia any whatever, w, we have 
from (12), (13), (20), 

AgV JL< 


di <£' du\<f>'J 


(29) 

and w-fi/r+M/r+Jifl- 

Hence we find by substitution 

(30) 


my 


i /r+fr+fr-*' 

p* v* 

which sometimes is written thus 


(31) 


1 __ (d , x)‘ l +(d 1 y)‘ l +(d 1 zf—(d i sY 
p 9 d»* 


The sign of p is not determined by these formulas We make 
the convention that it is always positive and thus fix the sense of 
a displacement on the spherical mdicatnx 

7. Osculating plane Consider the plane through the tangent to 
a curve at a point M and through a point M l of the curve The 
limiting position of this plane as approaches M is called the 
osculating plane at M In deriving its equation and thus establish 
ing its existence we assume that the arc t is the parameter, and 
take the coordinates of M 1 in the form (17) 

The equation of a plane through M (x, y, z) is of the form 

(32) (X-x)a + (F-y)6 + (Z- 2 )c = 0, 

X, F, Z being the current coordinates When the plane passes 
through the tangent at M, the coefficients a, 5, c are such that 

(33) da + y b + dc = 0 

If the values (17) for x, y,, z, be substituted in (32) for X, F, Z, 
and the resulting equation be divided b} we get 

-V */ r h -V -q — d, 

where tj represents the aggregate of the terms of first and higher 
orders in e As M t approaches M, ij approaches zero, and in the 
limit we have 

(34) 


d’a + fb + dc = 0. 
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Eliminating a, b, c from equations (32), (33), (34) we obtain, as 
the equation of the osculating plane, 


(35) 


X — x Y—y Z—z 


y" 


= o. 


From this we find that when the curve is defined by equations (4) 
in terms of a general parameter u, the equation of the osculating 
plane is X _ x Y —y Z-z 

(36) f[ fl fi = 0. 

//' /" /s' 


The plane defined by either of these equations is unique except 
when the tangent at the point has contact of an order higher than 
the first. In the latter case equations (33), (34) are not independent, 
as follows from (24) ; and if the contact of the tangent is of the nth 
order, the equations + + 3 m c = 0 , 


for all values of r up to and including n are not independent of 
one another. But for r = n + 1, this equation and (33) are inde- 
pendent, and we have as the equation of the osculating plane at this 
singular point, 


x' 


-x 


.(n+1) 


Y-~y 

y' 

+ 1 ) 


Z — t 
z' 

z<" +1> 


= 0 . 


When a curve is plane, and its plane is taken for the try-plane, 
the equation (35) reduces to Z — 0. Hence the osculating plane 
of a plane curve is the plane of the latter, and consequently is the 
same for all points of the curve. Converse^', when the osculating 
plane of a curve is the same for all its points, the curve is plane, 
for all the points of the curve lie in the fixed osculating plane. 


Tho equation of the osculating plane of the twisted cubic (§ 2) is readily 
reducible to 

(i) 3idX-3ur+Z -u 3 = 0, 

where X, X, Z are current coordinates. From the definition of the osculating plane 
and the fact that the curve is a cubic, it follows that the osculating plane meets 
the curve only at the point of osculation. As equation (i) is a cubic in «, it follows 
that through a point (xo, y o, z 0 ) not on the curve there pass three planes which 
osculate the cubic. Let uj, t/ 3 denote the parameter values of these points. 
Then from (i) we have 

Ul + II" + Uj = 3 Xo, U t K; + «»U 3 + U s Ui = 3 2/o, UlU;!<3 = zo; 
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By means of these relations the equation of the plane through the corresponding 
three points on the cubic is reducible to 

(X- *o)3p»- (r — y 0 )3zo+ (Z -2») = 0 
This plane passes through the point (z 0 Vo *o) hence we have the theorems 
The points of contact of the three osculating planes of a twisted ct 6ic through a 
point not on the curve he ta a plane through the point 

The osculating planes at three points of a twisted cubic meet in a point which lies 
m the plane of the three points 

By means of these theorems we can establish a dual relation in space by m»k 
ng a point correspond to the plane through the points of osculation of the three 
osculating planes through the point, and a plane to the point of intersection of the 
three planes which osculate the cubic at the points where it is met by the plane 
In particular to a point on the cubic corresponds the osculating plane at the point 
and vice versa 


fi Principal normal and binormal Evidently there are an in 
fimty of normals to a curve at a point. Two of these are of paT 
ticular interest the normal, which lies in the osculating plane at 
the point, called the principal normal, and the normal, which is 
perpendicular to this plane, called the hnormal 

If the direction-cosines of the binormal be denoted by A, p, v, 
we have from (35) 

X p v*=(yV'— zy') (r'y"— yV') 

In consequence of the identity 

2(/z z'y"f= 2*“ Zx' 3 ~(Zz'x’ )*, 
the value of the common ratio is reducible by means of (19) and 
(28) to ±p * We take the positive direction of the bmormal to 
be such that this ratio shall be 4 -p, then 

(37) p (y'z' — 2 '/), p = p(zV'— mV), v = p(x'y' , ~ x^'y) 
When the parameter u is general, these formulas are 

(38) ), e-fiW,' '-Ml'), —■t-.t/lf.'-flfl'), 

or in other form 


,qnh v dycPz—dzePy dzcPx— dx<Pz 
(Ssq x- f f 


v-P 


dxdfy—dycPx 

d? 


’ For ZxV' = 0 as is seen by differentiating Sz *=; X with respect 
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By definition tlie principal normal is perpendicular to both the 
tangent and binormal. We make the convention that its positive 
direction is such that the positive directions of the tangent, prin- 
cipal normal and binormal at a point have the same mutual ori- 
entation as the positive directions ^ 

of the x-, y-, z-axes respectively. 

These directions are represented in 
fig. 2 by the lines MT, MC, MB. 

Hence, if l, m, n, denote the direc- 
tion-cosines of the principal normal, 

•we have * 

a 0 y 

(39) l m n — +1, 

X fl v 

from which it follows that 

a = mv — ny, 0 = «X — Iv, 

(40) - 1 = y 7 — v0, m=va — Xy, 

X = 0n — y m, y — yl — an. 

Substituting the values of a, / S, 7 ; X, y, v from (19) and (37) in the 
expressions for l, m, n, the resulting equations are reducible to 

(41) l — pxf', m = py", n = pz". 

Hence, when the parameter u is general, we have 

( 42 ) 7 = n = £- 3 (W-m, 

or in other form, 

dsd'x — dxcpB 



Kic. 2 


7 = ly — m\, 

n — X0~ ya, 
v = am — 01. 


(42') l 


dsd?y — dyd^s 

m — , 

<f« 3 


n ■■ 


dscPz — dzdrs 


ds 3 ’ ds 8 

In consequence of (29) equations (42) may be written: 


(43) 

or by means of (27), 
l = 


, da 

l = p—, m = p 

a 8 


d/3 
ds ’ 


dy 


da 

dl' 


m d{3 


n ■ 


dy 

da 


Hence the tangent to the spherical indicatrix of a curve is parallel 
to the principal normal to the curve and has the same sense. 

* C. Smith, Solid Geometry, 11th ed., p. 31. 
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9. Osculating circle Center of first curvature We hive defined 
the osculating plane to a curve at a point 21 to be the limiting 
position of the plane determined by the tangent at M and by a 
point of the curve, as the latter approaches 21 along the curve 
We consider now the circle in this plane which has the same tan 
gent at 21 as the curve, and passes through The limiting posi- 
tion of this circle, as AT, approaches M, is called the otculating circle 
to the curve at if It is evident that its center is on the prin- 
cipal normal at M Hence, with reference to any fixed axes in space, 
the coordinates of C„, denoted by A,, F 0 , Z D are of the form 

A" 0 •= x + rl, Y 0 ~y + rm, Z 0 = z + m, 

where the absolute value of r is the radius of the osculating circle 
In order to find the value of r, we return to the consideration 
of the circle, when 2I l does not have its limiting position, and we 
let AT, F, Z, l v m,, rip r, denote respectively coordinates of the cen 
ter of the circle, the direction cosines of the diameter through M 
and the radius If x,, y v z l be the coordinates of 2f„ they have the 
values (17), and since 2I t is on the circle, we hive 

r* = 2(AT— x,)» «2 (r,!,- ex'- \ e*x" * )* 

If we notice that 2x7, => 0, and after reducing the above equation 
divide through by e 3 , we have 

1 — r t 2 l l x "+ 17 = 0, 

where 7 involves terms of the first and higher orders m e In the 
limit r, becomes r, 2x*7, becomes 2x7, that is and this equation 
reduces to 



so that r is equal to the radius of curvature On this account the 
osculating circle is called the circle of curvature and its center £Ae 
center of fret curvature for the point Since r is positive the center 
of curvature is on the positive half of the principal normal, and 
consequently its coordinates are 

(44) JT 8 =x-f pi, Y 0 =y + pm, Z 0 **z + pn 
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The line normal to the osculating plane at the center of curva- 
ture is called the polar line or polar of the curve for the corre- 
sponding point. Its equations are 


(45) 


X—x — pi _ Y—y — pm _ Z—z — pn 

\ p v 


In fig. 2 C represents the center of curvature and CP the polar 
line for 31. 

A curve may be looked upon as the path of a point moving under the action of 
a system of forces. From this point of view it is convenient to take for parameter 
the time which has elapsed since the point passed a given position. Let t denote this 
parameter. As t is a function of s, we have 

dz _dx ds _ ds dy _ ds dz _ !?£ 
dt ds dt a dl' dt dt' dt dt 


Hence the rate of change of the position of the point with the time, or its velocity , 

ds • 

may be represented by the length — laid off on the tangent to the curve. In like 

dt 

manner, by means of (41), we have 

d=x_ cPs UdsY d=z _ <Ps n/ds\ 2 

dC- ~ a dt* + P\dt) ' dt”-~ P dt* + p\dt}' dt- ~ 7 dt- p \dt) 

From this it is seen that the rate of change of the velocity at a point, or the 
acceleration, may be represented by a vector in the osculating plane at the point, 
through the latter and whose components on the tangent and principal normal 
d 2 s 1 /ds\ 2 

dt- p \dlj 

EXAMPLES 


1. Prove that the curvature of a plane curve defined by the equation M(x, y)dz 


+ N (x, y) dy = 0 is 


1 

P 


\dy dz 1 ax 

(JP + JP) 3 


8N 

Sy 


2. Show that the normal planes to the curve, 

x = asin 5 u, p = asinucosu, z=acosu, 
pass through the origin, and find the spherical indicatrix of the curve. 


3. The straight line is the only real curve of zero curvature at every point. 

4. Derive the following properties of the twisted cubic: 

(а) In any plane thero is one line, and only one, through which two osculating 
planes can be drawn. 

(б) Four fixed osculating planes are cut by the line of intersection of any two 
osculating planes in four points whose cross-ratio is constant. 

(c) Four planes through a variable tangent and four fixed points of the curve 
are in constant cross-ratio. 

(d) What is the dual of (c) by the results of § 7 ? 
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6 Determine the form of the function 0 so that the principal normals to the 
curve x = u y = sin u z = 4 >(u) are parvllel to the yz plane 
6 Find the osculating plane ai d radi is of first curvature of 

* = acostt + &6inu y = a«mv + fccosit, z = csin2u 


10. Torsion Frenet-Serret formulas It has been 6een that, un- 
less a curve be plane, the osculating plane vanes as the point 
moves along the curve The change in the direction depends 
evidently upon the form of the curve The ratio of the angle Ad, 
between the binormals at two points of the curve and their curvi- 
linear distance As expresses our idea of the mean change in the 
direction of the osculating plane And so tve take the limit of 
this ratio, as one point apptoaches the other, as the measure of 
the rate of this change at the latter point This limit is called 
the second cunature, or torsion, of the curve, and its inverse the 
radius 0/ second curvature, or the radius of torsion The latter 
will be denoted by r 

In order to establish the existence of this limit and to find an 
expression for it m terms of the functions defining the curve, 
we draw radii of the unit sphere parallel to the positive binormals 
of the curve and take the loeus of the end points of these radii as 
a second spherical representation of the curve The coordinates of 
points of this representative curve on the sphere are n, v Pro- 
ceeding in a manner Bimilar to that in § 6, we obtain the equation 

<«> 

where d<r, is the linear element of the spherical mdicatnx of the 
binormals 


In order that a real curve have zero torsion at every point, the cosines \ n, r 
must be constant By a change of the fixed axes which evidently has no effect 
upon the form of the curve the cosines can be given the values X = I, pt = » = 0 
It follows from {40) that a = 0, and consequently x = const. Hence a necessary 
and sufficient condition that the torsion of a real curve be zero ati every point is 
that the curve be plane 


In the subsequent discussion we shall need the derivatives with 
respect to s of the direction-cosines a, /3, 7, l, m, n, X, ft, v We 
deduce them now From (41) we have 


P P 


(47) 


7'= 
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In order to find the values of A', pf, v\ -we differentiate with 
respect to s the identities, 

X 2 +fi"+jr=l, ak + /3/* + yv = 0, 
and, in consequence of (47), obtain 

XX/ + fj.fi' + w’ — 0, a A' + ft ft' + y v' = 0. 


From these, by (40), follows the proportion 

X': p.':v'=l:m:n, 

and the factor of proportionality is ±1 /t, as is seen from (46). 
The algebraic sign of t is not determined by the latter equation. 
We fix its sign by writing the above proportion thus : 


(48) 



n 


T 


If the identity l = fiy — vfi be differentiated with respect to s 
the result is reducible by (40), (47), and (48) to 

(49) ''—(*+;)• 

Similar expressions can be found for w! and n'. Gathering to- 
gether these results, we have the following formulas fundamental in 
the theory of twisted curves, and called the Frenet-Serret formulas : 



As an example, we derive another expression for the torsion. 
If the equation x = p (y'z"~ z'y") 

be differentiated with respect to s, the result may be written 

l = P lx + p{y'z'"-zy'). 

r p 

If this equation and similar ones for wi/t, h/t be multiplied by l , m , 
n respectively and added, we have, in consequence of (50) and (41), 

( 51 ) 


/ S' 

*" y" z" 
~w jn 
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The last three of equations (50) give the rate of change of the 
direction cosines of the osculating plane of a curve as the point of 
osculation moves along the curve From these equations it follows 
that a necessary and sufficient condition that this rate of change 
at a point be zero is that the values of s for the point make the 
determinant in equation (51) vanish At Buch a point the osculat- 
ing plane is said to be stationary 

11 Form of curve in the neighborhood of a point The sign of 
torsion We have made the convention that the positive directions 
of the tangent, principal normal, and bmormal shall have the same 
relative orientation as the fixed x-,y z axes respectively When we 
take these lines at a point for axes, the equations of the curve 
can be put m a very convenient form If the coordinates be ex- 
pressed m terns of the arc measured from lf 0 we have from (19) 
and (41) that for s = 0 

y'aj'a 0, 0, y" = ^ , z"=0 

When the values of l and A from (41) and (87) are substituted in 
the fourth of equations (50), we obtain 

(52) s’"— — itoV’-sy’)--*" 

P T p 


From this and similar expressions for j/" and 2 "' we find that 


for 4 = 0 


2 "' = -- 


y—S 




Hence, by Maclaunn’s theorem, the coordinates x, y, z can b8 ex- 
pressed in the form 


(53) 


+ , 

6 P* 

** 1 p' . 

V 2 P 6 p tS + 

z=— » 

O pT 


whaoj p and. t are the. cuiu. of. fiaat and, wvmA TOmism at VW 
point «=0, and the unwritten terms are of the fourth and higher 
powers in 4 

From the last of these equations it is seen that for sufficiently 
small values of * the sign of z changes with the sign of 4 unleas 
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1/ T = 0 at M 0 . Hence, unless the osculating plane is stationary at 
a point, the curve crosses the plane at the point.* Furthermore, 
when a point moves along a curve in the positive direction, it 
passes from the positive to the negative side of the osculating 
plane at a point, or vice versa, according as the torsion at the 
latter is positive or negative. In the former case the curve is 
said to be sinistrorsum , in the latter dextrorsum. 

As another consequence of this equation, we remark that as a 
variable point M on the curve approaches M 0 , the distance from M 
to the osculating plane at M 0 is of the third order of magnitude in 
comparison with ilOf 0 . By means of the other equations (53) we 
find that the distance to any other plane through i)/ 0 is of the 
second order at most. Hence we have the theorem : 

The oscxilating plane to a twisted curve at an ordinary point is 
crossed by the curve, and of all the planes through the point it lies 
nearest to the curve. 

From the second of (53) it is seen that y is positive for suffi- 
ciently small values of s, positive or negative. Hence, in the 
neighborhood of an ordinary point, the curve lies entirely on one 
side of the plane determined by the tangent and binormal — on 
the side of the positive direction of the principal normal. 

These properties of a twisted curve are discovered, likewise, 
from a consideration of the projections upon the coordinate planes 
of the approximate curve, whose equations consist of the first 
terms in (53). The projection on the osculating plane is the 
parabola x = s, y — s"/1 p, whose axis is the principal normal 
to the curve. On the plane of the tangent and binormal it is 
the cubic x — a, z = — s s /6 pr, which has the tangent to the 
curve for an inflectional tangent. And the curve projects upon 
the plane of the binormal and principal normal into the semi- 
cubical parabola y = s'/2p, z = — e 3 /6 px, with the latter for 
cuspidal tangent. 

These results are represented by the following figures, which picture the pro- 
jection of the curve upon the osculating plane, normal plane, and the plane of the 
tangent and binormal. In the third figure the heavy line corresponds to the case 
where t is positive and the dotted line to the case where r is negative. 


* This result can be derived readily by geometrical considerations. 
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The preceding results serve also to give a means of determining the variation in 
the osculating plane as the point moves along the curve By means of (60) the 
direction-cosines X, p, r can be given the form 



where the subscript null Indicates the value of a function for a = 0 and the un- 
written terms are of the second and higher terms in t If the coordinate axes are 
those which lead to (53), the values of X, p, v for the point of parameter Sa are 



to within terms of higher order, and consequently the equation of this osculating 
plane at this point 3f< is 

T— + Z s * 0 

V# 

If we put 7 = pa, we get the z -coordinate of the point in which this plane is cut by 
the polar tine for the point s = 0 , it is — pota/ro Uence, according as r a Is positive 
or negative at it, the osculating plane at the near by point Mi cuts the polar line for 
It on the negative or positive side of the osculating plane at Ilf 
12, Cylindrical helices. 

As another example of the use of formulas (60) we derive several properties of 
cylindrical helices By definition, a cylindrical helix la a curve which lies upon a 
cylinder and cuts the elements of the cylinder under constant angle If the axis of 
z be taken parallel to the elements of the .cylinder, we have y = const. Hence, 
from (60), „ = 0 , J + I-O, ✓ =<>, 


from which it follows that the cylindrical helices have the following properties 
The principal normal u perpendicular to the element of the cylinder at the point, 
and consequently coincides tod A the normal to the cylinder at the point (§ 22). 

The radii of first and aecond curvature are in conatant ratio 
Bertrand has established the converse theorem Every curve whose radii of first 
and second curvature are ta conatant ratio is a cylindrical helix In order to prove 
it, we put r = xp, and remark from (50) that 

dcr _ d\ dff _ dp dy _ d» 

ds ds da ~ da' da ~ da’ 

from which we get a=*X + a, p = Kp + d, ysrar + c, 
where a, 6, c are constants From these equations we find 

a* +■ 1? + e* ^ 1 +■ **, aa + bfi 4- ey = I. 
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Hence the tangents to the curve mate the constant angle cos - 


Vl + k- 


■ with the 


i " * I ** 

lines whose direction-cosines are a ’ ’ C • Consequently the curve is a cylindrical 

Vl + k- 

helix, and the elements of the helix have the aboye direction. 


EXAMPLES 


1. Find the length of the curve x = a (u — sin u), y = a cos u, between the points 
for which u lias the values — zr and tt ; show that the locus of the center of curva- 
ture is of the same form as the given curve. 

2. Find the coordinates of the center of curvature of 

x = acosu, y = asinu, z = acos2u. 

3. Find tho radii of curvature and torsion of 

x = a(u — sinu), y = a (1 — cosu), z = bu. 

4. If the principal normals of a curve are parallel to a fixed plane, the curve 
is a cylindrical helix. 

6. Show that the curve x = e u , y = e~ “, z = V2 u is a cylindrical helix and that 
the Tight section oi the cylinder is a, catenary •, also that the curve lies upon a cylin- 
der whose right section is an equilateral hyperbola. Express the coordinates in terms 
of the arc and find the radii of first and second curvature. 


6. Show that if ff and <f> denote the angles which the tangent and binormal to a 

curve make with a fixed line in space, then s ' n 6 = - . 

sin£d£ p 

7. When two curves are symmetric with respect to the origin, their radii of 
first curvature are equal and their radii of torsion differ only in sign. 

8. The osculating circle at an ordinary point of a curve has contact of the sec- 
ond order with the latter ; and all other circles which lie in the osculating plane 
and are tangent to the curve at the point have contact of the first order. 


9. A necessary and sufficient condition that the osculating circle at a point have 
contact of the third order is that p' = 0 and I/r = 0 at the point ; at such a point 
the circle is said to sitperosculafe the curve. 

10. Show that any twisted curve may be defined by equations of the form 



where p and r are the radii of first and second curvature at the point $ = 0. 


11. When the equations of a curve are in the form (4), 


me torsion is give 


£L 

V* 


/r 

/r 


fz 

fi" 


n 

fz 

fz 


where $ has the significance of equation (12). 
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12 The locua of the centers of curvature of a twisted curve of constant first 
curvature is a curve of the easce kind 

IS When all the osculating planes of a curve pass through a fixed point, the 
curve is plane 

1 4 Determine /(u) so that the curve x = a cos u, y = a sin it, x =/(u) shall he 
plane What is the form of the curve ? 

13. Intrinsic equations Fundamental theorem. Let C x and C t be 
two carves defined in terms of their respectn e arcs », and let points 
upon each with the same values of s correspond We assume, 
furthermore, that at corresponding points the radii of first curva- 
ture have the same value, and also the radii of second curvature 
We shall show that C x and C, are congruent 

By a motion in space the points of the two curves for which 
gcsO can be made to coincide in Buch a way that the tangents, 
principal normals, and binomials to them at the point coincide 
also Hence if we use the notation of the preceding sections and 
indicate by subscripts 1 and 2 the functions of C, and C t , we have, 
when t = 0, 

(54) r, = z„ «, =< a t , l, = l t , X, =• X,, 

and other similar equations 

The Frenet-Serret formulas for the two curves are 


dffj 

l , 

dl,_ 

(a. X.\ 

d\ t 

ds ~ 

9 

ds 

(7 + v> 

ds 

da t 

lj 

dl 3 


rfX, 

ds ~ 

y 

ds~- 

<P+t)' 

ds 


the functions without subscripts being the same for both curves 
If the equations of the first row be multiplied by ir«, / a , X a lespec 
tively, and of the second row by a t , l v X,, and all added, we have 

( 65 ) ^ («,«,+(/,+ *.,*,) =°> 

and consequently a i a t+ ?,?.+ X 1 X, = const 

This constant is equal to unity for s = 0, as is seen from (54), and 
hence for all values of * we have 


*a+*A+W»i 
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Combining this equation with the identities 

rtj 2 + Zf+Xf =1, a „ + 1% + X 2 = 1, 

we obtain («q — a„fi + (Z 2 — L) 2 + (\ — X 2 ) 2 = 0. 

Hence «>= a 2 , ^=1, \ = \. Moreover, since in like manner 
& = /3„, 7i = 7 2 » have 

± {x -^=0, |(y-y ; )=0, |(,-^) = 0. 

Consequently the differences aq— y x — z \~ z i are constant. 
But for s = 0 they are zero, and so we have the theorem : 

Two curves whose radii of first and second curvature are the same 
functions of the arc are congruent. 

From this it follows that a curve is determined, to within its 
position in space, by the expressions for the radii of first and second 
curvature in terms of the arc. And so the equations of a curve 
may be written in the form 

(56) p=f ,(s), t=/ 2 (s). 

They are called its intrinsic equations. 

We inquire, conversely, whether two equations (56), in which f x 
and/ 2 are any functions whatever of a parameter s, are intrinsic 
equations of a curve for which s is the length of arc. 

In answering this question we show, in the first place, that the 
equations 

die v dv fu w\ dw v 

<5|) *v 

admit of three sets of solutions, namely : 

(58) u = a, v = l, iv = X ; u — (3, v = m, w = ji; u = 7, v = n, w = v; 

which are such that for each value of s the quantities a, /S, 7; 
I, m, n ; X, g, v are the direction-cosines of three mutually perpen- 
dicular lines. In fact, we know* that a system (57) admits of a 
unique set of solutions whose values for s = 0 are given arbitra- 
rily. Consequent!}’ these equations admit of three sets of solutions 

* Picard, Traits tV Analyse, Vol. IX, p. 313; Gonrs.it, Court tV Analyte .Vathematique, 
Vol. II, p. :ct. 
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■whose values for * = 0 are 1, 0, 0, 0, 1, 0, 0, 0, 1 respectively 
By an argument similar to that applied to equation (55) we prove 
that for all values of < the solutions (58) satisfy the conditions 

(59) a0+lm-t-\fi.=*O, 0y + mn + ftv = Q, ya+nl+v\ = 0 
In like manner, since it follows from (57) that 


du dv 
** 3 “+*’ 3 ”* 
da da 


— = 0 , 


we prove that these solutions satisfy the conditions 

(60) a*+Z*+\*=l, /8 , + w , + /»* = l, ^ = l 

But the conditions (59), (60) are equivalent to (40), and conse- 
quently the three sets of functions a, f3, y , I, m, n , X, p, v are 
the direction-cosines of three mutually perpendicular lines for all 
values of * 

Suppose we have such a set of solutions For the curve 

(61) xsa J‘ y = § P d*, Z= J' 

the functions a, <9, y are the direction-cosines of the tangent, and 
since <?»*«* ds?+dy*+ dz 1 , s measures the arc of the curve From 
(61) and the first of (57) we get 

_l d^i l_ = m d'z __ n (cPxV /tPy\ f (d'zV 1 

dtf p dt* p’ dt* p * \d*7 \d»V \da*/ p* 

Hence if p be positive for all values of 8, it is the radius of curva- 
ture of the curve (61), and 7, m, n are the direction-cosines of the 
principal normal in the positive sense In consequence of (40) the 
fnnctions \ p, v are the direction-cosines of the binomial , hence 
from (50) and the third of (57) it follows that r is the radius of 
torsion of the curve Therefore we have the following theorem 
fundamental in the theory of curves 

Given any two analytic functions, ffs), /,(«), of which the former 
m positive for all values of t within a certain domain, there exists a 
curve for which p =/j(«), t —f 3 (s), and s is the arc, for values of s m 
the given domain The determination of the curve reduces to the find- 
ing of three sets of solutions of equations (57), satisfying the conditions 
(59), (60), and to quadratures 
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We proceed now to the integration of equations (57). Since each 
set of integrals of the desired kind must satisfy the relation 

(62) u t +v t +w i = 1, 

we introduce with Darboux * two functions c and co, defined by 


( 68 ) 


'u + iv 1 + w 

1 — — = (T , 

1 — w u — tv 

U — iv 1 + 1 

1 — w u + iv co 


It is evident that the functions c and — — are 

co 

Solving for v, v, w, we get 


conjugate imaginaries. 


(64) 


1 — eras . 1 + aco cr + co 

u — s v — t » to = 

a — co c — co cr — co 


If these values be substituted in equations (57), it is found that 
the functions a- and co are solutions of the equation 

ds 2 r p 2 r 

And conversely, any two different solutions of (65), when substi- 
tuted in (64), lead to a set of solutions of equations (57) satisfying 
the relation (62). Our problem reduces then to the integration of 
equation (65). 

14. Riccati equations. Equation (65) may be written 

(66) — = L + 2 MB + N6\ 

ds 

where L, If, Jf are functions of s. This equation is a generalized 
form of an equation first studied by Riccati, f and consequently 
is named for him. As Riccati equations occur frequently in the 
theory of curves and surfaces, we shall establish several of their 
properties. 

Theorem. When a particular integral of a Riccati equation is 
known, the general integral can be obtained by two quadratures. 

• Leqcns cur la Theoric Generate ties Surfaces, Vol. I, p. 22. We shall refer to this 
treatise frequently, and for brevity give our references the form Darboux, I, 22. 

t Cf. Forsyth, Differential Equations, chap, v; also Cohen, Diff'erential Equation$ t 
pp. 173-177. 
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Let be a particular integral of (66) If we put 6— + 
tbe equation for the determination of <f> la 

(67) ^ + 2<M'+My£+iV r =0 


As this equation is linear and of the first order, it can be solved by 
two quadratures Since the general integral of (67) is of the form 
<f, =/,{«) + a/jO’h where a denotes the constant of integration, the 
general integral of equation (66) is of the form 


( 68 ) 


, qP+Q 
" aR + S * 


where P, Q, R, S are functions of » 

Theorem IF hen tu/o particular integrals of a Riccati equation are 
known, the general integral can he found by one quadrature 

Let 6, and 0 t be two solutions of equation (66) If we effect tbe 
substitution 0 = i 4- 0 t , the equation in ^ is 

^+2(M+A»,)^ + iV=0 


If this equation and (67) be multiplied by 1/i/r and 1 /<f> respec 
tiiely, and subtracted, the resulting equation is reducible to 
^ (VV £) = -K(6, ~ ^i) Consequently the general integral of 

(66) is given by 


(69) 


0 — B l ifr fv<# -«,)* 

e-e 3 ~^- ae 


where a is tbe constant of integration 
Since equation (68) may be looked upon as a linear fractional 
substitution upon a, four particular solutions 6 V 0 V <?,, 0 t , corre- 
sponding to four values « t , a v a t , a t of a, are in the same cross ratio 
as these constants Hence we have the theorem 


The cross-ratio of any four particular integrate of a Riccati 
equation it constant 


From this it follows that if three particular integrals are known, 
the general integral can be obtained without quadrature 
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15. The determination of the coordinates of a curve defined by 
its intrinsic equations. We return to the consideration of equation 
(65) and indicate by 

a { P+Q b { P + Q 


a { R + S 


b t R+S 


(*' = 1, 2, 3) 


six particular integrals of this equation. From these we obtain 
three sets of solutions of equations (57), namely 


(71) 


l = i 


. 1 + c. 


CT 1 + Gq 
oq-Wi 


i 


and similar expressions in tr„, eo„ ; cr 3 , eo s respectively for f3, m, fi; 
7, 7i, v. These expressions satisfy the conditions (60). In order 
that (59) also may be satisfied we must have 


• cr,. a 


= -l. 


which is reducible to 
(72) 


«,-«*. V 


h ' h ' 


- 1 . 


(i = 1, 2, 3 
V* = l, 2, 3 


k ) 


Hence each two of the three pairs of constants tq, b x ; a„, b „ ; a 3 , b 3 , 
form a harmonic range. 

When the values (7 0) for <r., to, are substituted in the expressions 
for a, /9, 7, it is found that 


(73) 


a = 

_ 1 - 

•«A 

U+i 

1 + 

«A 

V-{ 

a, 

+ 

A 

w, 


" <V 

~ b i 





*1 

— 

s i 


/? = 


* aj) 2 

U+i 

1 + 

aA 

V-\ 

a„ 

+ 

i. 

IV, 

a„- 

— b 2 


a 2~ 

- 


d 2 

— 



7 = 

_ 1 - 

• a A 

U + i 

1 + 

«A 

v-\ 


+ 

A 

TV, 


’ <V 

-h 


«3- 

"A 



— 

b z 



where, for the sake of brevity, we have put 


( 74 ) 


2 (PS-QR) 

F=iM±M 

2 (PS-QR) ’ 
w _ RS-PQ 
PS-QR 
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The coefficients of U, V \ and W m (78) are of the eame form as 
the expressions (71) for a, l, \ m, p , 7, n, v Moreover* the 
equations of condition (59) are equivalent to (72) Hence these 
coefficients are the direction-cosines of three fixed directions m 
Bpace mutually perpendicular to one another If lines through the 
origin of coordinates parallel to these three lines he taken for a new 
set of axes, the expressions for a , /3, 7 with reference to these axe3 
reduce to U, V, IF respectively * These results may be stated thus 
If the general tolution of equation (65) be 


( 68 ) 


the curve whose radii of first and second curvature are p and r 
respectively is given by 


-/ 


2 {PS-QR) 


-/ 


ds, y< 
XS—PQ 


r (P'-x>) + «y-s') 
J 2 (PS-QX) 


PS-QX 


*t 


It must lie remarked that the new axes of coordinates are not 
necessarily real, so that when it is important to know whether the 
curves are Teal it will be advisable to consider the general formulas 
(73) An example of this will be given later 


TVe shall apply the preceding results to several problems 
When the curve Is plane the torsion is zero, and conversely For this case equa- 
tion (66) reduces to ~ = — * 9 of which the general integral is 

9 = ae * — ae-*», 

where a is an arhitrary constant and by (21) a is the measure of the arc ol the 
spherical indicator of the tangent. This solution is of the form (68), with 
r-e-« Q=22 = 0, 5 = 1 

Therefore the coordinates are given by 

(76) Z = j"cOS a dt V=ifsiDrds t= 0 

Hence the coordinates of any plane curve can be put in this form 


• TUs Is the same thing as taking 

«l = — &i = ! Ojss — 6j=, fl g = ® fc>*=0 

t Scheffers Anwendang der Differential and Integral Eechnvng aiff Geometric 
Vol I p 219 Lefpsic 1802 
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We have seen that cylindrical helices are characterized by the property that the- 
radii of first and second curvature are in constant ratio. If we put t = pc, equation 
(06) may be written , 

— = — (l-2c0-0 2 ). 
ds 2r v ' 


Two particular integrals are the roots of the equation S 2 4- 2 c6 — 1 = 0. These- 
roots are real and unequal if c is real ; we consider only this case, and put 

(76) 0 L =-c - Vc a + 1, e 2 = -c+Vc 5 + l, 0 l 6 t =-l. 


Prom (09) it follows that the general solution of the above equation is 

ae’% — 0i 


(77) 

where we have put 

(78) 

1 . 


0 = ■ 


ae“ — 1 


£ = 


0- — 0i r ds _ Vc 2 4- 1 r ds 
2 J r c J p 


Since a and in (63) are conjugate imaginary, if we take 

W 

ae'‘02 — 0i bef’Bi — 0i 

<r , u = — > 

ae 1 ' — 1 6e* ( — 1 

then a and 6 must be such that 

aeftfla — 0i _ _ free- »* — 1 
ae“ — 1 b 0 c- “02 — 0i ’ 

where 6 0 denotes the conjugate imaginary of 6. This reduces, in consequence of 
(70), to 

v " n a- 

(70) 


a6o = _£±^> = _0 2 . 


(i + 02 ) 


One solution of this is given by taking co and 0 for a and 6 ; we put a 3 = co, 
6j = 0. If these values be substituted in (72), we get a,- 4- 6,- = 0, where i = 1, 2. So- 
that equation (79) becomes 6,-6(o = 6{, where 1=1,2, The solutions of this equation 
are 6j = e h 6 : = — iOi. Prom (77) P = e“02, Q = — 0i, It = e* 1 , S = — 1, so that 

TJ - — (0 : e'< - Sie-*'), V = — (0 2 e*' 4- tfje-' 1 ), W = — - * — • 

2 Vc 2 + 1 2 Vc 2 4- 1 Vc- + 1 


When the foregoing values are substituted in (73), and the resulting values of 
a, p, y in (61), we get 

(80) * = — —=i fcostds, 2/ = — v== fsintds, z = ■ S 

V3+T-' VZTl 

Prom the last of these expressions we find that the tangent to the curve makes, 
a constant angle with the z-axis — the direction of the elements of the cylinder. 
And the cross-section of the cylinder is defined by 

Vi— J sintdsj, 

where s l denotes the arc of this section measured from a point of it. If pj denotes, 
the radius of curvature of the right section, we find that pc 2 = pi(c 3 + 1). 
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EXAMPLES 

1 Find the coonhnatea of the cylindrical helix whose Intrinsic equations are 
/>=T=sS 

2 Show that the helix whose intrinsic equations are p = r = (J 1 + 4)/ V3 lies 
upoft a cylinder whose croavaectum Is a catenary 

3 Fstablish the following properties for the curve with the intrinsic equations 
f =s as r = Aj where a and A are constants 

(a) the Cartesian coordinates are reducible to z=Ae* cost, y=Ae >ll 6in l, 
where A, B K ate functions of a and A , 

(A) the curve lies upon a circular cone whose axis coincides with the s-axis and 
Cuts the elements of the cone under constant angle 

16. Moving trihedral. In § 11 we took for fixed axes of refer- 
ence the tangent, principal normal, and binorinal to a curve at a 
point Jlf 9 of it, and expressed the coordinates of any other point of 
the curve with respect to these axes as power series in the arc * 
of the curve between the two points Since is any point of the 
curve, there is & set of such axes for each of its points Hence, 
instead of considering only the points whose locus is the curve, 
we may look upon the moving point as the intersection of three 
mutually perpendicular lines which move along with the point, 
the whole figure rotating so that in each position the lines coin- 
cide with the tangent, principal normal, and binorinal at the point 
We shall refer to such a configuration as the moving trihedral 
In the solution of certain problems it is of advantage to refer the 
curve to this moving trihedral as axes We proceed to the con- 
sideration of this idea 

With reference to the trihedral at a point AT, the direction- 
cosines of the tangent, principal normal, and binorinal at If 
have the values 

*“1, /3 = y=0, Z = 0, ni=l, n= 0, X = /* = 0, r=I 
Ab the trihedral begins to move, the rates of change of these 
functions with t are found from the Frenet formulas (50) to 
have the values 


— =Q ^ 

1 

dy 

= 0, 

dl 

ds ’ ds 

P 

' ds 


ds 

dn _ 1 

d\ 

= 0, 

dn 1 

^=0 

ds T 

d» 


ds r * 

ds 
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Let £, 7), f denote coordinates referring to the axes at M, and 
t)', £' those -with reference to the axes at M\ and let MM’ — As 
(see fig. 4). Since the rate of change of a is zero and a =1 at M, 
the cosine of the angle between the and f-axes is 1 to within 
terms of higher than the first order in As. Likewise the cosine of 
the angle between the and Tj'-axes is — A s/p. We calculate the 



Let P be a point whose coordinates with respect to the trihedral 
at M are |, y, £ Suppose that as M describes the given curve C , 
P describes a path T. It may happen that in this motion P is fixed 
relatively to the moving trihedral, but in general the change in the 
position of P will be due not only to the motion of the trihedral 
but also to a motion relative to it. In the latter general case, if P' 
denotes the point on F corresponding to M’ on (7, the coordinates 
of P' relative to the axes at M and M' may be written 

£ + i? + A x t?, f+Ajf; £ + A,,f, 7} + A„y, %+A£. 

Thus A„0 indicates the variation of a function 6 relative to the 
moving trihedral, and A x 8 the variation due to the latter and to 
the motion of the trihedral. 

To within terms of higher order the coordinates of M' are 
(A s, 0, 0) with respect to the axes at M, and with the aid of (81) 
the equations of the transformation of coordinates with respect 
to the two axes are expressible thus: 

£ + A x £ = A s+(£ + A£)-(y + A iV ) — , 

Ao P An 

V + A lV = (£ + A„?) — + (n + A„y) + (£ + a„(T) — , 

p * T 
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These reduce to 

A,f M V + A,g *} + &,V i 

A T = A* + p T A» A* r 
A^_A % i? £+ A,£ £-fA t f 

A* “ A* + p t 


In the limit as M' approaches AT these equations become 


(82) 


dt~~ dt‘*~ p' di dt p t* d» di t 


thus denotes the absolute rate of change of 0, and that 
relative to the trihedral • 

If t denotes the distance between P and a point P, (£ lt tj t , f,), 
that is t 1 «= (£, — £)* 4- (Vi ~ ’?)’ + (?, - C)\ we find by means of the 
formulas (82) that ^ ^ 

dt dt 


If <*, 4, e denote the direction-cosines of PP X with respect to 
the axe3 at M, then 

& ='£ + «<, n»= »? + $*» £»*=£+«* 


When we express the condition that 17 ,, f, as well as f, < 7 , £ 
satisfy equations (82), we are brought to the following fundamental 
relations between the variations of a, £, e 


Sa __ da _ b Sb _db ^ a ^ e Sc dc 5 
dt dt p dt dt p t dt dt r 


If the point P remains fixed in Bpace as AT moves along the 
curve, the leftrhand members of equations (82) ate aero and 
the equations reduce to 


(84) 


dt p ’ 




dt 

dt~ 


Moreover, the direction-cosines of a lme fixed in space satisfy 
t’he equations 
(85) 


da 
d» = 


db _ /a c\ 
dt ~ \p r/ 


dc 

dt~~ 


Ct Cesaro Lexxomdi Gtomtna Intnnscca pp 122-128 Naples 189C 
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These are the Frenet-Serret formulas, as might have been 
expected. 

We shall show that the solution of these equations carries with 
it the solution of (84). Suppose we have three sets of solutions 
of (85), a, Z, X ; /3, m, fi; 7, n, v, whose values for s = 0 are 

(86) 1, 0, 0; 0, 1, 0; 0, 0, 1. 

They are the direction-cosines, with respect to the moving trihedral 
with vertex M, of three fixed directions in space mutually perpen- 
dicular to one another. Let O be a fixed point, and through it 
draw the lines with the directions just found. Take these lines 
for coordinate axes and let x , y, 2 denote the coordinates of M 
with respect to them. If f, tj, £ denote the coordinates of O 
with respect to the moving trihedral, then — £, — 77, — f are the 
coordinates of M with respect to the trihedral with vertex at 
O and edges parallel to the corresponding edges of the trihedral 
at M. Consequently we have 

? = - (ax + (Sy + 7 z), 

(87) tj — — (lx + my + nz), 
l;= — (Kx + yy + vz). 

If these values he substituted in (84) and we take account of 
(50) and (85), we find that the equations are identically satisfied. 
If £„, i? 0 , fr o denote the values of £, 77, f for s = 0, it follows from 
(86) and (87) that they differ only in sign from the initial values 
of x, y, z. Hence if we write, in conformity with (21), 

(88) x= f ads — 1 0 , y= f fids — Vo , f yds-f 0 , 

Jo Jo Jo 

and substitute these values in (87), they become the general solu- 
tion of equations (84). We have seen that the solution of equa- 
tions (85) reduces to the integration of the Riccati equation (65). 

17. ninstrative examples. As an example of the foregoing method we consider 
the curve which is the locus of a point on the tangent to a twisted curve C at a 
constant distance a from the point of contact. 

The coordinates of the point Jf, of the curve with reference to the axes at M 
are a, 0, 0. In this case equations (82) reduce to 

(>) s -i= i, it = 0 . 

ds ds p da 
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Hence if s, denotes the length of arc of C, from the point corresponding to t = 0 
on C, we hare , 

in) .,=^( 1 + 1 ,)^, 

and the direction-cosines of the tangent to C, with reference to the moving axes 
are given by , a =0 

° l ~ Va 7 + ?' ' Vo* +~? 

lienee the tangent to C, la parallel to the osculating plane at the corresponding 
point of C 

By means of (83) we find 

9£i _d_ ( p \ _ a *V g 

da ~5\VaJ + pV pVa* + p* + ^v'aMV 

Proceeding In like manner with /J, and and making use of (II). we hare 

2 s, (o’ + p 5 )* o’ + pS 

* 2 » __ 

»*i r(fl» + p») 

From these expressions and (27 ) we obtain the following expn salon for the square 
of the first curvature of C, 


- + _» — 
(o’ + p*)* a* + p» 


1= 1 (_gy_ _i\* + 

P,» a’ + p* Vo 1 + p* / 


r*(a* + p*)> 

The direction-cosines of the principal normal of C, are 


m, =p, 


2»i 


2j, 


By means of (10) we derive the following expressions for the dlrection-eoeines of 
the binormal 

a ? P \ r .-(i "AS \ P \ 

p")i V 1,1 + W Va* + p 


T(tt* + p»)J 


T(a» + p')l 


In order to find the expression for r, the radius of torsion of C u 
substitute the above values In the equation 


ff 1 

e have only tr 


— = ~ = p (Ql _ £»\ 

T , 2*1 Va 1 + p* '*f* t) 


We leave this calculation to the reader and proceed to an application of the 
preceding results. 

We inquire whether there is a curve C such that Ci is a straight line The 
necessary and sufficient condition U that 1/p, be tero (Cx. 3, p Jfi) From (hi) It 
follows that we must have 
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From the second of these equations it follows that C must be plane, and from 
the former we get, by integration, 

log (a 2 + p=) = — + c, 
a 

where c is a constant of integration. If the point s = 0 be chosen so that we may 
take c = log a 2 , this equation reduces to 

p = d\jeZ- 1 . 


If $ denotes the angle which the line C\ makes with the {-axis, we have, from (i). 


tan 0 — 


by 

St 


a 

P 



Differentiating this equation with respect to s, we can put the result in the form 


consequently (§ G), 
(89) 


de__ i. 
ds p ’ 



<r. 


When these values are substituted in equations (75), we obtain the coordinates of C 
in the form 


; = J ' Vl -e " ds, 


y — ae °, 

I 

or, in terms of 6, 

(90) x = — aj^log tail | + cosflj, V — a sin 0. 


The curve, with these equations, is called the traclrix. As just seen, it possesses 
the property that there is associated with it a straight line such that the segments 
of the tangents between the points of tangency and points of intersection with the 
given line are of constant length. 


Theorem. The orthogonal trajectories of the osculating plane of a twisted curve can 
be found by quadratures. 

With reference to the moving axes the coordinates of a point in the osculating 
plane are ({, tj, 0). The necessary and sufficient condition that this point describe 
an orthogonal trajectory of the osculating plane as M moves along the given curve 

Hence we have for the determination of { and y 


is that ^ and — in (82) be zero. 
ds ds 


tho equations 


df 

do- 


— T) + p = 0 , 


dg 

do 


+ £ = 0 , 


where o is given by (89). Eliminating {, we have 


drn 


+ v =p- 


Hence n can be found by quadratures as a function of o, and consequently of s, 
and then { is given directly. 
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Problem Find a necessary and sufficient condition that a curve lie upon a sphere 
If ^ ^ f denote the coordinates of the center, and R the radius of the sphere, 
we have 4- f* = R* Since the center is fired, the derivatives of {, if, f are 
.given by (84) Consequently, when we differentiate the above equation, the mult 
ing equation reduces to ( = 0, which shows that the normal plane to the curve 
at each point passes through the center of the sphere If this equation be dlfleren 
tiated, we get ij = p , hence the center of the sphere is on the polar line for each 
point Another differentiation gives, together with the preceding, the following 
coordinates of the center of the sphere 

(91) f = 0, if = p, f=-i7>' 

When the last of these equations is differentiated we obtain the desired condition 

(92) f + (r/) = 0 

Conversely, when this condition is satisfied, the point with the coordinates (91) is 
fixed in space and at constant distance from points of the curve A curve which 
lies upon a sphere is called a spherical curve Hence equation (92) is a necessary 
and sufficient condition that a curve be spherical 


EXAMPLES 

1 Let C be a plane curve and Ci an orthogonal trajectory of the normals to C 
Show that the segments of these normals between C and Ci are of the same length 

2 Let C and C| be two curves In the same plane, and say that the points corre 
spond in which the curves are met by a Ime through a fixed point P Show that 
if the tangents at corresponding points are parallel, the two curves are similar 
and P is the center of similitude 

3 The locus of the point of projection of a fixed point P upon the tangent to 

a curve C Is called the pedal curve of C with respect to P Show that if r is the 
distance from P to a point M on C, and 8 the angle which the lifie PIT mahes 
with the tangent to C at 21, the arc Sj and radius of curvature /J of the pedal 
curve are given by a 

*1 = f ds pi = ) 

IP 2r — psin8 

where a and p are the arc and the radios of curvature of C 

4 Find the Intrinsic and parametric equations of a plane curve w*hich is such 
that the segment on any tangent between the point of contact and th<a projection 
of a fixed point is of constant length 

5 Find the intrinsic equation of the plane curve which meets under constant 
angle all the lines passing through a fixed point 

6 The plane curve which is such that the locus of the mid point of Ube seg 
ment of the normal between a point of the curve and the center of curvature is 
a straight line is the cycloid whose intrinsic equation is /)* + *’ = a* \ 

7 Investigate the curve which is the locus of the point on the principal Jjormal 
of a guen curve and at constant distance from the latter 
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18. Osculating sphere. Consider any curve whatever referred 
to its moving trihedral. The point whose coordinates have the 
values (91) lies on the normal to the osculating plane at the 
center of curvature, that is, on the polar line. Consequently 
the moving sphere whose center is at this point, and whose 
radius is V p- + t -p n , cuts the osculating plane in the osculating 
circle. This sphere is called the osculating sphere to the curve at 
the point. We shall derive the property of this sphere which 
accounts for its name. 

When the tangent to a curve at a point M is tangent likewise 
to a sphere at this point, the center of the sphere lies in the normal 
plane to the curve at M. If E denotes its radius and the curve is 
referred to. the trihedral at M, the coordinates of the center C of the 
sphere are of the form (0, y v z,) and yl + z{ = E'. Let P (x, y, z) 
he a point of the curve near M, and Q the point in which the line 
CP cuts the sphere. If PQ be denoted by 8, we have, from (53), 


(it + s > ■ = (• - 67 »• + • ■ • )'+ (». - fp + 6 ? ' * + ■ 

+ ( Z,+ 6 ^*‘ + '" 
** + *-*(i-a) + £ (£*+&)+. 


which reduces to 


Hence 8 is of the second order, in comparison with MP, unless 
y,=p, that is, unless the center is on the polar line; then it is 
of the third order unless z t = — p'r , in which case the sphere is 
the osculating sphere. Hence we have the theorem : 

The osculating sphere to a curve at a point has contact with the 
curve of the third order; other spheres with their centers on the 
polar line, and tangent to the curve, have contact with the curve of 
the second order ; all other spheres tangent to the curve at a point 
have contact of the first order. 

The radius of the osculating sphere is given by 

( 93 ) E^f+rp”, 

and the coordinates of the center, referred to fixed axes in space, are 

(94) = x + pi — p'r X, y, = y-f pm — p’rp, z^z + pn — p'rv. 



38 


CURVES IK SPACE 


Hence when p 13 constant the centers of the osculating sphere 
and the osculating circle coincide Then the radius of the sphere is 
necessarily constant Conversely* it follows from the equation (93) 
that a necessary and sufficient condition that H be con- 
stant IS r- 1 

p' T [?+(T/>vJ“0, 

that is, either the curvature is constant* or the curve 
is spherical 

If equations (94) be differentiated with respect to t, 
we get 



-MV)']* 
*--*[?•* 


: + (V)1 


a— + 

From these expres 
sions it is seen that 
the center of the 
osculating sphere is 
fixed only m case 
of spherical curves 
Also, the tangent to 
the locus of the cen 
ter 13 parallel to the 
hinormah Combin- 
ing this result with 
a previous one, we 
have the theorem 


Tht polar fine for a point on a curre u tangent to the locut of the 
center of the oeculatmg tphere to the curve at the corretpondxng point 
This result is represented m fig 5, m which the curve is the 
locus of the points 21; the points C, C,, C v are the correspond- 
ing centers of curvature , the planes 2ICN, are normal 

to the curve , the lines CP, C t P v are the polar lines , and the 
points P, P v P v • • are the centers of the osculating spheres 
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19. Bertrand curves. Bertrand proposed the following problem : 
To determine the curves whose principal normals are the principal 
normals of another curve. In solving this problem we make use of 
the moving trihedral. We must find the necessary and sufficient 
condition that the point M x {% - 0, 77 = k, f = 0) generate a curve C 1 
whose principal normal coincides with the 77 -axis of the moving 
trihedral. Since the point If remains on the moving 77 -axis, we 
have d£ = dt;= 0. And since M 1 tends to move at right angles to 
this axis, 877 = 0 . Now equations (82) reduce to 


(96) 


8f ^ & dfc __ q 8f _ k 

ds~ p ds 1 ds r 


From the second we see that k is a constant. Moreover, if w denotes 
the angle which the tangent at If makes with the tangent at M, 
we have, from the first and third of these equations, 

8 f kp 

tan -- , 

or of t{k — p) 


(97) 


sin w cos co _ sin a 

p t k 


We have seen (§ 11 ) that according as r is positive or negative, 
the osculating plane to a curve at a point M' near II cuts the 
polar line for M below or above the osculating plane at II. From 
these considerations it iollows that when r > 0 , <0 is in the third, 
fourth, or first quadrants according as k > p, 0 < k < p, or k < 0 ; 
and when t < 0, to is in the second, first, or fourth quadrant, 
accordingly. It is readily found that these results are consistent 
with equation (97). 

By means of (97) it is found from (96) that 



the negative sign being taken so that the left-hand member may 
be positive. 

Thus far we have expressed onlj' the condition that the locus 
of il/j cut the moving 77 -axis orthogonally, but not that this axis 
shall be the principal normal to the curve C, also. For this we 
consider the moving trihedral for C, and let a v b p c x denote the 
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direction-coaines with respect to it of a fixed direction in space, 
as in fig 6 They satisfy equations similar to (85), namely 



n <"> 

If a, 6, c are the direction-cosines of the 
same direction, with respect to the mov 
ing trihedral atil/; we must have a, = a cosw-f csinw, 
8, Cj=5— a sin to + c cos a>, for all possible cases 
as enumerated above When these values are sub- 
stituted in the above equations, we get, by means 

of (98), 


fcos to , sin o> k I , , . , da> . 

l p t PjTSinfflJ da 

t r sm os , cos«> siao>l , fsuKu , sinai , coswl „ 

-*r + — -—r[— + — + —r 0 ' 

[ sino> cos<a k 1. . . , .dto , 

f> + (c Bin to + a cos to) — =* 0 

p t t,t sin wj da 

Stnce these equations must be true for every fixed line, the coeffi 
cients of a, b, e in each of these equations must he zero The 
resulting equations of condition reduce to 


( 100 ) 



Since o> is a constant, equation (97) is a linear relation between 
the first and second curvatures of the curve C And the last of 
equations (100) shows that a similar relation holds for the curve C x 
Conversely, given a curve C whose first and second curvatures 
satisfy the relation ^ B 

( 101 , 7 + 7 “ c ' 

where A, B, C are constants different from zero , if we take 




A 

C* 


cot Ol = — 


B 

A' 
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and for p x and t, the values given by (100), equations (99) are sat- 
isfied identically, and the point (0, k, 0) on the principal normal 
generates the curve O v conjugate to C. We gather these results 
about the curves of Bertrand into the following theorem: 

A necessary and sufficient condition that the principal normals 
of one curve be the principal normals of a second is that a linear 
relation exist between the first and second curvatures ; the distance 
between corresponding points of the tivo curves is constant , the oscu- 
lating planes at these points cut tender constant angle, and the torsions 
of the two curves have the same sign. 

We consider, finally, several particular cases, which we have 
excluded in the consideration of equation (101). 

When C = 0 and A 1=0, the ratio of p and t is constant. Hence 
the curve is a helix and its conjugate is at infinity. When A — 0, 
that is, when the curve has constant torsion, the conjugate curve 
coincides with the original. When A = C= 0, k is indeterminate ; 
hence plane curves admit of an infinity of conjugates, — they are 
the curves parallel to the given curve. The only other curve 
which has more than one conjugate is a circular helix, for since 
p and t are constant, A/C can be given any value whatever; both 
the given helix and the circular helices conjugate to it are traced 
on circular cylinders with the same axis. 

20. Tangent surface of a curve. For the further discussion of 
the properties of curves it is necessary to introduce certain curves 
and surfaces which can be associated with them. However, in con- 
sidering these surfaces we limit our discussion to those properties 
which have to do with the associated curves, and leave other con- 
siderations to their proper places in later chapters. 

The totality of all the points on the tangents to a twisted curve C 
constitute the tangent surface of the curve. As thus defined, the sur- 
face consists of an infinity of straight lines, which are called the 
generators of the surface. Any point P on this surface lies on one 
of these lines, and is determined by this line and the distance t from 
P to the point M where the line touches the curve, as is shown in 
fig. 7. If the coordinates x, y, z of M are expressed in terms of the 
arc 8, the coordinates of P are given by 

(102) £ = 2 :+ a H, r) — y + y't, f=z-fz'£, 
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plane curve m ita plane The latter is only a particular case of the 
former, so that the problem of finding the involutes of a curve is 
that of finding the curves upon the tangent surface which cut the 
generators orthogonally 

We wnte the equations of the tangent surface in the form 
£ = *4-of, + f = z + 

Assuming that « is the parameter of the curve, the problem reduces 
to the determination of a relation between t and » such that 
ad^ + ffdtf + 'YiJ^ — 0 . 

By means of (50) this reduces to + — 0, so that — », 

where c is an arbitrary constant Hence the coordinates x., z t 
of an involute are expressible in the form 
(106) *,=* + *(<?—«), y, = y + £(c— *), i 1 =z + 'f{c~t) 

Coi responding to each value of c there is an involute , consequently 
a curve has an infinity of involutes If two involutes correspond 
to values e, and e t of c, the segment of each tangent between tbe 
curves is of length e,— e t Hence the involutes are said to form a 
Bystem of parallel curves on the 
tangent surface 
When » is known the involutes 
are given directly by equations 
(106) Hence the complete de- 
termination of the involutes of a 
given curve requires one quad- 
rature at most 

From the definition of t and 
its above value, an involute can 
be generated mechanically m the following manner, as represented 
m fig 9 Take a string of length c and bring it into coincidence 
with the curve, with one end at the point 8 = 0, call the other 
end A If the former point be fixed and the string be unwound 
gradually ftm thfl. curve, hegiruomg ah A, this. will trace out 
an involute on the tangent surface. 

By differentiating equations (106), we get 

jiJVzJla,, i, t= r±^Sid, 

p p p 
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Hence the tangent to an involute is parallel to the principal nor- 
mal of the curve at the corresponding point, and consequently the 
tangents at these points are perpendicular to one another. 


As an example of the foregoing theory, we determine the involutes of the cir- 
cular helix, whose equations are 

x = a cosu, y = a sinu, 2 = cm cotfl, 

where a is the radius of the cylinder and 6 the constant angle which the tangent to 

the curve makes with axis of the cylinder. Now 

— sin u, cos u, cot 6 

s = a cosec 6 • u. a. B, 7= — — — — • 

coseo# 

Hence the equations of the involutes are 


it = a cosu + (au — csinfi)sinu, 1/1 = a sin u — (au — c sin 0) cosu, it = c cos 9 . 

From the last of these equations it follows that the involutes are plane curves 
whose planes are normal to the axis of the cylinder, and from the expressions for 
it and j/t it is seen that these curves are the involutes of the circular sections of 
the cylinder. 


We proceed to the inverse problem: 

Given a curve C, to find its evohites. 

The problem reduces to the determination of a succession of 
normals to C which are tangent to a curve 6' 0 . If M 0 be the point 
on C 0 corresponding to M on (7, it lies in the normal plane to C at 
ill, and consequently its coordinates are of the form 

x„=x + pl + qX, y 0 =y+pm + qy, z„=z+pn + qv, 

where p and q are the distances from M 0 to the binormal and prin- 
cipal normal respectively. These quantities p and q must be such 
that the line is tangent to the locus of ilT 0 at this point, that 
is, we must have 


<fo„ 

tfs 


= k(x — x 0 ). 


ffyo 

ds 


= *{y-y< 0 ), 


C?Z 0 . . 


where k denotes a factor of proportionality. When the above 
values are substituted in these equations, we get 

a (i~f) +l ^ + i +pK ) +x (fs~T +qK ) =0 ' 

and two other equations obtained by replacing a, l, X by /S, m, y 
and 7, n, v. Hence the expressions in parentheses vanish. From 
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the first it follows that p is equal to p , consequently M 0 lies on 
the polar line of C at M The other equations of condition can be 
written 


dp a 

-£ + Z + Pk = 
d» t 


p. 


Eliminating we get 

r p x +q> p 

For the sake of convenience we put ua and obtain by 

integration ^ T 

- = tan (<a + c), 

P 

where c vs the constant of integration As c is arbitrary, there is 
an infinity of evolutes of the curve C, they are defined by the 
following equations, m which c is constant for an evolute but 
changes with it 

:r fl = x+ ip + V tan (w 4- e), y 9 = y + mp + pp tan (<» + e), 

z„= z + up 4- vp tan(« 4- c) 

From the definition of q it follows that q/p is equal to the tangent 
of the angle which makes with the principal normal to C at M 
Calling this angle 6, we have 0 = a 4 - c The foregoing results give 
the following theorem 

A curve C admits of an infinity of evolutes, when each of the 
normals to C, which are tangent to one of its evolutes, is turned 
through the same angle m the corresponding normal plane to C, these 
new normals are tangent to another evolute of C 

In fig 5 the locus of the points E is an evolute of the given 
curve 

Each system of normals to C which are tangent to an evolute C 0 
constitute a tangent surface of which C„ vs the edge of regression 
Hence the evolutes of G are the edges of regression of an infinity 
of tangent surfaces, all of which pvs3 through C 

From the definition of u it follows that u is constant only when the curve C 
is plane In this case we may take <■> equal to zero Then when c * 0 we have 
the evolute Co in the plane of the curve The other evolutes lie upon the right 
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cylinder formed of the normals to the plane at points of C 0 , and cut the elements 
of the cylinder under the constant angle 90° — c, and consequently are helices. 
Hence we have the theorem : 

The evolutes of a plane curve are the helices traced on the right cylinder whose 
base is the plane evolute. Conversely, every cylindrical helix is the exolute of an 
infinity of plane curves. 


EXAMPLES 

X. Find the cobrdinates of the center of the osculating sphere of the twisted 
cubic. 

/2. The angle between tbe radius of the osculating sphere for any curve and the 
locus of the center of the sphere is equal to the angle between the radius of the 
osculating circle and the locus of the center of curvature. 

3. The locus of the center of curvature of a curve is an evolute only when the 
curve is plane. 

4. Find the radii of first and second curvature of the curve x= a sin u cos u, 
y = a cos 2 u, z = a sin u. Show that the curve is spherical, and give a geometrical 
construction. Find its evolutes. 

6. Derive the properties of Bertrand curves (§ 19) without the use of the moving 
trihedral. 

6. Find the involutes and evolutes of the twisted cubic. 

yt. Determine whether there is a curve whose binormals are the binormals of a 
second curve. 

8. Derive the results of §21 by means of the moving trihedral. 


22. Minimal curves. In the preceding discussion we have made 
exception of the curves, defined by 

y=f*(u), * =/„(«). 

when these functions satisfy the condition 
(107) f? +/?+/?= 0. 


As these imaginary curves are of interest in certain parts of the 
theory of surfaces, we devote this closing section to their discussion. 
The equation of condition may be written in the form 


ft + ft _ ft 

-ft ft- if l V ' 


where v is a constant or a function of u. 
equivalent to the following: 


(108) 


ft : ft : ft 


1—v- ,(l + tr) 
2 ’* 2 


These equations are 


: v. 
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At most, the common ratio is a function of «, say /(it) And so 
if we disregard additive constants of integration, as they can be 
removed by a translation of the curve in space, we can replace 
the above equations by 

(109) x =J'—~f(u)du, y = i J~^-f(u)du, z=J tf(u)du 
We consider first the case when v is constant and call it a If 

we change the parameter of the curve by replacing^ f(u) du by a 
new parameter which we call v, we have, without loss of generality, 

( 110 ) z = i^-u 

For each value of a these are the equations of an imaginary 
straight line through the origin Eliminating a, we find that the 
envelope of these lines is the imaginary cone, with vertex at the 
origin, whose equation is 

(111) x a + y*+z*=*0 

Every point on the cone is at zero distance from the vertex, and 
from the equations of the lines it is seen that the distance between 
any two points on a line js zero We call these generators of the 
cone minimal straight lines Through any point in space there are 
an infinity of them , their direction-cosines are proportional to 
1 — a* 1+« J 

-Q-’ ' — * «' 

where a is arbitrary The locus of these lines is the cone whose 
vertex is at the point and whose generators pass through the circle 
at infinity For, the equation in homogeneous coordinates of the 
sphere of unit radius and center at the origin is a?+y l + z* = v? ■> 
bo that the equations of the circle at infinity are 

£* + y* + z* = 0, tP = 0 

Hence the cone (111) passes through the circle at infinity 
Vf e eumn&vt iitfw Vrst Gas® VntTfc t itv tsqaatasreA vWi'i 'a t» 
of u If we take this function of u for a new parameter, and for 
convenience call xt u, equations (109) may be wntten in the form 

x=Jl^-F{u)au, y = i z=jv.F{u)iu, 


( 112 ) 
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-where, as is seen from (108), F(u) can be any function of u different 
from zero. 

If we replace F(u) by the third derivative of a function f(u), 
thus F(v)=f"'{u), equations (112) can be integrated by parts and put 

in the form i 

z = -|(l- u*)f"(u) + «/'(«) —/(«). 

(113) ‘ y = | (1 + - iuf(u) + if(u), 

z = yf"(u) —/'(«). 

Since F must be different from zero, f(u) can have any form other 
than c^r + cji + c t , where c v c„, c s are arbitrary constants. 


EXAMPLES 

1. Show that the tangents to a minimal curve are minimal lines, and that a 
curve whose tangents are minimal lines is minimal. 

2. Show that the osculating plane of a minimal curve can be written (X — z) A 
+ {T— y)B + (Z — z)C = 0, where A 3 4 + B 2 + C 2 = 0. A plane whose equation is 
of this sort is called an isotropic plane. 

5. Show that through each point of a plane two minimal straight lines pass 
which lie in the latter. 

4. Determine tho order of the minimal curves for which the function /in (113) 
satisfies the condition 4 /'"/«• _ 6/ 1t2 = 0. 

6 . Show that the equations of a minimal curve, for which / in (118) satisfies the 
condition 4 f'"f T — G f lr - = af'" 3 , where o is a constant, can be put in the form 

8 8 . 8i . 

s = -cos<, j/=-sin(. z = — l. 
a ’ * o ’ a 


GENERAL EXAMPLES 

1 . Show that tho equations of any plane curve can be put in the form 

x=f cos d<t>, y = / s >n 0/(0) £*0, 

and determine the geometrical significance of <f>. 

2. Prove that the necessary and sufficient condition that the parameter u in the 
equations z =/ t (u), y =/ 2 (u) have the significance of <p in Er. 1 is 

3. Provo that the general projective transformation transforms an osculating 
plane of a curve into an osculating plane of the transform. 

4. The principal normal to a curve is normal to the locus of the centers of 
curvature at the points where p is a maximum or minimum. 
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5 A certain plane curve possesses the property that if C he Its center of curvv 
ture for a point P, Q the projection of P on the z-axis, and T the point -where the 
taDgent at P meets this axis, the area of the triangle CQT Is constant Find the 
equations of the cun e in terms of the angle which the tangent forms with the x-axis 

6 The binormal at a point if of a curve is the limiting position of the common 
perpendicular to the tangents at M and M', as M ' approaches if 

? The tangents to the spherical indleatnces of the tangent and binomial of a 
twisted curve at corresponding points are parallel 

8 Any curve upon the unit sphere serves for the spherical mdicatnx of the 
blnormal of a curve of constant torsion Find the coordinates of the curve 
8 The equations 

r tdfc — HI r Ml-idA _ r kdft — hdk ( 

J A* + ** + 1*’ V ~ a J h* + k* + P' *' a J A*+i* + p’ 

where a is constant and A, t, l are functions of a single parameter, define a curve 
whose radius of torsion is a. 

JO If, in Ex 9, we have 

A = cos fiS — cos \0, k=: + l = 2^coa~^tf, 

where \ and p. are constants whose ratio is commensurable, the integrands are 
expressible as linear homogeneous functions of sines and cosines of multiples of t, 
and consequently the curve is algebraic 


11 Equations (1) define a family of circles if a, 6, rare functions of a parameter 
t Show that the determination of their orthogonal trajectories requires the solution 
of the Uiccati equation, 

« '* 2ri “ 

12 Find the vector representing the rate of change of the acceleration of a 
moving point 


13 When a curve Is spherical, the center of curvature for the point is the foot 
of the perpendicular upon the osculating plane at the point from the center of the 
sphere 

11 The tadli of first and second curvature of a curve which Ilea upon a sphere 
and cuts the meridians under constant angle are in the relation 1 + ar + bp*r = 0, 
where o and b are constants 


15 An epitrocfundal curve is generated by a point in the plane of a circle which 
rolls, without slipping, on another circle, whose plane meets the plane of the first 
circle under constant angle Find itsequations and show that It Is a spherical curve 

16 If two curves are in a one-to-one correspondence with the tangents at 
corresponding points parallel, the principal normals at these points are parallel 
and likewise the binomials, two curves so related are said to be deducible from 
one another by a transformation of Combescure 

17 If two curves are in a one to-one correspondence and the osculating planes 
ai corresponding points are parallel, either curve can be obtained from the other 
by a transformation of Combescure 
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18. Show that the radius of the osculating sphere of a curve is given by 
It 3 - tV [x'" s + y"'- + z'"-] — r 2 , where the prime denotes differentiation with 
respect to the arc. 

19. At corresponding points of a twisted curve and the locus of the center of 
its osculating sphere the principal normals are parallel, and the tangent to one 
curve is parallel to the binovmal to the other; also the product of the radii of 
torsion of the two curves is equal to the product of the radii of first curvature, 
or to within the sign, according as the positive directions of the principal normals 
aro different or the same. 

20. Determine the twisted curves which are such that the centers of the spheres 
osculating the curve of centers of the osculating spheres of the given curve are points 
of the latter. 

21. Show that the binormals to a curve do not constitute the tangent surface 
of another curve. 


22. Determine the directions of the principal normal and biuormal to an involute 
of a given curve. 


23. Show that the equations 

x = a j <p (it) sin u du, y aj rp (u) cos u du, z = a J<t> (u) \p (it) du, 

where <f> (tt) = (1 + (1 + f-)~* and f (it) is any function whatever, define a 

curve of constant curvature. 


24. Find tho curve for which f(u) = tanti, in example 23. 

25. Prove that in order that the principal normals of a curve be the binor- 
mals of another, the relation a -f = - must hold, where a and b are con- 
stants. Show that such curves are defined by equations of example 23 when 

rt>= (±±¥_± + (1 + f 2 ) 8 (^"-f 

(1 + y-)1(l + y- + 

26. Let Xj, hi, i'j be the coordinates of a point on the unit sphere expressed as 
functions of tho arc <rj of the curve. Show that the equations 

X — ckJ' Xjdo-j — k cot u J" (nii'j — h\vi) da r, 

V = ekj Hidai - k cotuj’ (i^X' - vJXjJda-j, 

z-ckf f,d<7i -k cot of (Xx>4 - Xj W ) da h 

where k and u are constant, c = ±l, and the primes indicate differentiation with 
respect to <r 1( define a Bertrand curve for which p and t satisfy the relation (07); 
show also that X lt p u rj are the direction-cosines of the binormal to the conjugate 
curve. ° 



CHAPTER II 


CURVILINEAR COORDINATES ON A SURFACE. ENVELOPES 

23. Parametric equations of a surface. In the preceding chapter 
we have seen that the coordinates of a point on the tangent surface 
of a curve are expressible in the form 

(1) («)+#'(«)> V =/*(“) + </*<«). *=/,(«)+ vfi(u), 

where V -/,(«). £=/*(«). 

are the equations of the curve, and v is proportional to the distance 
between the points (£, 7, f), (z, y, z) on the same generator Since 
the cobrdinates of the surface are expressed by (1) as functions of 
two independent parameters u, v, 
the equations of the surface may 
be written 

(2) ■ y=/»(w, t), 

z =/ a («. 0 

Consider also a sphere of ladius 
a whose center is at the origin 0 
(fig 10) If v denotes the angle, 
measured in the positive Bense, 
which the plane through the z axis 
and a point .31 of the sphere males 
with the xz plane, and u denotes tlie angle between the ladius OM 
and the positive z-axis, the coordinates of 3/ may be written 

(3) a •■ = a sin u cos v, y = a sin « sin v, z = a cos « 

Haw,, 4g3.\&, tbs. QQ/ard»WAtes. cl say yi'-aL ot. Uvi are ex- 

pressible as functions of two parameters, and the equations of the 
sphere are of the form (2)* 

• Notice tint in this cise /, 1* a function of n ilono 
OS 
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In the two preceding cases the functions f v f„, f s have par- 
ticular forms. We consider the general case where f v f a are 
any functions of two independent parameters u, v, analytic for all 
values of u and v, or at least for values within a certain domain. 
The locus of the point whose coordinates are given by (2) for all 
values of u and v in the domain is called a surface. And equa- 
tions (2) are called parametric equations of the surface. 

It is to he understood that one or more of the functions / may 
involve a single parameter. For instance, any cylinder may be 
defined by equations of the form 

* =fx («), y =/ 2 («). 2 -/» («> »)• 

If we replace u and v in (2) by independent functions of two 
other parameters u v v,, thus 

(4) u = Ffu v i\), v = F t (u v v t ), 
the resulting equations may he written 

(5) x = <f> l (u 1 ,v 1 ), y = <j>f'u 1 , v t ), z=<f> 3 (u v vj. 

If particular values of it, and v l be substituted in (4) and the result- 
ing values of u and v be substituted in (2), we obtain the values 
of a-, y, z given by (5), when u x and i\ have been given the par- 
ticular values. Hence equations (2) and (5) define the same sur- 
face, provided that F 1 and F„ are of such a form that 4> v </> s 

satisfy the general conditions imposed upon the F’s. Hence the 
equations of a surface may be expressed in parametric form in 
the number of ways of the generality of two arbitrary functions. 

Suppose the first two of equations (2) solved for u and v in 
terms of x and ?/, and let u = F 1 (x, y), v — F„(x, y) be a set of 
solutions. When these equations are taken as equations (4), 
equations (5) become 

*=*, v=y, z=.f(x,y), 

which may be replaced by the single relation, 

( 6 ) z =/(*, y)- 

If there is only one set of solutions of the first two of equations (2), 
equation (6) defines the surface as completely as (2). If, however, 
there are n sets of solutions, the surface would be defined by n 
equations, 2 =f(r, y). 
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It may be said that equation. (6) is obtained from equations (2) 
by eliminating « and v This is a particular form of elimination, 
the more general giving an implicit relation between x, y, z, as 
(7) F(x, y, z)~0 

If we have a locu3 of points whose coordinates satisfy a relation 
of the form (6), it is a surface in tbe above sense For, if we take 
x and y equal to any analytic functions of « and v, namely f % and 
/ Jt and substitute m (6), we obtain z =f t (u, t>) 

In like manner equation (7) may be solved for z, and one or more 
equations of the form (6) obtained, unless z does not appear in (7) 
In the latter case there is a relation between x and y alone, so that 
the surface is a cylinder whose elements are parallel to the z-axis, 
and its parametric equations are of the form 

»”/■<«). *=/.(«.») 

Hence a surface can be defined analytically by equations (2), 
(6) or (7) Of these forms the last is the oldest It was used 
exclusively until the time of Monge, who proposed the form (6), 
the latter has the advantage that many of the equations, which 
define properties of the surface, are simpler m form than when 
equation (7) is used The parametric method of definition is due 
to Gauss In many Tespects it is superior to both of the other 
methods It will be used almost entirely in the following 
treatment 

24. Parametric curves When the parameter u in equations (2) 
is put equal to a constant, the resulting equations define i curve on 
the surface for which v is the parameter If we let « vary continu 
ously, we get a continuous array of curves whose totality eonsti 
tutes the surface Hence a surface may he considered as generated 
by the motion of a cune Thus the tangent surface of a curve is 
described by tbe tangent as the point of contact moves along the 
curve, and a sphere results from the revolution of a circle about 
a diameter 

We have just seen that upon a surface (2) there lie an infinity 
of curves whose equations are given by equations (2), when u is 
constant, each constant value of « determining a cune We call 
them the curves u = eontt on the surface In a similar way, 
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there is an infinite family of curves v — const* The curves of 
these two families are called the parametric curves for the given 
equations of the surface, and u and v are the curvilinear coordinates 
of a point upon the surface-! We say that the positive direction 
of a parametric curve is that in which the parameter increases. 

If we replace v in equations (2) by a function of u, say 

(8) v=$(u), 

the coordinates x , y, z are functions of a single parameter u, and 
consequently the locus of the point ( x , y, z) is a curve. Hence 
equation (8) defines a curve on the surface (2). For example, 
the equation v — au defines a helix on the cylinder 
x = a cos «, y = a sin u, z — v. 

Frequently equation (8) is written in the implicit form, 

(9) F(u, v ) — 0. 

Conversely, any curve upon the surface is defined by an equation 
of this form. For, if t be the parameter of the curve, both u and v in 
equations (2) are functions of t; thus u = (l). Elimi- 

nating t between these equations, we get a relation such as (9). 

We return to the consideration of the change of parameters, 
defined by equations (4). To a pair of values of u 1 and v i there 
correspond unique values of u and v. On the contrary, it may 
happen that another pair of values of n t and v r give the same 
values of u and v. But the values of x, y, z given by (5) will be 
the same in both cases ; this follows from the manner in which 
these equations were derived. On this account when equations (4) 
are solved for tq and i\ in terms of u and v, and there is more 
than one set of solutions, we must specify which solution will 
be used. We write the solution 

( 10 ) «!== («, v), v x - <b„ («, v). 

In terms of the original parameters, the parametric lines u t = const, 
and i\ = const, have the equations, 

<!>,(«, v)=a, (u, v) = b, 

•On the sphere defined bj- equations (3) the curves v = const, are meridians and 
ti = const, parallels. 

t When a plane is referred to rectangular coordinates, the parametric lines are the 
two families of straight lines parallel to the coordinate axes. 
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where a and 6 denote constants. Unless « or t> is absent from 
either of these equations the curves are necessarily distinct from 
the parametric curves u = const, and r = const. Suppose, now, that 
v does not appear in then is constant when « is constant, 
and vice versa. Consequently a curve ttj*= const. is a member of 
the family of curves u = const. Hence, when a transformation of 
parameters is made by means of equations of the form 
«, a* <£, (u), t>, = 4>, (n), 

or t>, = <J>, (u), 

the two systems of parametric curves are the same, the difference 
being in the value of the parameter which is constant along a curve. 

EXAMPLES 

1. A surface which is the locus of a family of straight hoes, which meet another 
straight line orthogonally and are arranged according to a given law, is called a 
right conoid, Its equations are of the form * ss u cose, y = u sin e, * = ^(t>) Show 
that when $ (e) = a cot v + b the conoid Is a hyperbolic paraboloid 

S Find the equations of the right conoid whose axis is the aria of x, and which 

yl zl 

passes through the ellipse z = a, ^ + — = 1 

8 When a sphere of radius a is defined by (3), find the relation between u and 
» along the curve of Intersection of the sphere and the surface Z t + v' + rf = fu' 
8how that the curves of intersection are four great circles 

4 Open the surface x = Vu’ + £ coe x,v— 'Ai’ + £ sin e, * = u, determine the 
curves whose tangents make with the *-axis the angle tan- 1 V2 Show that two 
of these curves pass through every point, and find their radii of first and second 
curvature 

25. Tangent plane. A tangent line to a curve upon a surface 
is called a tangent line to the turf ace at the point of contact. It is 
evident that there are an infinity of tangent lines to a surface at a 
point. W e Bhall show that all of these lines lie in a plane, which 
is called the tangent plane to the surface at the point. 

To this end we consider a curve C upon, a surface and let 

y, z) he the point at which the tangent is drawn The 

equations of the tangent are (§ 4) 

z _ y— y _ z 
dx dy dz 

ds ds ds 
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•where f, 77 , K are the coordinates of a point on the line, depending 
for their values upon the parameter A. If the equation in curvi- 
linear coordinates of the curve C is v = cf> (m), the above equations 


may be written 


£-* 


= x (; 


du 8v/ ds 


y — y- 



where the prime indicates differentiation. In order to obtain the 
locus of these tangent lines, we eliminate <f>' and A from these 
equations. This gives 


( 11 ) 


t-z 

y—y 

£—z 

8x 

8y 

8z 

du 

8n 

8u 

8x 

3 y 

8z 

8v 

8v 

8v 


which evidently is the equation of a plane through the point M. 
The normal to this plane at the point of contact is called the 
normal to the surface at the point. 


As an example, we find the equation of the tangent plane to the tangent surface 
of a curve at any point. Tf the values from (1) be substituted in equation (11), 
the resulting equation is reducible to 


( 12 ) 


£ — A v — ft 
f[ A 

X A’ 


t—f* 

A 

ft 


=0. 


Hence the equation of the tangent plane is independent of v, and depends only 
upon u. In consequence of (I, 30) • we have the theorem : 


The tangent plane to the tangent surface of a curve is the same at all points of a 
generator; it is the osculating plane of the curve at the point where the generator 
touches the curve. 


When the surface is defined by an equation of the form F(x, y, 2 ) = 0, we 
imagine that x, y, z are functions of u and t>, and differentiate with respect to 
the latter. This gives 

ft f« By Bu Zz du ’ cx cv + cy cv + ?z dv ~ 


* In references of this sort the Homan numerals refer to the chapter. 
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By means of these equations the equation (II) of the tangent plane can be given 
the form 


(t - I) g +( ,-„g +(f - I) ir = o 


T7hen the Monge form of the equation of a surface, namely * = /(z, y), is used 
it is customary to put 

.... Bz _ dz 


Consequently the equation of the tangent plane is 
(16) tt -zip + (s -V><* - (f - z) = 0 

In the first chapter we found that a curve is defined by two equations of the form 
(16) FlfaV, *) * 0 , J*(z, v, z) = 0 


lienee a curve is the locus of the points common to two surfaces. The equa- 
tions of the tangent to the curve are 


dz ~ dy dz 


where dx, dy, dz satisfy the relations 


dFy 
tx ' 


dV 


dp + ^dzsO, 


-~dz + —dp + -^dz = 0 


Consequently tho equations of the tangent can he put In the form 


(17) 


t-g *-v _ f-* 

Bf\ 8Fi SF * BFi dt * 

By fa Bz By dz Bz dz dz dz By By dx 


Comparing this result with (18), we see that the tangent line to a curve at a point il 
Is the Intersection of the tangent planes at il to two surfaces which intersect along 
the curve 


EXAMPLES 

1 Show that the volume ol the tetrahedron formed by the coordinate plane* and 
the tangent plane at any point of the surface z = v,y = i, z = a*/uv is constant. 

2 Show that the sum of the squares of the intercepts of the axes by the tan 
gent plane to the surface 

z = u*ein*r, y = cos?v, z = (a* — u*)*, 
at any point is constant. 

8 Given the right conoid for which <>(t) = a sin 2 b Show that any tangent 
plane to tho surface ents it in an ellipse, and that if perpendiculars be drawn 
to the generators from any point the feet of the perpendiculars lie in a plane 
ellipse 
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4. Show that the ta ngent planes, at points of a generator, to the right conoid for 
which <p(v)= a V tan v, meet the plane z = 0 in parallel lines. 

5. Find the equations of the tangent to the curve whose equations are 

ax"- + by 2 4- cz- = 1 , bx 2 + cy- + az 2 = 1 . 

6. Find the equations of the tangent to the curve whose equations are 

z(x + z)(a> — a) = a 3 , z{y + z)(y - a) = a”, 
and show that the curve is plane. 

7. The distance from a point W of a surface to the tangent plane at a near-by 
point 3f is of the second order when MM' is of the first order ; and for other planes 
through M the distance from M' is ordinarily of the 'first order. 


26. One-parameter families of surfaces. Envelopes. An equation 
of the form 


(18) 


F(x, y, z, a) = 0 


defines an infinity of surfaces, each surface being determined by a 
value of the parameter a. Such a system is called a one-parameter 
family of surfaces. For example, the tangent planes to the tangent 
surface of a twisted curve form such a family. 

The two surfaces corresponding to values a and a’ of the param- 
eter meet in a curve whose equations may be written 


F(x, y, z, a) = 0, 


F{x, y, z, a') — F{ x, y, z, a) _ 
a'— a 


As a' approaches a , this curve approaches a limiting form whose 
equations are 

(19) F(x, y, z, a) = 0, — y ? Z ’ a) = 0. 

da 

The curve thus defined is called the characteristic of the surface of 
parameter a. As a varies we have a family of these characteristics, 
and their locus, called the envelope of the family of surfaces, is a 
surface whose equation is obtained by eliminating a from the two 
equations (19). This elimination may be accomplished by solving 
the second of (19) for a, thus : 

a=4>(x, y, z), 

and substituting in the first with the result 

F(x, y, z, <f>) = 0. 
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The equation of the tangent plane to this surface is 


+(f +&)*-*« 


For a particular value of a, say a a equations (19) define the curve 
in which the surface F(z, y, z , a 0 ) = 0 meets the envelope , and from 
the second of (19) it follows that at all points of this curve equa- 
tion (20) of the tangent plane to the envelope Teduces to 




This, however, is the equation of the tangent plane to the surface 
F(x y y, a, a„) =*0 If we say that two surfaces with the same tan 
gent plane at a common point are tangent to one another, we have 
The envelope of a family of surfaces of one parameter t* tangent 
to each surface along the characteristic of the latter 

The equations of the characteristic of thesurface of parameter a^are 
(21) F(x, Jl, *,«,)-<>, =0 


Thi3 characteristic meets the characteristic (19) in the point whose 
coordinates satisfy (19) and (21), or, what is the same thing, equa- 
tions (19) and ( SF \ ( SF \ 

,0, o 


F(x, y, z, a t )~ F(x, y, z, a) _ 


As a, approaches a, this point of intersection approaches a limiting 
position whose coordinates satisfy the three equations 


( 22 ) 


F~0, 


If these eqnations he solved for x, y, z, -we have 
(23) y =/,(«)» 2 =/,(«) 

These are parametric equations of a curve, which is called the 
edge of regression of the envelope 
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The direction-cosines of the tangent to the edge of regression 
are proportional to If we imagine that z, y, z iii (19) 

are replaced by the values (23), and we differentiate these equa- 
tions with respect to a, we get, in consequence of (22), 

dF dx dF dy ^ dF dz _ ^ 
dx da dy da dz da ' 

tfF dx | 8-F dy | <?F dz Q 
da dx da da dy da da dz da 

From these we obtain 

dx dy dz 
da ' da da 


But from (17) it follows that the minors of the right-hand mem- 
ber are proportional to the direction-cosines of the tangent to the 
curve (19). Hence we have the theorem: 

The characteristics of a family of surfaces of one parameter are 
tangent to the edge of regression. 

27. Developable surfaces. Rectifying developable. A simple ex- 
ample of a family of surfaces of one parameter is afforded by a 
family of planes of one parameter. Their envelope is called a 
developable surface ; the full significance of this term will be 
shown later (§ 43). The characteristics are straight lines which 
are tangent to a curve, the edge of regression. When the edge of 
regression is a point, the surface is a cone or cylinder, according- 
as the point is at a finite or infinite distance. We exclude this 
case for the present and assume that the coordinates x, y, z of a. 
point on the edge of regression are expressed in terms of the arc s. 
We may write the equation of the plane 

(24) (X-x)a+(Y-y)b + (Z-z)c=0, 

where a, b, c also are functions of s. The characteristics are defined 
by this equation and its derivative with respect to s, namely : 

(25) (A'- x) «'+ (F- y)V+(Z- z) d- ax’- by 1 - cz’= 0. 


dF 

dF 

dF 

dx 

dy 

dz 

d-F 

d*F 

d 2 F 

da dx 

dady 

da dz 
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Since these equations define the tangent to the curve, they must 
be equivalent to the equations 

X—ss _ Y—y _ Z—z 
£ y' ~~ z’ 

Hence we must have 

(26) az'-f- 6y + cz'= 0, aV + Vf + cV = 0 

If the first of these equations be differentiated with respect to * 
the resulting equation is reducible, in consequence of the second 
°UM),to a*»+jy'+«"=o 

From this equation and (26) we find 

a b c«=(/z"— zy') (z'x”— a?z") (z/y"- y’af) 

Hence by (§ 7) we have the theorem 

On the envelope of a one parameter family of planet the planet 
otculale the edge of reyrettum 

We leave it to the reader to prove that the edge of regrea 
sion of the osculating planes of a twisted curve is the curve 
itself 

The envelope of the plane normal to the principal normal to 
a curve at a point of the curve is called the rectifying develop 
able of the latter We Bball find the equations of its edge of 
regression 

The equation of this plane is 

(27) (X-i)f4-(F-y)m + (Z--z)n= s 0 

If we differentiate this equation with respect to the arc of the curve, 
and make use of the Frenet formulas (I, 50), we obtain 

<28) (zr-*)0+;)+(i'-y)(f+f)+^-*)0+;)=» 

From these equations we derive the equations of the character- 
istic m the form 
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t being the parameter of points on the characteristic. In order to 
find the value of t corresponding to the point where the character- 
istic touches the edge of regression, we combine these equations 
with the derivative of (28) with respect to a, namely : 


< a '-*>[7 + 

and obtain 



Hence the coordinates of the edge of regression of the rectifying 
developable are $ 


(29) 




ap — \r 

, — T T ’ 

t p — pr 


y—y 


r'p — p'r ’ 


?=2 


t p—p'r 


Problem. Under what conditions does the equation F(x, y, z) = 0 define a devel- 
opable surface ? 

We assume that x, y, z are functions of two parameters u, t>, such that the curves 
u = const, are the generators, and ti = const, are any other lines. The equation of 
the tangent plane is 

W ( X-x)f + (r-y)g + ( Z - 2 )f = 0. 


This equation should involve u and he independent of v. Its characteristic is 
given by (i) and 

A £ + it& + c£ = 0 , 

TjI! Till 


(») 


Bit cu Bit 
whore wo have put, for the sake of brevity, 

^ = (X-x)g +( r- y) ^ + (Z -x)gl-g, 

ex- cz By BzBz dz 

B = (X-x)^r + { T-y)?Z + (Z-z)^L- d -Z-, 

exey By- cycz By 

C = (X -x)~ + (T - y)~ + (Z - z)~~—. 

exBz cycz cz- dz 

Since equation (i) is independent of v, we have • 

(iii) 


A-+B^ + C- = 0. 

CV cv cv 


Comparing equations (ii) and (iii) with (13). we see that 

BF _ _ BF ajt 
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where X denotes a factor of proportionality. If we eliminate X — a, T— y, Z — z 
and X from these equations and (l), we obtain the desired condition 

&F d*F l*F tF 

iz 1 Zz&v exit ex 

&F &F S*F dF 

txiy ty 1 tydz ty 

t*F &F $*F dF 

tz iz ty it tz 1 ix 
SF dF IF q 

tx ty Zt 

EXAMPLES 

1 rind the envelope and edge of regression of the family of planes normal to 
a given curve 

8 Find the rectifying developable of a cylindrical hell*. 

S. Trove that the rectifying developable of a curve is the polar developable of 
ita involutes, and conversely 

4 Find the edge of regression of the envelope of the planes 
aslnu - v cosu + * - au = 0. 

15 Determine the envelope of a one-parameter family of planes parallel to a 
given line 

8 Given a one-parameter famity of plane* winch cut the xy plane under con- 
stant angle, the intersections of these planes with the latter plane envelop a 
curve C Show that the edge of regression of the envelope of the planes is an 
evolute of C. 

7. When a plane curve lies on a developable surface its plane meets the tangent 
planes to the surface in the tangent lines to the curve Determine the developable 
surface which passes through a parabola and the circle, described in a perpendicular 
plane, on the latus rectum for diameter, and show that It Is a cone 

8. Determine the developable surface which passes through the two parabolas 
y 1 = 4 ax, z = 0, ** = 4 ay, z = b, and show that its edge of regression lies on the 
surface y*z = x* (6 — *). 

28. Applications of the moving trihedral. Problems concern- 
ing the envelope of a family of surfaces are sometimes more 
readily solved when the surfaces are referred to the moving 
trihedral of a curve, which is associated in 6ome manner with 
the family of surfaces, the parameter of points on the curve 
.being the parameter of the family. 

Let 
(30) 


F(l, 7. ?. *) = « 
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define such a family of surfaces. Since £, g, f are functions of s, 
the equations of the characteristics are (30) and 

dF = d JL *1 + d JL *1 + d J- i^+ d J- = 0 
ds ds df] ds ds ds 


But the characteristics being fixed in space, we have (I, 84) 


(81) 


<&? _ _ / £ + ^— 1 . 
ds p ’ ds \p t) ds t 


Hence the equations of the characteristics are 

<-> m-v^y£^ 0 - 


If, for the sake of brevity, we let (£, g, £, s) = 0 denote the second 
of these equations, the edge of regression is defined by (32) and 


(33) 


dt;\p ) 8 t)\p r) d£ r ds 


For example, the family of osculating planes of a curve is defined with refer- 
ence to the moving trihedral by {■ = 0. In this case the second of (32) is 77 = 0, and 
(33) is ^ ^ = 0. Hence the tangents are the characteristics, and the edge of regres- 

sion is the curve ; for, we have f = p =f = 0. 

In like manner the family of normal planes is defined by f = 0. How the second 
of (32) is 7;— p=0 ; consequently the polar lines are the characteristics. Equation (33) 
reduces to f + p'r = 0 ; hence the locus of the centers of the osculating spheres is 
the edge of regression (cf. § 18). The envelope is called the polar developable. 


The osculating spheres of a twisted curve constitute a family 
of surfaces which is readily studied by the foregoing methods. 
From (§ 18) it follows that the equation of these spheres is 

£*+ g t + ? 2 — 2 p»7 + 2 p't£— 0. 

The second of equations (32) for this case is 

^+(V/]=o, 

which, since spherical curves are not considered, reduces to £= 0. 
And equation. (33) is 77 = 0, so that the coordinates of the edge of 
regression are £ = 17 = £ = 0. Hence : 

The osculating circles of a curve are the characteristics of its oscu- 
lating spheres; and the curve itself is the edge of regression of the 
envelope of the spheres. 
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29 Envelope of spheres. Canal surfaces We consider now any 
family of spheres of one parameter Referred to the moving tri- 
hedral of the curve of centers, the equation of the spheres is 


By means of (32) we find that a characteristic is the circle in 
which a sphere is cut by the plane 
f + n'-tO 

The radius of this circle is equal to rVl — r 1 Hence the char 
actenstic is imaginary when r ' 1 > 1 , reduces to a point when 
r=±» + const , and is real for r'*<l 

By means of (33) we find that the coordinates of the edge of 
regression are given by 

(34) — • 7 =[l-(rr')']p, *)-p*[l-(rr')']* 

Hence the edge of regression consists of two parts with corre 
spending points symmetrically placed with respect to the oscu 
lating plane of the curve of centers C, unless 

When this condition is satisfied the edge is a single curve, and its 
points he in the osculating planes of C We have seen that this 
is the case with the osculating spheres of a curve We shall show 
that when the above condition is satisfied the spheres oscuhte 
their edge of regression C 1 

We write the above equation m the form 

(35) p[l — (rr )'] = erV 1— r J , 
where e is 4-1 or — 1 , so that p may be positive 

We have seen (§ 16) that the absolute and relative rates of change 
with a of the coordinates £, 17 , £ of a point on £7, are in the relations 

Ea da p * Bs ds p r Bs da r 


When the values (34) are substituted in the right-hand members 
of these equations, we obtain, in consequence of (35), 


1 = 0 ' 


8 T erVl-r 1 

Bs T 
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Hence the linear element 3s, of C x is given by 
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and 

(36) 


38 , 


erVl— r n 


ds, 




K 

S8 1 


= -l. 


Since these are the direction-cosines of the tangent to C lt we see 
that this tangent is normal to the osculating plane to the curve of 
centers C. Moreover, these direction-cosines must satisfy (cf. I, 83) 
the equations 


Sa da 

b 

36 

db a c 

Sc 

< 37 > V-T,- 

— y 

p 

Ss 

yH f--» 

ds p T 

Ss 

Hence we have 


o, 


1 


Ss? 

Ss? 

erVl— r n 

Ss? 


from which it follows that the radius of curvature p 1 of G l is 
(38) p, = ee'rVl — r'\ 

where e' is + 1 or — 1 , so that p x may be positive. Since, now, the 
direction-cosines of the principal normal have the values 


(39) 




S'v , 

p -s^r~ ' 




it follows that the principal normals to C and C x are parallel. 
Furthermore, since these quantities must satisfy equations (37), 
we have &£__t , 3^__1 

3s’ ~ ppf Ss? ~ p- P " Ss? ~~ pf 

where p[ denotes the derivative of p l with respect to s v By means 
of (I, 51) we find that the radius of torsion r, of (7, is given by 


rrr 


From (38) we find — -> so that the radius R 1 of the oscu- 

PPi 

luting sphere of C, is given by It? = p?+ p[‘T? = -r, and consequently 
the osculating spheres of C x are of the same radius as the given 
spheres. 
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The direction cosines of the tangent, principal normal, and binor 
mal to C i are found from (86) and (39) to be 
#! = $!= 0, Yi = — 1, n l ^= 0, OTj=e — e’ , X, = — e’, fi l ^v l =s0 

Hence the coordinates (I, 94) of the center of the osculating sphere 
of C 1 are reducible, in consequence of (34), to 
f + hPi— Pir \\ = °» V + m.Pt - p'Sifii =0, ?+n,p,- p{ TjV, *= 0 

Therefore we have the theorem 


When the edge of regrenton of a family of spheres of one param- 
eter hag only one branch , the spheres osculate the edge 

Since r does not appear in equation (35), it follows that when 
r is given as a function of s, the intrinsic equations of the curve of 

centers are /= — ~= 

ervl — r” . 

'“T W r=m 


where the function/(a) is arbitrary Moreover, any curve will serve 
for the curve of centers of such an envelope of spheres The deter- 
mination of r requires the solution of equation (35) and consequently 
involves two arbitrary constants 

When all the spheres of a family have the same radius, the 
envelope is called a canal surface From (34) it is seen that m 
this case a characteristic is a great circle Moreover, equation (35) 
reduces to p = r Hence a necessary and sufficient condition that 
the edge of regression of a canal surface consist of a single curve 
is that the curve of centers be of constant curvature and the radius 
of the sphere equal to the radius of first curvature of the curve 


GENERAL EXAMPLES 

1 Let JIN be a generator of the right conoid 

3 = li COST), y =: USUI V £ ~2k CO«C 2 e, 
jtf being the point in which it meets the * axis Show that the tangent plane at N 
meets the surface in a hyperbola which passes through if and that as N moves 
along ttie generator ttie tangent at M to ttie YiypertjtAa des«Vc*a a pVw* 

2 A point moves on an ellipsoid ** + — + = 1, so that the direction of Its 

A* 6- c J 

motion always passes through the perpendicular from the center on the tangent 
plane at the point Show that the path of the poiot Is the curve in which the elhpaoid 
is cut by the surface z l y m z n - cousC , where l m n= — - — ^ ^ ~ 
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3, If each of the generators of a developable surface be revolved through the 
same angle about the tangent to an orthogonal trajectory of the generators at the 
point of intersection, the locus of these lines is a developable surface whose edge 
of regression is an evolute of the given trajectory. 

4. Show that the edge of regression of the family of planes 

(1 - u-)x + i(l + u-)y + 2uz +/(u) = 0 

is a minimal curve. 

6 . The developable surface which passes through the circles a: 2 -f y" 1 = a 2 , z = 0 ; 
x- + z- = b' 2 , y = 0 meets the plane x = 0 in an equilateral hyperbola. 

6. Find the edge of regression of the developable surface which envelopes the 
surface az = xy along the curve in which the latter is cut by the cylinder a: 2 = by. 

7. Find the envelope of the planes which pass through the center of an ellipsoid 
and cut it in sections of equal area. 

8. The first and second curvatures of the edge of regression of the family of 
planes ax -f py + yz =p, where a, p, y, p are functions of a single parameter 
-it and <r 2 + p 2 + y 2 = 1, are given by 

1 A? 1_A2 

P~l)(a'z + i 3'2 + y 2 )*’ r~ n’ 

where 

a o' a" 

A= P (S' p" , D = 

y Y y" 

9. Derive the equations of the edge of regression of the rectifying developable 
by the method of § 28. 

10. Derive the results of § 29 without the aid of the moving trihedral. 

11. Find the envelope of the spheres whose diameters are the chords of a circle 
through a point of the latter. 


P V P P 
a o' a" a"' 
p p' p" P'" 

y y' 7 " y" 


12. Find the envelope and edge of regression of the spheres which pass through 
a fixed point and whose centers lie on a given curve. 

13. Find the envelope and edge of regression of the spheres which have for 
diametral planes one family of circular sections of an ellipsoid. 

14. Find the envelope and edge of regression of the family of ellipsoids 

/x ' 1 jA z 2 

« (— + —) + — = 1, where a is the parameter. 

\a 2 p 2 / a- 

15. Find the envelope of the family of spheres whose diameters are parallel 
chords of an ellipse. 

16. Find the equations of the canal surface whose curve of centers is a circular 
helix and whose edge of regression has one branch. Determine the latter. 

17. Find the envelope of the family of cones 

{ax + 1 + y + z — 1) {ay + z) — ax (x + y + z — 1) = 0, 
where a is the parameter. 
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LINEAR ELEMENT OF A SURFACE DIFFERENTIAL PARAMETERS. 
CONFORMAL REPRESENTATION 

30. Linear element. Upon a surface S, defined by equations in 
the parametric form 

P) *=/,(«■»)> •>). 

we select any carve and write its equations <f> (u, t) = 0 From § 8 
we have that the linear element of the curve is given hy 
(2) ** = **, 

where dz = ~ du + dv, dy *=*~du + ~.dv> dz «=» ~ du -f ^ dv, 
P>» Hn s flu Pi) £)y P*i ’ 


dv 9 du 
the differentials du, dv satisfying the condition 

= 0 


du dv 


If we put 


(3) 


F=~— + 

du dv du dv dudv * 

c =(IO ,+ (t)' + (l)' 


or, in abbreviated form, 
£ 


*-tdudv 


Q 


=S(f 


2 ( 1 )' 

equation (2) becomes 

(4) <fi*s=2T<?« , + 2Fdudv + Gdt? 

The functions £, I*, G thus defined were first used by Gauss * 
When the surface is real, and likewise the curvilinear coordinates 

• DUqubltionei gtneroltt circa tirprrflcic* curvo* (English translation by MortheaJ 
an ! IHItcbeltel) p 18 Princeton l'W Unless otherwise stated all references La Os ms 
•re to ibis translation 
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w, v, the functions Vj&, Vg are real. We shall understand also that 
the latter are positive. There is, however, an important excep- 
tional case, namely when both E and G are zero (cf. § 35). 

For any other curve equation (4) will have the same form, but 
the relation between du and dv will depend upon the curve. 
Consequently the value of ds, given by (4), is the element of arc 
of any curve upon the surface. It is called the linear element of 
the surface (cf. § 20). However, in order to avoid circumlocution, 
we shall frequently call the expression for ds" the linear element, 
that is, the right-hand member of equation (4), which is also called 
the first fundamental quadratic form. The coefficients of the lat- 
ter, namely E, F, G, are called the fundamental quantities of the 
first order. 

If, for the sake of brevity, we put 


( 5 ) 


A 2 ) _ 

3 (u, v) 


8 y 8z 
du du 
3 y 3 z 
dv dv 




8(z, x) > 
3(«, v) 


c __ d(x, y) ; 
3(m, v) 


it follows from (3) and (5) that 

(6) EG - F" = A 2 + B"+ C". 


Hence when the surface is real and likewise the parameters, 
the quantity EG—F 2 is different from zero unless A, B, and 0 
are zero. But if A, B, and C are zero, it follows from (5) that u 
and v are not independent, and consequently equations (1) define 
a curve and not a surface. However, it may happen that for 
certain values of u and v all the quantities A, B, C vanish. 
The corresponding points are called singular points of the sur- 
face. These points may be isolated or constitute one or more 
curves upon the surface; such curves are called singidar lines. 
In the following discussion only ordinary points will be con- 
sidered. 

From the preceding remarks it follows that for real surfaces, 
referred to real coordinate lines, the function H defined by 

0 ) H=y/EG-F 2 

is real, and it is positive by hypothesis. 
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31 Isotropic developable The exceptional case, where the surface is imaginary 
and S is zero, is afforded by the tangent surface of a minimal curve The equa- 
tions of such a surface are (cf § 22) 

/ l — U* 1 — u* 

— — * (11) du + — __ * (u) B, 

y = + <(l t Ut) 4,(u)V, 

* = J*u^(u) du + v4> (u) r. 


where $ (u) Is a. function of u different from zero It is readily found that E=r*^(u), 
F= (7 = 0 and consequently EO — F* = 0 This equation is likewise the sufficient 
condition that the surface be of the kind sought For, when it Is satisfied, the equa 
tlon of the linear element can be written ds 1 = (VEdu + V'Gdr) 1 If X denote an 
Integrating factor of VEdu+Vddv, and a function u, be defined by the equation 
X(Vijdu + Vodn) = dui, the above equation becomes ds 1 := — duf Hence if we 
take for parametnc curves m — const and any other system for Bi = const we 
have Fi = 0, — 0 In other form these equations are 

®5.iL + illH. + i!i®£ = o V+/— Y=0 

Sui 85; 3ii| 8ti 8U| 8t( 1 Vh>i/ \bvj 


In accordance with the last equation 


| u*I 


where k is undetermined 
By integration we have 


■—J’kdvi + 'k, y- kdh + n, z=Uifkdvi + 


X, p, r being functions of alone When these values are substituted 
of the above equations of condition, we get 


to be satisfied by X, p, and » 

The equation of the tangent plane to the surface (i) is reducible to 


(1 - «*)(X - z) + »(1 +u?>(r-») + 2u,(Z - 1) = 0 


the first 


Hence the surface is developable Since Its edge of regression is a minimal curve 
(Ex 4, p 69), the theorem is proved The surface is called an isotropic developable- 

32. Transformation of coordinates It is readily found t^iat the 
functions E, F, G are unaltered m value by any change ^of the 
rectangular axes But now we shall show that these functions 
change their values when there is a change of the curvilinear 
coordinates 
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Let the transformation of coordinates be defined by the equations 
(8) u = u (u v v x ), v = v (m„ v x ) ; 

then we have 


dx _8x du 8x dv 
Su j du 8u 1 8v 8u 1 


dx _ dx 8u ex 8v 
dv x du 8v j 8v 8v x 




we find, the relations 


(9) 


\du x J du x du x \v u i/ 

F= jE^!L^i + F(^^- + ~—) + G— — , 
1 ci’j \3u, dv, dv, 0 k,/ dw, dv, 

C7 l = E /— Y+ 2.F— — + <?(— -Y* 

ydv,/ dv x 8v x \dv 1 / 


Hence the fundamental quantities of the first order assume new 
forms when there is a change of curvilinear coordinates. 

From (8) we have, by differentiation, 

du , 8u 


j dv , dv 

. , av = — du + — dv . 

du dv 1 8u x 1 dv 1 


1 7 , l/IK 7 

a« = - — aMj + — dv. 


Solving these equations for du v dv v we get 
_ 1 ( dv du 

where 


j / w 7 c/M •, \ 

■"‘■"sfe ^*7’ 


dv. = i f— — dit + — dv), 
S«j du, J 


( 10 ) 

Hence we have 

( 11 ) 

so that 

(12) 


s _ 8(«, v) 

d(u v v x ) 

( ^ u i _ 1 dv du x 1 du 

du 8 8v x dv 8 dv x 

dv x 1 dv_ dv, _ 1 du 

8 du x dv 8 du 1 1 


Kdu 


d(u„ *>i) ■ ■ 1 
8 


8(w, v) 

From (9) we find the relation 

E^-F^S^BG-F*). 
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By means of this equation and the relations (11), we can transform 
equations (9) into the following 


A. 

_/Sv,V „ „Sr. Sti, 

& + G \Su) 

E X G X —F, l 

EG—F 1 

__ du t dv t /thq 8v l du t dv A 

dv dv \2« dv dv du.) 


E&-F 3 

EG—F 3 

,(^Y_2,&& +0 teY 

\5v/ du dv \du/ 

G, 

\E X G X ~F 3 

EG~F l 


33 Angles between carves The element of area Upon a para- 
metric line j> = const we take for positive sense the direction 
in which the parameter u increases, and likewise upon a curve 
u =* const the direction m which v increases If ds, and d*. denote 
the elements of arc of carves v = const and u = const respec 
tively, we find, from (4), 

(14) d» t = VE du, da. =* Vff dv 


Hence, if a,, /?., y. and a u , f3„, y. denote the direction-cosines of the 
tangents to these curves respectively, we ha\e 


^ 1 gj | 

e = J_s, 

' y/Edu 

1 dz t 

VE 2u 

7 " Ve 

i_dx t 

p=J- s JL, 
Pu Vgsv 

l dz 

Vg Sv * 

Vg 


We have seen that through an ordinary point of a surface 
there passes one curve of parameter u and one of parameter v 
If, as in fig 11, to denotes the angle, between 0° and 180°, 
formed by the positive directions of the tangents to these curves 
at the point, we have 


(15) 
and 

(16) 


cos to = era -f -f- y.y = —==» 
VEG 


VEG—F 3 R 
Veg '/eg 


Bin to = 
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When two families of curves upon a surface are such that 
through any point a curve of each family, and hut one, passes, 
and when, moreover, the tangents at a point to the two curves 
through it are perpendicular, the curves are said to form an 
orthogonal system. From (15) we have the theorem: 

A necessary and sufficient condition that the parametric lines upon 
a surface form an orthogonal system is that F = 0. 

Consider the small quadrilateral (fig. 11) whose vertices are 
the points with the curvilinear coordinates («, v), (u -f du, v), 
(u, v + dv), (u + du, v + dv). To within terms of higher order the 
opposite sides of the figure are equal. Consequently it is approxi- 
mately a parallelogram whose sides 
are of length Va du and Vg dv and 
the included angle is a. The area 
of this parallelogram is called the 
element of area of the surface. Its 
expression is 

(17) = sin &) VeG dudv — H dudv. 

If C is any curve on a surface, the direction-cosines a, /9, y of' 
its tangent at a point have the form 

a _ dx __ /dx du ^ dx di A ^ dy /By du ^ By dv \ 

ds \£k ds 3v dsj ds \Bu ds 3v ds) 

_dz _(Bz du Bz dv\ 

^ ds \<5w ds dv ds) 



If we put dv/du = A and replace ds by the positive square root of 
the right-hand member of (4), the above expressions can be written 



Bx ^8x 
du Bv 
VF+2 F\ + G\ 2 ’ 
fy , . ty 

du Bv 

Vi? +2 F\ + G\*' 



( 18 ) 
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From these results it is seen that the direction-cosines depend 
not upon the absolute values of du and dv, but upon their 
ratio X The value of X is obtained by differentiation from the 
equation of C, namely 

(19) <£(«,») = 0 


Let C l be a second curve meeting C at a point M, and let 
the direction-cosines of the tangent to C 1 at AT he a v y t 
They are given by 

( 20 ) a t =teSudzh> 

K ' 1 ZuSa^dvZa 


and similar expressions for /S t and y, where Z indicates variation 
in the direction of C x 

If 6 denotes the angle between the positive directions to C and 
C x at M, we have, from (18) and (20), 

(21) + + = 

“ nd 

\Za d» Za da f 


This ambiguity of sign is due to the fact that 6 as defined is one 
of two angles which together are equal to 860° We take the 
upper sign, thus determining & This gives 


(22) 


sin 6 = H 


'Zu dv Zv du\ 
\Bt da Za da) 


The significance of the above choice will be pointed out shortly 
When in particular C, is the curve v = const through M we 
have Sv = 0 and Za = ~'JE 5m, so that 


(23) 


* , “v*(** + *'*)’ 


H dv 
Vi da 


(24) 


. 0 Sdv 

tan o„ = -y- 

Edu+Fdv 


The angle u> Le tween the positive half tangents to the para 
metric curves has been uniquely defined Hence there is, in 
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general, only one sense in which the tangent to the curve v = const, 
can be brought into coincidence with the tangent to the curve 
« = const, by a rotation of amount a>. W e say that rotations in 
Ibis direction are ‘positive, in the opposite sense negative. From 
(23) it is seen that 6 0 is the angle described in the positive sense 
when the positive half tangent to the curve v = const, is rotated 
into coincidence with the half tangent to C. And so in the general 
case 0, defined by (22), is the angle described in the positive rota- 
tion from the second curve to the first. 

From equations (15), (16), and (23) we find 

These equations follow also directly from (20) and (21) by consid- 
ering the curve u = const, as the second line. 

As an immediate consequence of equation (21) we have the 
theorem : 

A necessary and sufficient condition that the tangents to two curves 
upon a surface at a point of meeting he perpendicular is 

(20) E du Su + F (du Sv + dv hu) 4- G dv Sv = 0. 

EXAMPLES 

1. Show that when the equation of a surface is of the form z — /(*, y), its linear 
element can be written 

<Js 2 = (1 -f p-) dx- + 2 pqdxdy + (1 + 9 2 ) dl J"' 
where p a cz/fcc, and q = dz/dy. Under what conditions do the lines x = const., 
V = const, form an orthogonal system ? 

2. Show that the parametric curves on th& sphere 

x = a sin u cos r, y = a B ^ n u z — a cos u 

fonn an orthogonal system. Determine the two families of curves which meet the 
onves e = const, under the angles w/4 and Sjt/ 4. Find the linear element of the 
surface when these new curves are parametric. 

*• Find the equation of a curve on the paraboloid of revolution x = u cose, 
r = U6int, z = t,s/2, which meets the curves t>= const, under constant angle a 
puses through two points <u 0 , «o), («i, *)• Determine or as a function of 

fj, U,, tj. 

*• Find the differential equation of the curves upon the tangent surface of a. 
uurre which cut the generators under constant angle a. 
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8 Show that the equations of a curve which lies upon a tight cone and cuts all 
the generators under the same angle are of the form 2 = ce"“ cos u y = ee°*a!nu 
a = &«■>“, where a b and c are constants. What is the projection of the curve upon 
a plane perpendicular to the axis of the cone ? Find the radius of curvature of 
the curve 

6 Find the equations of the curves which bisect the angles between the para- 
metric curves of the paraboloid in Ex. 8 

34 Families of curves An equation of the form 

(27) <f>(u,v) = c, 

where c is an arbitrary constant, defines an infinity of curves, or a 
family of curves upou the surface Through any point of the sur 
face there passes a curve of the family For, given the curvilinear 
coordinates of a point, when these values are substituted m (27) 
we obtain a value of e, say c„ , then evidently the curve 
passes through the point We inquire whether this family of 
curves can be defined by another equation Suppose it is possible, 
and let the equation be 

(28) ifr («, v)=* K 

Since c and k are constant along any curve and vary in passing 
from one curve to another, each is necessarily a function of the 
other Hence f is a function of <p Moreover, if -jr is any 
function of <£, equations (27) and (28) define the same family of 
curves 

From equation (24) it is seen that the direction at any point, of 
the curve of the family through the point is determined by the 
value of dv/du We obtain the latter from the equation 

< 29 > £* + ** = «• 

which is derived from (27) by differentiation 

Let <£(«, t»)= c be an integral of an ordinary differential equation 
of the first order and first degree, such as 
(30) M(u, v) du -f W(u, v) dv = 0 

The curves defined by the former equation are called integral mine $ 
of equation (30) From the integral equation we get equation (29) 
by differentiation It must be possible then to obtain equation (SO) 
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i\A=o. 


0 ; 


from the integral equation and (29). But c does not appear in 
(29), consequently the latter equation differs from (30) by a factor 

at most. Hence J/— — i\ r ^ = 0. Suppose, now, that we have 
dv 8u Mr ' 

another integral of (30), as ^r(u, v) — e. Then M — ^ 

. d (<b<, '&) 

The elimination of M and N from these equations gives 

from which it follows that f isa function of <f>. Moreover, -ft can 
by any function of <f>. But we have seen that if is a function 
of the families of curves <f> — const, and jr = const, are the same. 
Hence all integrals of equation (30) of the form <£ — e or -fy — e 
define the same family of curves. However, equation (30) may 
admit of an integral in which the constant of integration enters 
implicitly, as F(u, v, c) = 0. But if this be solved for c, we obtain 
one or more integrals of the form (27). Hence an equation of the 
form (30) defines one family of curves on a surface. Although 
the determination of the curves when thus defined requires the 
integration of the equation, the direction of any curve at a point 
is given directly by means of (24). 

If at each point of intersection of a curve C x with the curves 
of a family the tangents to the two curves are perpendicular to 
one another, C x is called an orthogonal trajectory of the curves. Sup- 
pose that the family of curves is defined by equation (30). The 


relation between the ratios ~ and 

du bu 


which determine the direc- 


tions of the tangents to the two curves at the point of intersection, 
is given by equation (26). If we replace ^ by — we obtain 

oil -A 


(31) 


{Elf— FM) du + (FN— GM) dv = 0. 


But any integral curve of this equation is an orthogonal trajectory 
of the given curves. Hence a family of curves admits of a family 
of orthogonal trajectories. They are defined by equation (31), 
when the differential equation of the curves is in the form (30). 
But when the family is defined by a finite equation, such as (27), 
the equation of the orthogonal trajectories is 



cd> 

cv 



du) 


dv = 0. 


(32) 
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As an example, we consider the family of circles in the plane with centers 
on the z-axis whose equation is 

(I) z J + p 1 ~ 2 uz = a J , 

where u is the parameter of the family and a is a constant In order to find the 
orthogonal trajectories of these eurres, we take the lines z = const , p = const, 
lor parametric curves, in which casts 

E-G-l, Fs=0, 

and write the equation (i) in the form (27), thus 

* + ~(V* — <**)*= 3« 


Now equation (3S) Is izydx — (z* — p* +a?)dy = 0, of which the integral Is 


where v is the constant of integration Hence the orthogonal trajectories are circles 
whose centers are on the p-axls 


An ordinaiy differential equation of the second degree, such as 


(33) JR (w, v) du*+ 2 S(u, v) du dv + T(u, v) dv 1 = 0, 


is equivalent to two equations of the first degree, which are found 
by solving this equation as a quadratic in dv. Hence equation (33) 
defines two families of curves upon the surface. We seek the con- 
dition that the curves of one family be the orthogonal trajectories 
of the other, or, in other words, the condition that (33) be the equa 
tion of an orthogonal system, as previously defined. If k t and k t 
denote the two values of — obtained from (33), we have 




2S 
T ’ 




T 


From (26) it follows that the condition that the two directions at 
a point corresponding to *, and < 3 be perpendicular is 

E + * ,) + Gk^c 3 = 0 . 

If the above values are substituted in this equation, we have 
the condition sought; it is 

(34) 


ET+GR-2FS=*0. 
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35. Minimal curves on a surface. An equation of the form (33) 
is obtained by equating to zero the first fundamental form of 
a surface. This gives 

Fdu~+ 2Fdudv + Gdv*=: 0, 


and it defines the double family of imaginary curves of length 
zero which lie on the surface. In this case equation (34) reduces 
to FG~F 2 — 0; hence the minimal lines on a surface form an 
orthogonal system only when the surface is an isotropic develop- 
able (§ 31). 

An important example of these lines is furnished by the system 

on the sphere. If we take a sphere of unit radius and center at 

the origin, its equation, a?+y ! + r 2 =l, can be written in either of 

the forms , . , 

x + iy _ l + s _ 

• w, 


1 — 2 x— iy 


x — iy _ 1 + 2 
1 — 2 x+iy 


where u and v denote the respective ratios, and evidently are conju- 
gate iraaginaries. If these four equations are solved for x, y, z, we find 


(35) 


74 + V l(v — It) UV—1 

-, y = — > z = — • 

74V + 1 767/ + 1 7477+1 


From these expressions we find that the linear element, in terms 
of the parameters u and v, is given by 


(36) 


, „ 4 du dv 

d,r = — 

(1 + uv)' 


Hence the curves u = const, and v — const, are the lines of length 
zero. 

Eliminating u from the first two and the last two of equations 
(35), we get 


t(r + l)i + (l-r)y-2!!) = 0, 

* (^ + 1)2 + 2 vy + 1 (1 — v") = o. 


Hence all the points of a curve v — const, lie on the line 


* (v 5 + 1) X+ (1 - v") Y— 2 iv = 0, 
i(ir+ 1) Z + 2 v r+ i (1 - v 2 ) = 0, 
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where X, F, Z denote current coordinates In consequence of (85), 
these equations can be written 

X~x e _ F-y. Z~z, 

*(v*+l) — 2 1» ’ 

where z a , y„, z 0 are the coordinates of a particular point. In like 
manner the curves u = const, are the minimal lines 

X-z a F-y a Z-z, 

1~«* *(! + «') 2« * 

EXAMPLES 

1 Show that the most general orthogonal system of circle* In the plane is that 
of the example In § 34 

2 Show that on the right conoid x = u cos e y = u sin e t = av, the curves 
tfu’ — (u* + a’Jdc* = 0 form an orthogonal system 

3 When the coefficients of the linear elements of two surfaces, 

<fs* = + 2 Fidiofo -+ «l*f = JEVfu* + 2 Ftdudv + G* iv*, 

are not proportional, and points with the same curvilinear coordinates on each of 
the surfaces are Bald to correspond, there is a unique orthogonal system on one 
eurface corresponding to an orthogonal system on the other, its equation is 
{FiE, - F»r t )d»* + [EtOi - E\G t )dudo +(C,F, - (fcF,)do* = 0 

4 If Bi and 9 t are solutions of the equation 

M l alogh fj ^ g _ p 
iat>p~ 2 ia ip ' 

where X is any function of a and p, the equations 

*+*-/<ta+i(S£)V, 

define a surface referred to its minimal lines 

"i/b ''{•KiVtfikuii •A %. *jvu&i/vu. L/tk •£ h«, q. vu&uut to any 

system of coordinates «, t?, and let $ (u, ») be a function of u and v 
When the values of the coordinates of a point Jtf of the surface are 
substituted in <f>, we obtain a number e , and consequently the curve 

(38) £(«,»)=* 


sa 


VARIATION OF A FUNCTION 


passes through If. In a displacement from If along this curve the 
value of <j> remains the same, but in any other direction it changes 
and the rate of change is given by 

^ju d Ak 

d(j> 8u 8v 

ds~Vjf+2 'Fk + GJ?' 


where h = dv/du determines the direction. As thus written it is 
understood that the denominator of the right-hand member is 


positive. 

For the present we consider the absolute value of — ■> and write 


(39) 


A = 


ds 


d ± + d -±k 

du 


C V 


Vj? + 2 Fk+Gh? 


where c is ± 1 according as the sign of the numerator is positive or 
negative. The minimum value of A is zero and corresponds to the 
direction along the curve (38). In order to find the maximum value 
we equate to zero the derivative of A with respect to h. This gives 


( 




0 . 


From (32) it follows that this value of h determines the direction 
at right angles to the tangent to $ = c at the point. By substituting 
this value of k in (39) we get the maximum value of A. Hence : 


The differential quotient ~ of a function $>{u, v ) at a point on a 

surface varies in value with the direction from the point. It equals 
zero in the directio?i tangent to the curve <f>=c, and attains its greatest 
absolute value in the direction normal to this curve , this value being 


(40) 


dj> 

i 

1 'N 

Hi 

-Y— 2F—~ + g( — Y 

■v) cu ov \du) 

ds 

t VAG - F 2 


A means of representing graphically the magnitude of the differ- 
ential quotient A for any direction is given by the following theorem : 

If in the tangent plane to a surface at a point II the positive half 
tangents at If, corresponding to all values of k, positive and negative. 
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be drawn, and on them the corresponding lengths Abe laid off from M, 
the locus of the extremities of these lengths is a circle tangent to the 
curve if) = const 

The proof of this theorem is simplified if we effect a transfer 
nution of curvilinear coordinates Thus we take for the new coor 
drnate lines the curves <f> = const and their orthogonal trajectories 
We let the former be denoted by const and the lattei by 
= const , and indicate by subscript 1 functions in terms of these 
parameters Now — 0, so that 

t __du x _ 1 


where k x denotes the value of dvjdu x which determines a given 
direction, and the maximum length is (Jbjr* From (23) we have 

cos 6„ — ^ -1 sin 6. = — -=A±= » 

where 0 O is the angle which the given direction makes with the 
tangent to the curve v t = const Hence if we regard the tangents 
at M to the curves v t = const aod tq = const as axes of coordinates 
in the tangent plane, the coordinates of the end of a segment of 
I length A are y-gr V5>, 

-E, + Gjfc* Ej + Gjft[ 


The distance from this point to the mid point of the maximum 
segment, measured along the tangent to t>, = const, is readity 

found to be — which proves the theorem 

2VF x 

37 Differential parameters of the first order. If we put 


(41) 


A,£ = 



LG~F X 


equation (40) can lie written 


/ d<f> y _ 
\ds) 


where now the differential quotient corresponds to the direction 
normal to the curve «£ = u»n8t The left-hand member of this 
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equation is evidently independent of the nature of the parameters 
u and v to which the surface is referred. Consequently the same 
is true of the right-hand member. Hence A,<£ is unchanged in 
value when there is any change of parameters whatever. The 
full significance of this result is as follows. Given a new set of 
parameters defined by u v } ), v=f t (u 1 ,v ,); let »,) 

denote the result of substituting these expressions for u and v in 
<£ (it, v), and write the linear element thus : 

ds" = E,du* + 2 F l du 1 dv l + G l dvf. 


The invariance of Aff under this transformation is expressed by 
the identical equation 



EG-F 1 jE’jGj — F'i 


We leave it to the reader to verify this directly with the aid of 
equations (9). The invariant Arf is called the differential parame- 
ter of the first order ; this name and the notation are due to LarnA* 
Consider for the moment the partial differential equation 

(42) Aff = 0 

and a solution <f> = const. From the latter we get, by differentiation, 

d ±du+ d -$-dv = Q. 
du dv 


32 OJL 

If we replace — and ~ in (42) by dv and — du, which are evi- 
ou dv 

dently proportional to them, we obtain 


Edu' + 2 Fdudv + G dir = 0. 


Hence the integral curves of equation (42) are lines of length zero, 
and conversely if 4> — const, is a line of length zero, the function <f> 
is a solution of-equation (42). 

Another particular case is that in which Aff is a function of <j>, say 
0 3 ) Afi> = F (<j)). 


* Isrons curies c ocrdonntes curvilipnes et leurs diverse) applications, p. 5. Pari 3 . 1853. 
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From (41) it is seen that when we put 


equation (43) becomes 
(44) 



A^ = l 


As defined, 6 is a fnnction of (ft, hence the family of curves 
Q = const is the same as the family = const Suppose we have 
such a family, and we take the curves 6 = const for the curves 
« = const and their orthogonal trajectories for ti = const, thus 
effecting a change of parameters Since A t u = 1, it follows from 
(41) that E=l, and consequently the linear element is 

(45) d? = G dr? 


Since now the linear element of a curve v = const is du, the length 
of the curve between its points of intersection with two curves 
u — u„ and u = «, is «„ Moreover, this length is the same for 
the segment of every curve t> = const between these two cunes 
For this reason the latter curves are said to be parallel Con 
versely, in order that the curves u = const of an orthogonal sys 
tem be parallel, it is necessary that the linear element of the 
curves v = coDst be independent of v Hence E must be a func 
tion of u alone, which, by a transformation of coordinates, can be 
made equal to unity Hence we have the theorem 

A necessary and sufficient condition that the curves of a family 
<f> = const 6e parallel u that A,^» be a function of 

Let <f> — const and s{r = const be the equations of two curves 
upon a surface, through a point If, and let 8 denote the angle 
between the tangents at JIT If we put 


( 46 ) *,(*,*>“• 


djr _ p(<fy | 

' dv dv Veto du du dv) du du 


the expression (21) for cos 8 can be written 

j) 


(47) 


Va,^ 
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Since cos & is an invariant for transformations of coordinates, it 
follows from this equation that Aj(<£. yjr) also is an invariant. It is 
called the mixed differential parameter of the first order. An imme- 
diate consequence of (47) is that 

A i (4>, ir) = 0 

is the condition of orthogonality of the curves <f> = const, and 
i p- = const. 

Now equation (22) can he written 
sin e = - ■ ~ - A-— 

\du dv 8v du/ 

which by means of the function © («, v), defined thus by Darboux,* 



can be written in the abbreviated form 


(49) 


sin 6 = 




Since all the functions in this identity except 0 (<£, ty) are known 
to be invariants, we have a proof that it also is an invariant. It 
is a mixed differential parameter of the first order. From (47) 
and (49) it follows that 

(50) A? (<f>, ->/.') + G s (<£, ijr) = Aff • Apjr ; 

consequently the three invariants defined thus far are not inde- 
pendent of one another. 

From (41) and (46) it follows that 

A G A / , * E 

A i n = jP' = Ai v ~ ^3’ 


e ‘ («> f) = A,m • A x r - A®(«, v) = jjr 2 - 


and from these we find 

(51) 

Consequently 

(52) E --- A,V - — , _F— — 

6 s (w, r) © 2 (h, r) “ 0 2 (j?, v) 

F.quations (13) can be written in similar fonn. 


G-. 


A,u 


• iecon*, Vol. m, p. 107. 
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Another result of these equations is the following If the param 
etere of the surface are changed in accordance with the equation 
», = »,(« v), 

and the resulting linear element is written, 


ds* = JE j du* + 2 F x du x dv l + £?, dv*. 


the value of A, is given by 


E % = 


e*(«„ vj 




21 


dv x dv x 


^ /dv A* 
T \<?u/ 


gK »,) 

d{v. 




and F t and G t are found in like manner In consequence of (51) 
these equations are equivalent to (13), which were found by direct 
calculation 


18 Differential parameters of the second order Thus far we 
have considered differential invariants of the first order only We 
introduce now one of the second order, discovered by Beltrami ♦ 
To this end we study the integral 


II = JJa i( *, yfr)d2= ffA l(4 >, ^-) Hdudv, 

for an ordinary portion of the surface bounded by a closed curve C 
(of. § 33) For convenience we put 


(53) 




dv 


2T= 



,8'p' 

du 


ao that, in consequence of (46), we have 

n =ff( M Vu + *%) d “ d ’ 

This may be written 
n - 

XL m aijqlv Green’s theorem to the first integral this equation 
reduces to 

( 54 ) Tlz=J<t>(Hdv~Xdu)-JJ<}>(^-i-^Jdudv, 

•Ricerebe dl anallsl applicate alia gcometrfa Giornale t*i maltm&tiche Vo! It 
(1864) p 363 
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where the first integral is curvilinear and is taken about C in the 
customary manner. Evidently du and dv refer to a displacement 
along C. If we indicate by S variations in directions normal to C 
and directed toward the exterior of the contour, then from (23) 
and (25) it follows that 


Fdu + Fdv 
ds 


-HSv 
Ss ’ 


Fdu + Gdv 
ds 


Hence + 

\du os dv os/ Ss 


so that n =JJa ; a Mdz =£*-£** ^(fr + ^7) d ^ 

All of the terms in this equation, with the exception of 

are independent of the choice of parameters. Hence the latter is 
an invariant. It is called the differential parameter of the second 
order and is denoted by Ap}r. In consequence of (53) we have 


A„i|r = i 
sT II 


E d -±-F d ^t 

dv du 


In the foregoing discussion it has been assumed that only real 
quantities appear. But all these results can be obtained directly 
from algebraic considerations of quadratic differential forms * 
without any hypothesis regarding the character of the variables ; 
hence the differential parameters can be used for any kind of 
curvilinear coordinates. 

In addition to A .<£ there are other differential invariants of the 
second order, such as 

A A& A,(0, A A, ®(£> A,</>). 

And AjA ,(<#>, - f), Aj(AA Apjr), 8(A^, A,f) 

are mixed invariants of the second order. In like manner we can 
find a group of invariants of the third order ; for instance, 

AjAjA^, AjAj(<£, Aj <£), AjAjd), A„Aj<£, • ■ ■ . 

• Cf. Bianchl, Ltzfani <J£ ffcometria diJTercnziale, Vol. I, chap. ii. Pisa, 1902, 
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These Invariants and others, which can be obtained by an evident 
extension of this method, involve functions 4>, ip-, • • •, E, F t G, and 
their derivatives. 

Conversely, we shall show * that every invariant of the form 


ImfUS, !■, C, 

* ' Pi/. 


BO 

dv 


M, . yjr 
8u ' Y ’ 8u 


where <f>, -p-, • - • are independent functions, is expressible by means 
of the symbols A and 0. Already we have seen that E, F, and G 
can be expressed in terms of A,u, A s t», and A, (u, t>). Moreover, from 
(48) it follows that 


when A is any function whatever. Hence all the terms in I can be 
expressed in terms of the symbols A and 0, applied to 
«. v, <f>, ip-, ••• 


Since u and v do not appear explicitly in I, we can effect a change 
of parameters, replacing « and v by <f> and ip respectively, and con- 


.sequently we express I in terms of <p, ip-, • and the differential 
.invariants obtained by applying the operators A and 0 to these 


functions. In case <f> is the only function appearing in I, we can 
take for ip-, in the change of parameters, any invariant of tf>, such as 
A,tf> or A ,<£, so long as it is not a function of tf>, E, F, or G. 


EXAMPLES 

1. When the linear element of a surface is in the form 

<fj* = X(du* + <fo , ) 1 

where X is a function of u and c, both u and » are solutions Of the equation Aj 9 = 0, 
the differentia! parameter being formed with respect to the nght-hand member 

2. Show that on the surface 

I3UC0SP, y = usintf, * = ao + £(«), 
the curves u = const, are parallel 

3. When the linear element is in the form 

ds s = cos^du 3 + ein*<xd« 4 , 

where or is a function of u and v, both « and t are solutions of the equation 
A t (8, Ai8) = 2 A,8 (A t 8 - 1) 


Cf Beltrami, l e , p 357. 
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4. If the curves <j>— const., f = const, form an orthogonal system on a surface, 
tho projection on the i-axis of any displacement on the surface is given by 

^ _ dx d<p _^dx d<{> ( 
da d<r Va^ 

where ds and d<r are the elements of length of the curves <j>= const., f — const, 
respectively. 

5. If /and <f> are any functions of u and v, then 




Su Su 


\du dv ' ct) BuJ 
5 *f 


A-/ = — AjU + A:® 4- — — AiU + 2 — ■ Ai (u, ») + — ^ AjO. 

cli cv Su- cucrv St- 


39. Symmetric coordinates. We have seen that through every 
point of a surface there pass two minimal curves which lie entirely 
on the surface, and that these curves are defined by the differentia] 
equation Edu i + 2 Fdudv + G dv” = 0. 


If the finite equations of these curves be written 

a (it, v) = const., /S (it, v) — const, 

it follows from (42) that 

(57) A t (a)= 0, 

Since for any parameters 

(58) 


A 1 (^) = 0. 


E = - 


A,t> 


0 3 (u, v) 


F-- 


A ,(M, v) 


G- 


A t u 


®-(u, v) ~ 0 2 (it, h) 

when the curves a = const., /9 = const., are taken as parametric, 
the corresponding coefficients E and G are zero, and consequently 
the linear element of the surface has the form 


(59) ds 3 = \dadj3, 

where, in general, A. is a function of a and /9. Conversely, as fol- 
lows from (58), when the linear element has the form (59) equa- 
tions (57) are satisfied and the parametric curves aTe minimal. 
Hence the only transformations of coordinates which preserve this 
form of the linear element are those which leave the minimal lines 
parametric, that is 

for ®i =*■(«)• A =*;(£), 

1 «,=*•(£), ^=F t (a), 
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where F and F 1 are arbitraij functions Whenever the linear ele- 
ment has the form (59), we say that the parameters are symmetric 
The above results are given by the theorem 

When a and ft are tymmetnc codrdinatei of a tuiface , any two 
arbitrary functions of a and respectively are tymmetnc codr di- 
nettes, and they are the only ones 

The general linear element of a surface can be written as the 
product of two factors, namely 

(61) if - (fE da + dvj (fEdu + d^j 

If t and t, denote integrating factors of the respective terms of the 
right-hand member of this equation, a pair of symmetric coordinates 
is given by the quadratures 

t (VEdu + £~l% dvj = da, 

t , (Vlsdu + dvj ~ d/3. 

When these values are substituted in (61), and the result is com 
pared with (59), it is seen that A = ^-* 

The first of equations (62) can be replaced by 



(Ve=— , 

du VjS 


Eliminating t from these equations, we have 


(63) 



If this equation be multiplied by — — — > 
reduced to 

Sa -da 


dv du da 
U 


the result can be 


( 64 ) 
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From these equations it follows that 



dv 8u 

I- — 

tyto-e |2\ 

dv du j 

— 

dv ' 

\ H ) 

' cm 

i E 

or, by (56), 

\ 1 

\ / 

(65) 

A 2 a = 0. 



It is readily found that /9 also satisfies this condition. 

40. Isothermic and isometric parameters. When the surface is 
real, and the coordinates also, the factors in (61) are conjugate 
imaginary. Hence the conjugate imaginary of t can be taken 
for fj. In this case a and /9 are conjugate imaginary also. In 
what follows we assume that this choice has been made, and write 

( 66 ) a = <p+iip, & = <}> — 

If these values be substituted in (59), we get 

(67) <?8*=\((fy*-t-<ty s ). 

At once we see that the curves (f> = const, and ip = const, form 
an orthogonal system. Moreover, the elements of arc of these 
lines are V\dip and V\d$ respectively. Consequently when the 
increments d<f> and dip are taken equal, the four points (<£, i p), 
((f> + d(f>, ip), ($, ip + dip), (<£ 4- d<f>, ip + dip-) are the vertices of a 
small square. Hence the curves cf> — const, and ip — const, divide 
the surface into a network of small squares. On this account 
these curves are called isometric curves, and (f> and ip isometric 
parameters. These lines are of importance in the theory of heat, 
and are termed isothermal or isothermic , which names are used 
in this connection as synonymous with isometric. 

Whenever the linear element can be put in the symmetric form, 
equations similar to (66) give at once a set of isometric parameters. 
And conversely, the knowledge of a set of isometric parameters leads 
atonce to a setof symmetric parameters. But we have seen thatwhen 
one system of symmetric parameters is known, all the others are 
given by equations of the form (60). Hence we have the theorem : 

Given any pair of real isometric parameters <f>, ip for a surface ; 
every other pair <f> t , ip 1 is given by equations of the form 

4>1 + = A(d>± tip), 4>1 — = E 0 (<f>zp if), 

where F arid F a are any functions conjugate imaginary to one another. 



94 


LINEAR ELEMENT OF A SURFACE 


Consider, for instance, the case 


(68) 


#, 4 - 1 '}' 1 ) 


From the Cauchy Riemann differential equations 


<69) 


3$ frjr ety* 3<f> 


it follows that and ^r } are functions of both <f> and ^ Hence 
the curves <fi I = const, ^*,= const are different from the system 
= const , >y = const Similar results hold when + * is replaced 
by — i in the argument of the right-hand member of (68) Hence 
There it a double infinity of isometric systems of lines upon a tur 
face, when one system it known all the othert can be found directly 
It the value (66) for a be substituted m the first of equations (57), 
the resulting equation is reducible to 

+• 2t & s ($, ^r) = 0 


Since <f> and ^ are real, this equation is equivalent to 
(70) Atf, *)«0 


From (58) it is seen that these equations are the condition that 
E *= O, F= 0, when <f> and are the parameters Hence equations 
(70) are the necessary and sufficient conditions that <f> and ^ be 
isometnc parameters 

Again, when a m (65) is replaced by <f> + and all the func 
tions are real, we have 


(71) 


A,<5=* 0, 0 


Conversely, when we have a function <f> satisfying the first of these 
equations, the expression 



18 an exact differential Call it d ^ , then 


(72) 


3u 3v _ cfie 3u 3v^ __ 3^e 

H 3u' 11 3v 
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If these equations be solved for -71 w get 
^ du dv 


E d±_ p d± 


(73) 


dv 


H 


du _ dcj) 
du 


f 8 ±_ q 8 ± 


dv 


H 


Git _ dffi 
“ dv' 


When we express the condition > we find that 

* dv\du j du\bv) 

A„i/r = 0. Moreover, these two functions <f> and satisfy (70), 

in consequence of (72) and (73), and therefore they are isometric 

parameters. Hence : 


A necessary and sufficient condition that <}> be the isometric 'param- 
eter of one family of an isometric system on a surface is that Affi = 0 ; 
the isometric parameter of the other family is given by a quadrature. 

Incidentally we remark that if u and v are a pair of isometric 
parameters, equations (72) and (73) reduce to (69). 

41. Isothermic orthogonal systems. If the linear element of a 
surface is given in the form (67) and the parameters are changed 
in accordance with the equations 


<f> =/i(«)> 


the linear element becomes 




ds 2 — \(ff did +f'f dv 2 ), 

where the accents indicate differentiation. However, this trans- 
formation of parameters has not changed the coordinate lines ; 
the coefficients are now no longer equal, but in the relation 


(74) 


E 

G 


U 



where TJ and V denote functions of u and v respectively. 

Conversely, when this relation is satisfied the linear element 
may be written 

ds"- = \(Udu- + Vdv-), 
and by the transformation of coordinates, 


(75) 
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it is brought to the form (67), whatever be U and V, and the coor- 
dinate lines are unaltered- Hence 
A necessary and sufficient condition that an orthogonal system of 
parametric lines on a surface form an isothermic system i* that thi 
coefficients of the corresponding linear element satisfy a relation of 
the form (74) 

We seek now the necessary and sufficient condition which a 
function a(u, e) must satisfy in order that the curves to = const 
and their orthogonal trajectories form an isothermic system 
Either to, or a function of it, is the isothermic parameter of the 
curves const We denote this parameter by tf>, then <f>=f(a>) 
Since <£ must be a solution of equations (71), we have, on substitution, 

(76) A s © /'(<»)+ A l<u / '(*>) = 0, 

where the primes indicate differentiation with respect to to If this 
equation is written in the form 

A,a._ /» 

A t <o f (to) 

we see that the ratio of the two differential parameters is a func- 
tion of © Conversely, if this ratio is a function of «, the function 
/(w), obtained by two quadratures from 

(77) /»=«-/£ 5**, 
will satisfy equations (71) Hence 

A necessary and sufficient condition that a family of curves 
to = const and their orthogonal trajectories form an isothermic sys- 
tem u that the ratio of Aj«u and A t to be a function of a 

Suppose we have such a function to , then the orthogonal tra- 
jectories of the curves © = const can be found by quadrature , for, 
the differential equation of these trajectories is 


If equation (76) be written in the form 


/'<") - 


c 



ISOTHERMIC ORTHOGONAL SYSTEMS 


97 


it is seen that an integrating factor of equation (78) is 
where /'(to) is given by (77). Hence /(&>) and the function ajr, 
obtained by the quadrature 


(79) 


cfy 

du 


J» 


dv du 

H ’ 


dv J w 


G du_ F co L 

du dv 

, 


are a pair of isometric parameters. From these equations and (77) 
it follows that r a.j<o , 

A tf = e - 3 Jzr“ a^, 

and consequently, by means of (52), the linear element can be 
given the form 

( 80 ) ds 2 =-^— idco 1 + e'/a iu d “ d-\!r 2 ) . 

' A .eo ' 7 


The linear element of the plane referred to rectangular axes is ds- — dx 2 + dy 2 . 
Consequently x and y are isothermic parameters, and we have the theorem : 

The plane curves urhose equations are obtained by equaling to constants the real 
and imaginary parts of any function of x + iy or x — iy form an isothermal orthog- 
onal system ; and every such system can be obtained in this way. 

c 2 

For example, consider <P + t’f = — - • 

where e is any constant. From this it follows that 

c 2 z , _ c-y 

tp ^ — - ■ 1 f y — • 

z 2 + y 2 z 2 + y 2 


Heuco the circles <f> = const., ^ = const, form an isothermal orthogonal system, 
and tj> and are isothermic parameters. 

The above system of circles is a particular case of the system considered in § 34. 
VTe inquire whether the latter also form an isothermal system. If we put 

« = z + j (y 2 - a 2 ), 


we find that 


Aju = — (w 2 + 4 a 2 ), Ajw : 

z 2 


2 u 

: z 2 ' 


Hence the ratio of Aju and A»u is a function of u, and consequently the system of 
circles is isothermal. From (77) it follows that the isothermic parameter of the 

first family is <p = tan- 1 , and the parameter of the orthogonal family is 




— tanh-i— 

la 2 a 


; = y + 


z 2 + a- 
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EXAMPLES 

1 Show that the meridians and parallels on ft sphere form &n Isothermal ortfcog 
onal system, and determine the isothermic parameters. 

2 Show that a system of confocal ellipses and hyperbolas form an Isothermal 
orthogonal system in the plane 

3 Show that the surface 

/(c r -«)<« , -»r 

Y(c» - a*) (e* -Jfl) 

is an ellipsoid, and that the parametric curves form an Isothermal orthogonal system 

4 Find the curves which bisect the angles between the parametric curves on 

the surface x u + 1> y u — v u» 

a = ~2 ’ b = 2 *~~2 

and show that they form an isothermal orthogonal system 

5 Determine 4>(®) bo that on the right conoid * = u cos® y = u sin ® z = $(») 
the parametric curves form an Isothermal orthogonal system and show t! at the 
curves which bisect the angles between the parametric curves form a system of 
the same kind 

6 Express the results of Ex. 4 page 82, in terms of the parameters $ and f 
defined by (60) 

42. Conformal representation When a one to-one correspond 
ence of any kind is established between the points of two sur- 
faces, either surface may be Bald to be repretented on the other 
Thus, if we roll out a cylindrical surface upon a plane and say 
that the points of the surface correspond to the respective points 
of the plane into which they are developed, we have a representa- 
tion of the surface upon the plane Furthermore, as there is no 
stretching or folding of the surface m this development of it upon 
the plane, lengths of lines and the magnitude of angles are unal 
tered It is evidently impossible to make Buch a representation of 
every surface upon a plane, and, in general, two surfaces of this 
kind do not admit of such a representation upon one another 
However, it is possible, as we shall see, to represent one surface 
upon another in such a way that the angles beta een correspond- 
ing lines on the surfaces are equal In this case we say that one 
surface has conformal repre$entation on the other 

In order to obtain the condition to be satisfied for a conformal 
representation of two surfaces S and S\ we imagine that they are 
referred to a corresponding system of real lines in terms of the 


Mg* - ti) (a* ~ o) y _ 
V(a»-6*)(a*-e*)’ b ~ 


J(b»-«)(b»-®) * = 
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same parameters u, v, and that corresponding points have the same 
curvilinear coordinates. We write their linear elements in the 
respective forms 

ds 2 ~Edu 2 + 2 Fdudv + G dir, ds' 2 =E'du 2 +2F'dudv-{-G'dv 2 . 


Since the angles w and to' between the coordinate lines at corre- 
sponding points must be equal, it is necessary that 


(81) 


F _ F 1 

Vfg VWg 1 


If # 0 and 0' denote the angles which a curve on S and the corre- 
sponding curve on S' respectively make with the curves v = const, 
at points of the former curves, we have, from (28) and (25), 


. - H dv 
sm0 o = —= — ) 
Vj£ ds 

. a , H' dv 

VjE'ds' 


H du 


sin (to — 0 O ) = 
sin(to'-^) = -— r — 


’•'“Vs*’ 

IF du 


By hypothesis eo'= ± <u and 0' o — ± 8 0 , according as the angles have 
the same or opposite sense. Hence we have 

• 82 ) //' da II dv H' du H du 

Vj£' ds' VjJ ds ’ VgT' ds' VC? ds 


according to the sense of the angles. From these equations we find 

Vf _Vf } 

Vg~Vg>' 


which, in combination with (81), may be written 


(83) 



where t 2 denotes the factor of proportionality, a function of u and 
v in general. From (83) it follows at once that 

(84) ds' J =tW. 


And so when the proportion (83) is satisfied, the equations (81) 
and (82) follow. Hence we have the theorem : 

A necessary and sufficient condition that the representation of tico 
surfaces referred to a corresponding system of lines he conformal is 
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that the first fundamental coefficients of the two surfaces be propor- 
tional , the factor of proportionality being a function of the param 
eters , the representation is direct or inverse according as the relative 
positions of the positive half tangents to the parametric curves on the 
two surfaces are the same or symmetric 

Later we shall find means of obtaining conformal representations 

From (84) it follows that small arcs measured from correspond 
mg points on S and S' along corresponding curves are m the same 
ratio, the factor of proportionality being in general a function of 
the position of the point Conversely, when the ratio is the same 
for all curves at a point, there is a relation such as (84) with t a 
function of u and v at most And since it holds for all directions, 
we must have the proportion (83) On this account we may say 
that two surfaces are represented conformally upon one another 
when m the neighborhood of each pair of homologous points corre 
spondmg small lengths are proportional 

43 Isometric representation Applicable surfaces When m par 
ticular the factor t is equal to unity, corresponding small lengths 
are equal as well as angles In this case the representation is said 
to be isometric, and the two surfaces are said to be applicable The 
significance of the latter term is that the portion of one surface in 
the neighborhood of every point can be so bent as to be made to 
coincide with the corresponding portion of the other surface with 
out stretching or duplication It is evident that such an applies 
tion of one surface upon another necessitates a continuous array of 
surfaces applicable to both S and 5, This process of transformation 
is called deformation, and S t is called a deform of S and vice versa 
An example of this is afforded by the rolling of a cylinder on 
a plane 

Although a conformal representation can be established between 
any two surfaces, it is not true, as we shall see later, that any two 
surfaces admit of an isometric representation upon one another 
From time to time we shall meet with examples of applicable sur 
faces, and in a later chapter we shall discuss at length problems 
which arise concerning the applicability of surfaces However, 
we consider here an example afforded by the tangent surface of a 
twisted curve 
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We recall that if x, y, z are the coordinates of a point on the 
curve, expressed in terms of the arc, the equations of the surface are 
of the form | = x + ait, y — y + y't, %=z + z't, 

and the linear element of the surface is 

d<r= ^1 + dff+ 2 dsdt + dt", 

where p denotes the radius of curvature of the curve. 

Since this expression does not involve the radius of torsion, it 
follows that the tangent surfaces to all curves which have the 
same intrinsic equation p = f(s) are applicable in such a way that 
points on the curves determined by the same value of s correspond. 
As there is a plane curve with this equation, the surface is appli- 
cable to the plane in such a way that points of the surface corre- 
spond to points of the plane on the convex side of the plane curve. 

The tangents to a curve are the characteristics of the osculating 
planes as the point of osculation moves along the curve, and con- 
sequently they are the axes of rotation of the osculating plane as 
it moves enveloping the surface. Instead of rolling the plane over 
the tangent surface, we may roll the surface over the plane and bring 
all of its points into coincidence with the plane. It is in this sense 
that the surface is developable upon a plane, and for this reason 
it is called a developable surface (cf. § 27). Later it will be shown 
that every surface applicable to the plane is the tangent surface of 
a curve (§ 64). 

44. Conformal representation of a surface upon itself. We return 
to the consideration of conformal representation, and remark that 
another consequence of equations (83) is that the minimal curves 
correspond upon S and S’. Conversely, when two surfaces are 
referred to a corresponding system of lines, if the minimal lines on 
the two surfaces correspond, equations (83) must hold. Hence : 

A necessary and sufficient condition that the representation of two 
surfaces upon ojic another he conformal is that the minimal lines 
correspond. 

If the minimal lines upon the two surfaces are known and taken 
as parametric, the linear elements are of the form 

(85) ds- = X dad/3, ds n = X, daft^. 
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Hence a conformal representation is defined in the most general 
way by the equations 


(86) 

<Tj = F(a), 


or 



(87) 




where F and F x are arbitrary functions which must be conjugate 
imaginary when the surfaces are real 

Instead of interpreting (85) as the linear elements of two sur 
faces referred to their minimal lines, we can look upon them as 
the linear element of the same surface in terms of two sets of 
parameters referring to the minimal lines From this point of 
view equations (86) and (87) define the most general conformal 
representation of a surface upon itself If we limit our considers 
bon to real surfaces and put, as before, 

a « <f* -H t’f'V £«=*£ — tijr, <*!=& + *^,1 tfv 

the funcbons <j>, and <£,, are pairs of isothermic parameters 
Now equations (86), (87) may be written 

(88) 4> l + lfa=F($±li}r) 

Consequently we have the theorem 

When a pair of isothermic parameters •}>,■$■ of a surface are knorvn 
and the surface ts referred to the lines $ = const , •<{r — const , the 
most general conformal representation of the surface upon itself t» 
obtained by making a point (<f>, yjr) correspond to the point ($,, ^,), 
into which it can be transformed tn accordance with equation (88) 

Asa corollary of this theorem, we have 

When a pair of isothermic parameters is known for each of ttco 
surfaces , all the conformal representations of one surface upon the 
other can be found directly 

Consider two pairs of isothermic parameters <£, ^ and «£,, 'K fo r 
a surface S, and suppose their relation is 

(89) fa + 1^*1 = F(<j> + tifr) 

If two curves C and C, are in correspondence in this representa- 
tion, their parametric equations must be the same functional rela 
tion between the parameters, namely, 

fib b) = /{&» bi) " 0 
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Denote by 8 and 6 l the angles which C and £7, make with the 
curves ip- = const, and i|/-j = const, respectively. If we write the 
linear element of S in the two forms 


ds°- = A (dtf + d-f-), ds * = \(d${+ df *), 

it follows from (23) that 


cos 8 




V <?<£ 2 + dip - 1 


sin 8 = ■ 


dip- 

Vd<f> 2 + dip - 3 


cos 6. 




1 V d<p>l + dip-{ 


i sin 8 X = 


Vd^+dip-- 


From these expressions we derive the following: 

e w = d 4> + i d± , e- u < = , 

d<p — i dtp' d<p 1 — i d~ l p' 1 

so that in consequence of (82) we have 


(90) 


. F'i'P + ty) 


* 


where F 0 is the function conjugate to F, and the accents indicate 
differentiation with respect to the argument. If T and T, are 
another pair of corresponding curves, and their angles are denoted 
by 6 and 8 V it follows from (90) that 


nv, - e> _ c : 

or e^-e^e-e. 

For, the right-hand member of (90) is merely a function of. the 
position of the point and is independent of directions. Hence in 
any conformal representation defined by an equation of the form 
(89) the angles between corresponding curves have the same sense. 
When, now, the correspondence satisfies the equation 

4>i+fyi~F(<p — i-f ) , 

the equation analogous to (90) is 

K(<f> + if) 

Hence 8 x — 6^8 — 0; 

consequently the corresponding angles are equal in the inverse sense. 
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45. Conformal representation of the plane. For the plane the 
preceding theorem may be stated thus : 

The most general real conformal representation of the plane upon 
itself is obtained by making a point (x, y) correspond to the point 
(x v y,), where x t + ty t is any function of x+iy or x — iy. 


TVe recall the example of § 41, namely 

(i) + 

v z - ly 

where e is a real constant. This equation is equivalent to 
e**t 0*1/1 

*i + V* *t+Vi 


(“) 

and also to 

(ui) 


l* , + y*)(X 1 * + F,*) = «S 


<*c 


Fi = -; 


Hence the parallels x = const and y = const , in the xy-p!ane, are represented 
in the XjV, -plane by circles which pass through the origin and have their centers 
on the respective axes Conversely, these circles in the xy-plane correspond to 
the parallels in the x t p,-plane 

11 we put ... ... 

x* + p* = r*. z* + y * = r*. 

equations (11) and (ul) may be written . 


<h) 


* _ £i > V-.Vi, 
r r,’ r r,’ 


vti ss e* 


Honce corresponding points are on the same line through the origin, and their 
distances from it are such that rr t = e 2 On this account equations (iv) are 
said to define an inversion with respect to the circle z 2 + y* i= c* t or, since ri = e*/r, 
a transformation by reciprocal radii veclores 

From § 44 it follows that corresponding angles are equal in the Inverse sense 
For the case 

w “ +,,,,= JTS 

the equations analogous to (iv) are 

F__.Fi 
r r,’ r r, 

Hence the point jfi ) corresponding to P(x, y) lies on the line which is the 

reflection in the x-axis of the line OP, and at the distance OPi = c*/r Evidently 
this transformation is the combination of an Inversion and the transformation 
Xy~Z, Fl=“V 

One finds tbat the transformations (i) and (v) have the following properties 
Every straight line Is transformed into a circle which passes through the origin: 
and conversely 

Every circle which does not pass through the origin is transformed Into a circle- 
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We propose now the problem of finding the most general con- 
formal transformation of the plane into itself, which changes 
circles not passing through the origin into circles. In solving it 
we refer the plane to symmetric parameters a , /S, where 
a = x + iy, fi = x— iy. 

The equation of any circle which does not pass through the 
origin is of the form 

(91) ca/3 -f aa + 5/9 + d = 0, 

where a, b, c, d are constants ; when the circle is real a and b 
must he conjugate imaginaries and c real. Equation (91) defines /3 
as a function of a. If we differentiate the equation three times 
with respect to a, and eliminate the constants from the resulting 
equations, we find 

(92) 3£""--2;9'/9"'=0, 

where the accent indicates differentiation with respect to a. 
Moreover, as equation (91) contains’ three independent constants, 
it is the general integral of (92). 

We know that the most general conformal representation of 
the plane upon itself is given by 


(93) 

a x = A(a), 

fr-B(fi, 

or 



(94) 

a x = B(fi, 

H 

'5' 


Our problem reduces, therefore, to the determination of functions 

A and B, such that the equation 

(95) 3£" 2 — 2/9 1 '/9" , = 0, 

where the accent indicates differentiation with respect to a v can 
he transformed by (93) or (94) into (92). 

We consider first equations (93), which we write 


Now 


<r : 


: A 1 ((T 1 ), 
dB d$ 


& = Bifi- 
da 




In like manner we find /9" and /Sj". When their values are sub- 
stituted in (95) we get, since A\ and B' are different from zero, 


S/3" 


- 2 /S'/S'" + — (3 B' n - 2 B’B’") 0" +~(3 A "-— 2 A[A[") 0’- = 0. 
B A x 
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where A is a function of «, which shows that the meridians and 
parallels form an isothermal system As this change of parameters 
does not change the parametric lines, the equations 
a? = w, y~v, 

define a conformal representation of the surface of revolution upon 
the plane m which the meridians and parallels correspond to the 
straight lines x <= const and y = const respectively 

By definition a loxodromic curve on a surface of revolution is a 
curve which cuts the meridians under constant angle Evidently 
it is represented on the plane by a straight line Hence loxodromic 
curves on a surface of revolution (99) are given by 


aj* ~ Vl+t *d 


where a b, c are constants 

Incidentally we have the theorem 

When the linear element of a surface is reducible to the form 
ds 5 = \(du s -f dr?), 

where \ ts a function of u or v alone , the surface is applicable to a 
surface of revolution 

For, suppose that X is a function of u alone Put r =v / £ and 
solve this equation for u as a function of r If the resulting 
expression be substituted m (101), we find, by a quadrature, the 
function for which equations (99) define the surface of 
revolution with the given linear element 

When, m particular, the surface of revolution is the unit sphere 
with center at the ongin, we have 

r = Bin «, 2 = Vl — 7 s = cos u, 

where u is the angle which the radiuB vector of the point makes 
with the positive z-axis Now 



Hence the equations of correspondence are 
log tan|. 
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This representation is called a Mercator chart of the sphere upon 
the plane. It is used in making maps of the earth for mariners. 
A path represented by a straight line on the chart cuts the meridians 
at constant angle. 

47. Conformal representations of the sphere. We have found 
(§ 35) that when the unit sphere, with center at the origin, is 
referred to minimal lines, its equations are 


( 103 ) 


x = 


a + ff 
«J8 + 1’ 


aff + 1 


y = l 


a 1 8—1 
aff + 1’ 


where a and ff are conjugate imaginary. Hence the parametric 
equation of any real circle on the sphere is of the form 

caff + aa + bff -f- d = 0, 


where a and b are conjugate imaginary and c and d are real. 
From this it follows that the problem of finding any conformal 
representation of the sphere upon the plane with circles of the 
former in correspondence with circles or straight lines of the 
latter, is the same problem analytically as the determination of 
this kind of representation of the plane upon itself. Hence, from 
the results of § 45, it follows that 


All conformal representations of the sphere (103) upon a plane , 
with circles of the former corresponding to circles or straight lines 
of the latter , are defined by 


( 104 ) 




a x a + a . 
a z a + a t 


x iT tyi— 


\ff +k 

hff+b t 


* 


We wish to consider in particular the case in which the sphere 
is represented on the xy-plane in such a way that the great cir- 
cle determined by this plane corresponds with itself point for 
point. 

From (103) we have that the equations of this circle are 


<r0=l, 


x 


a*+l 
2 a ’ 


y = l- 


. 1 - 0 = 


2 a 


* The representation with the lower signs is the combination of the one with the upper 
sign and the transformation trt=/S, /3i= cr, which from (103) is seen to transform a figure 
on the sphere into the figure symmetrical with respect to the ir-piane. 
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When these values are substituted in (104) it is found that we 
must have , , , , . 

°i — °v a,= a a = o s = o,= 0, 

so that the particular form of (104)* is equivalent to 

y,=|(£-“) 


From these equations and (103) we find that the equations 
of the straight lines joining corresponding points on the sphere 
and plane are reducible to 

x r l -z 

a+/S = t«S— a) 2 


For all values of a and /? these lines pass through the point (0, 0, 1) 
Hence a point of the plane corresponding to a given point -P upon 
the sphere is the point of intersection with the plane of the line 
joining jP with the pole (0, 0, 1) This form of representation is 
called the ttereographc projection of the sphere upon the plane 
It is evident that a line in the plane corresponds to a circle on 
the sphere , this circle is determined by the plane of the pole and 
the given lme 

We will close this chapter with a few remarks about the con 
formal representation of the sphere upon itself From the fore- 
going results we know that every such representation of the 
sphere (103) is given by equations of similar form in <r,, j3 v where 
the latter are given by (86) or (87), and that for conformal repre 
sentations with circles in correspondence c, and /9, have the values 
(97) or (98) 

We consider in particular the case 


(105) 


a^a + a, ' _ a t 0 — a t 

a t a + a, 1 — » t /9 -f a, 


The expressions of the linear elements of the sphere are found 
to be reducible to 


4 dad@ _ a 4 da x dfi x 4 dadfl 
dt = (1 + apf' * l “ (! + «,£)* “ (1 + a{3 )* 


1 Hero we have used the tipper signs In (1M) 
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Hence equations (105) define an isometric representation of tlie 
sphere upon itself. Since angles are preserved in the same sense 
by (105), this representation may he looked upon as determining 
a motion of configuration upon the sphere into new positions 
upon it. The stationary points in the general motion, if there 
are any, correspond to values of a and /3, which are roots of 
the respective equations 

(106) a s t" + (a i — a x )t — a„— 0, a„u 2 +(a 4 —a 1 )u — a z =^0. 

If and t„ are the roots of the former, those of the latter are — 1 /t r 
and — 1 jt„. Hence there are four pointB stationary in the motion ; 
their curvilinear coordinates are 


M> M> (■•-?> 


From (103) it is seen that the first two are at infinity, and the 
last two determine points on the sphere, so that the motion is a 
rotation about these points. If the 2 -axis is taken for the axis of 
rotation, we have from (103) that the roots of (106) must be co and 
0 ; hence a„—a s — 0, so that (105) becomes 


«i = 



a . 

ft-* 3 4 * 


If the rotation is real, these equations must be of the form 
a, = e'"a, £,= 

where a> is the angle of rotation. 


EXAMPLES 

1. Find the equations of the surface of revolution with the linear element 
da 5 = dus + (a- - vr)dvK 

2. Find the loxodromic curves on the surface 

x = ucosr, y = «sinc z = acosh~ 1 -. 

<1 

and find the equations of the surface when referred to an orthogonal system of 
these curves. 

3. Find the general equations of the conformal representation of the oblate 
spheroid upon the plane. 

4. Show that for the surface generated by the revolution of the evolute of 

the catenary about the base of the latter the linear element is reducible to 
da’ = du- -f u dr 1 . 
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fi A great circle on the unit sphere cats the meridian v = 0 in latitude a under 
aDgle a Find the equation of its atereograpbic projection 

8 Determine the stereographic projection of the curve s-=aeuiucosu 
p = acos J u, z = asinu from the pole (0 a 0) 

GENERAL EXAMPLES 

1 When there is a one to-one point, correspondence between two surfaces the 
cross-ratio of four tangents to one surface at a point ia equal to the cross-ratio of 
the corresponding tangents to the other 

2 Given the paraboloid 

x ~ 2 cut cos o, p := 2 tu sin o, z = 2 u 5 (a cos 2 o + b sin 5 c), 
where a and 6 are constants Determine the equation of the curves on the surface, 
such that the tangent planes along a curve make a constant angle with the xy plane 
Show that the generators of the developable 2, enveloped by these planes make a 
constant angle with the z axis and express the coordinates of the edge of regression 
in terms of v 

3 Find the orthogonal trajectories of the generators of the surface X in El 2 
Show that they are plane curves and that their projections on the xy plane are 
involutes of the projection of the edge of regression 

4 Let C be a curve on a cone of revolution which cuts the generators under 
constant angle and Cj the locus of the centers of curvature of C Show that Ci 
lies upon a cone whose elements it cuts under constant angle 

5 When the polar developable of a curve is developed upon a plane, the eune 
degenerates Into a point. 

8 When the rectifying developable of a curve is developed upon a plane, the 
curve becomes a straight line 

7 Determine (r) so that the right conoid, 

z = ucose p=uslnt», z = ^(c), 
shall be applicable to a surface of revolution 

8 Determine tbe equations of a conformal representation of the plane upon 
itself for which the parallels to the axes In the ttj plane correspond to lines through 
a point (a, 6) and circles concentric about it in the a plane 

8 Tbe equation a t = c tine where c is a constant, defines a conformal repre- 
sentation of the plane ujion itself such that the lines parallel to the axes in the 
a plane correspond to confocal ellipses and hyperbolas in the oj plane 

10 In the conformal representation of the plane npon itself, given by at = 

to lines parallel to the axes in the <r t plane there correspond equilateral hyperbolas 
At tbe ix-pie®?, s . sd 4? Ahr pesols# raj’s Shrsvgha psistls ihe-ci- /ilsneand the dr 
cles concentric about it there corresponds a system of equilateral hyperbolas through 
the corresponding point in the tr plane and a family of confocal Cassini ovals 

11 When tbe sides of a triangle upon a surface of revolution are loxodromic 
curves, the sum of the three angles is equal to two right angles. 

12 The only conformal perspective representation of a sphere upon a plane la 
given by (104) 
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13. Show that equations (105) and the equations obtained from (105) by the 
interchange of a and § define the most general isometric representation of the 
sphere upon itself. 

14. Let each of two surfaces S, Si be defined in terms of parameters u, u, and 

let points on each with the same values of the parameters correspond. If H = Hi, 
where the latter is the function for Si analogous to II for S, corresponding elements 
of area are equal and the representation is said to be equivalent.* If H jtHi and 
the parameters of S are changed in accordance with the equations u' — <f> (it, v), 
v'= (u, o), the condition that the equations u' = u, v'= v define an equivalent rep- 
resentation of S and Si is ^ ^ ^ ^ _ g( u , v ) 

3 u So CV 8 U \j/) 

16. Under what conditions do the equations 

x'= aiz a : y + a s , y' = 6jx + b.y + 63 
defino an equivalent representation of the plane upon itself ? 

16. Show that the equations 

x = frVn^idr, y-v, 

determine an equivalent representation of the surface of revolution (99) upon the 
plane. 

17. Given a sphere and circumscribed circular cylinder. If the points at which 
a perpendicular to the axis of the latter meets the two surfaces correspond, the 
representation is equivalent. 

18. Find an equivalent representation of the sphere upon the plane such that 
the parallel circles correspond to lines parallel to the y-axis and the meridians to 
ellipses for which the extremities of one of the principal axes are (a, 0), (— a, 0). 


* German writers call it " flacbentreu.” 



CHAPTER IV 


GEOMETRY OF A SURFACE IN THE NEIGHBORHOOD OF A POINT 

48 Fundamental coefficients of the second order In this chapter 
we study the forta of a surface in the neighborhood of a point M 
of it, and the character of the curves which lie upon the surface 
and pass through the point We recall that the tangents at M to 
all these curves lie m a plane, — the tangent plane to the surface at 
the point 

The equation of the tangent plane at M(x , y, z), namely (II 11), 
may be written 

(1) (f - *)X +(r,-y)Y + <£-z)Z = <i, 

where we have put 

8y dz 8z_ dx Bx By 

,p. 1 du du y_JL ^ Z-— ^ ^ 

' ' ' ~ H 8y_ dz’ ~H dz dx’ 

Bv 8v Bv 8v 8v 8v 

We define the positive direction of the normal (§ 25) to be that 
for which the functions X, Y, Z are the direction-cosines From this 
definition it follows that the tangents to the curves v = const and 
u = const at a point and the normal at the point have the same 
mutual orientation as the x-, y-, and z axes 
From (2) follow the identities 

(3) 2*|=». 2*g=o, 

which express the fact that the normal is perpendicular to the tan 
gents to the coordinate curves In consequence of these identities 
the expression for the distance p from a point M' (u + du, v + dv) 
to the tangent plane at M is of the second order in du and dv 
It may be written 

(4) p = 'S.Xdx = £(2>du*4- 2 D’dudv ’dv 1 ) + 

114 



COEFFICIENTS OF THE SECOND ORDER 


115 


where c denotes the aggregate of terms of the third and higher 
orders in du and dv, and the functions D, D', D" are defined by 


( 5 ) 




ox 

dudv 




If equations (3) be differentiated with respect to u and v respec- 
tively, we get 


(G) 


. d^x . -^-a dX dx 
du 2 
_ d'x 


X* 

Vi 

A dudv 


2* 


d'x 


du dv 


ata dX dx „ 

'AJ, vdu~ ’ 


S dA. dx « 

dudv ~ ’ 




And so equations (5) may be written 


(!) 


_ -v-\ T , o~ x ata dX dx 

z>= a a ^? = -axx^ 




djv 

dir 

d'x 


du cv 


' du du 
^a dX dx 
A du dv 


S dX dx 
dv du' 


D"=X A '§ = 


dE dx 
A dv dv 


The quadratic differential form 
(8) <I> = D du" + 2 D'dudv + D" dir 

is called the second fundamental form of the surface, and the func- 
tions D, D\ D" the fundamental coefficients of the second order. We 
leave it to the reader to show that these coefficients, like those of the 
first order, are invariant for any displacement of the surface in space. 
Later we shall have occasion to use two sets of formulas which 
will now be derived. 

From the equations of definition, 

» <-20. 


we get, by differentiation and simple reduction, the following : 


( 10 ) 


dx cFx 

1 dE 

a^a dx <fx 

dF 

1 dE 

A fttdi? 

~ 2 du ’ 

A $v dii 2 

du 

2 dv ' 

dx d'X 

• du du dv 

1 dE 
~ 2 dv' 

a^a dx d'x 

cuev 

1 d_G 

2 du' 



‘VffflE — -^dxd"x_ldG 

„ ^ ! dudv t ~ dv 2 du' ^dvd?~2'dv 
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Again, if the expressions (9) be substituted in the left-hand ram 
bers of the following equations, the reduced results may be written 
by means of (2) m the form indicated 


( 11 ) 


dv du \ du du) 

f--g-=h( y--z s -£\ 

dv Sv \ 8v dv) 


Similar identities can be found by permuting the letters x, y,z, 
X, Y,Z 

From the fundamental relation 


X* + Y i + Z a = 1 


we obtain, by differentiation with respect to u and v respectively, 
the identities 


(12) 


^ du ~ ^4 ~dv = ’ 


These equations and (7) constitute a system of three equations 

. dX 8Y dZ , 4 , dX BY dZ „ , 

linear in — -» — » — i and a system linear in — » — . — Solving 
du du du J dv dv dv 

for ^ and for we find, by means of (11), 
du dv J ' '• 

dX FD'-GD dx FD-ED' dx 
.jg. du H * du H 3 dv' 

' ' 1 0A' ^ FD’-GD' dx FD’ —ED” dx 

, dv if * ou H 3 dv 

The expressions for ~ are obtained by replacing x by y 

and z respectively 


By means of these equations we shall prove that a real surface whose first and 
second fundamental coefficients are in proportion, thus 


(14) 


D-D^rr = 
e f a 


■where X denotes the factor of proportionality is a sphere or a plane We assume 
that the minimal lines are parametric In consequence we have 
E=G = D = 1? =0 

so that equations (13) become 

9T_ x az ax _ 

fu du So Sv 


( 15 ) 
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The function X must satisfy the condition 



which reduces to ~ — - — — = 0. Moreover, we have two other equations of 
Sv Su 8u 8v 

condition, obtained from the above by replacing x by y and i respectively. Since 
the proportion ^ .££ = . £ 

3u ' du ' du Sv Sv Sv 

is not possible for a real surface, we must have — = — = 0 ; that is, X is a con- 
r Su Sv 

stant. When X is zero the functions X, F, Z given by (16) are constant, and 
consequently the surface is a plane. When X is any other constant, we get, 
by integration from (16), 

X — Xc -f q, K — Xy "h 6, Z — Xz -f* c, 


where a, 6, c are constants. From these equations we obtain (Xx + a)- -f (Xy + 6) 2 
+ (Xz + cY — 1. Since this is the general equation of a sphere, it follows that the 
above condition is necessary as well as sufficient. 


49. Radius of normal curvature. Consider on a surface S any 
curve C through a point M. The direction of its tangent, MT, 
is determined by a value of dv/du. Let 5 denote the angle which 
the positive direction of the normal to the surface makes with the 
positive direction of the principal normal to C at M, angles being 
measured toward the positive binormal. If we use the notation of 
the first chapter, and take the arc of C for its parameter, we have 


cos co 


~Xl + Ym + Zn = p( X~ + + Z^S- 

\ dr ds~ asy 


In terms of — and ^ the derivatives in the parenthesis have 
the forms ds d * 


d"‘x _ ffx q c"x du dv d'x / dvX 

ds" Su"\dsJ ^ dudv ds ds dv" \dej 


so that the above equation is equivalent to 


(16) 


cos co _ Ddu'-{- 2 D’dudv + D"dv" 
p Edu'+ZFdudv + Gdv 1 


As the right-hand member of this equation depends only upon 
the curvilinear coordinates of the point and the direction of MT, 
it is the same for all curves with this tangent at 3f. Since p is 
positive, the angle a cannot be greater than a right angle for one 
curve tangent to MT, if it is less than a right angle for any other 
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cane tangent to JUT, and vice versa We consider in particular 
the curve in which the surface is cut by the plane determined by 
MT and the normal to the surface at M We call it the normal 
section tangent to JIT, and let />. denote its radius Since the 
nght-hand member of equation (16) is the same for C and the 
normal section tangent to it, we have 



where e is 4-1 or —1, according as qj is less or greater than a right 
angle, for p and p n are positive Equation (17) gives the follow 
ing theorem of Meusmer 

The center of curvature of any curve upon a surface is the pro- 
jection upon its osculating plane of the center of curvature of the 
normal section tangent to the curve at the point 

In order to avoid the ambiguous sign in (17), we introduce a 
new function It which is equal to p„ when 0s5< ir/2, and to —p, 
when it/ 2 ^ 5 ^ w, and call it the radius of normal curvature of the 
surface for the given direction HT As thus defined, R is given by 
g. 1^ __ Ddu % + 2D'dudv 4- D"dv* 

' ' R -Edid-t- 2Fdudv + Gdv* 


Now we may state Meusmer’s theorem as follows 
If a segment , equal to twice the radius of normal curvature for a 
given direction at a point on a surface , be laid off from the point on 
the normal to the surface, and a sphere be described with the segment 
for diameter , the circle in, which the sphere t8 met by the osculating 
plane of a curve with the given direction at the point is the circle of 
curvature of the curie 

50 Principal radii of normal curvature If we put t ef l U3 " 
tion (18) becomes 

rtq 1 _ P+liFt-hW 

,ia) R E+ZFt + Gt* 


When the proportion (14) is satisfied, R is the same for all values 
of t, being ac fox tbe plane, and the constant — 1/Xfor the sphere 
For any other surface R vanes continuously with t And so we 
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seek the values of t for which A is a maximum or minimum. 
To this end we differentiate the above expression with respect 
to t and put the result equal to zero. This gives 

(20) (D’+D"t)(E+ 2Ft+ Gt-)-{F+ Gt)(D + 2D't+D’’t 2 ) = 0, 
or 

(21) (FI)" — GD') t" + (ED" — GD) t + (ED'—FD) - 0. 

Without any loss of generality we can assume that the parametric 
curves are such that E =£ 0, so that we have the identity 

(22) (ED" — GD)" — 4 (FD" — D'G) (ED' — FD) 

= 4 (ED'— FDy+ j ED"- GD (ED'-FD) J. 

When the surface is real, and the parameters also, the right-hand 
member of this equation is positive. Since the left-hand member 
is the discriminant of equation (21), the latter has two real and 
distinct roots.* When the test (III, 34) is applied to equation (21), 
it is found that the two directions at a point determined by the 
roots of (21) are perpendicular. Hence: 

At every ordinary point of a surface there is a direction for which 
the radius of normal curvature is a maximum and a direction for 
which it is a minimum, and they are at right angles to one another . 

These limiting values of I? are called the principal radii of 
normal curvature at the point. They are equal to each other for 
the plane and the sphere, and these are the only real surfaces 
with this property. 

From (20) and (19) we have 

D'+D"t D + D't 1 
F+Gt ~ E + Ft ~ S’ 


Hence the following relations hold between the principal radii and 
the corresponding values of U 


(23) 


E + Ft-R(D+D't) = 0, 
F+Gt-E(D’+D”t)= 0. 


* In order tint Uie two roots be equal, the discriminant must vanish. This is impos- 
sible for real surfaces other than spheres and plaDes, as seen from (22). for an imaginary- 
surface of this kind referred to its lines of length zero, we have from (21) that D or D " 
is zero, since F 0. The vanishing of the discriminant is also the necessary and sufficient 
condition that the numerator and denominator in (19) have a common factor. 
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When t is eliminated from these equations, we get the equation 

(24) {DD"-I>' i 2 * 4 5 )R i -(ED n +GD- 2F1Y ) R + {EG—F X ) *= 0, 
whose roots axe the principal radii. If these roots be denoted by p 
and p t , we have 

(25) 


1 1 ED"+ GD~ 2FD' 

Pi P* 

1 DD"-D n 
PxP* *** 


Although equations (14) hold at all points o£ a sphere and a 
plane, and for no other surface, it may happen that for certain par- 
ticular points of a surface they are satisfied. At such points li, 
as given by (19), is the same for all directions, and the equa- 
tion (21) vanishes identically. When points of this kind exist they 
are called umbilical points of the surface. 


EXAMPLES 


1 When the equation of the surface is z =f(z , v), show that 

. ~P, ~ <7, 1 , 


Vl + p» + q* 


Vl + p*- 


^ a,#’ r== A»s' 


I 1 

' Sze y’ 


2 Show that the normals to the right conoid 

* = u cos t, y = u sin v, z = <t>(v) 

along a generator form a hyperbolic paraboloid 

2 Show that the principal radii of normal curvature of a right conoid at a 
point differ in sign 

4 Find the expression for the radius of normal curvature of a surface of revolu- 
tion at a point in the direction of the loxodromic curve through it, which makes the 
angle a with the meridians 

5 Show that the meridians and parallels on i surface of revolution, x = wcoso, 
y =; « sine, z ss^(u), are the directions in which the radius of normal curvature is 
maximum and minimum., that the ^rincioal radii are given by 


l _ l _ «'(u| 

ft “(1 + *'*)•' ft ~u(l + *'»)*' 

and that pi is the segment of the normal between the point of the surface and the 
intersection of the normal with the x-axis 

8 Show that AjX = 1 — X* and djfr, »\ = — XT, where the differential param- 
eters are formed with respect to the linear element of the surface 
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51. Lines of curvature. Equations of Rodrigues. We have seen 
that the curves defined by equation (21), written 

(26) (ED’-FD)dvr+ {ED"- GD)dudv + (FD"~ GD')dv*= 0, 

form an orthogonal system. As defined, the two curves of the sys- 
tem through a point on the surface determine the directions at the 
point for which the radii of normal curvature have their maximum 
and minimum values. These curves are called 
the lines of curvature , and their tangents at 
a point the principal directions for the point. 

They possess another geometric property which 
we shall now find. 

The normals to a surface along a curve 
form a ruled surface. In order that the sur- 
face be developable, the normals must be 
tangent to a curve (§ 27), as in fig. 12. If 
the coordinates of a point M x on the normal 
at a point M be denoted by x v y v z,, we have 

x x = x + rX y y x — y + rY, z x —z-t rZ, 

where r denotes the length MM X . If be a point of the edge of 
regression, we must have 

dx+ r dA'-f-Xdr dy -\-r dY+Y dr dz + r dZ+Z dr 
X Y Z 

Multiplying the numerators and the denominators of the respec- 
tive members by X, F, Z, and combining, we find that the common 
ratio is dr. Hence the above equations reduce to 

dx -f r dX — 0, tfy + rdF=0, dz + rdZ=Q‘, 

or, when the parametric coordinates are used, 

c S du + d _E dv + r (^L du+ £l dv \ = o, 

Zu dv \cu 8v ) 

~ du dv + r du + ^- dv) = 0, 
du cv \du dv ) 

& , . dz (dZ , , SZ , \ n 

-du-i-—dv + r[ — du H dr) = 0. 

du cv \du 8v ) 



( 27 ) 
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If these equations be multiplied ~ respectively and 

dx dv dz 8u du du J 

added, and by » -?-■> — respectively and added, we get 
dv dv dv c b 

Edv-\-Fdv — r(Ddu+D f dv) = Q, 

Fdu -f G dv — r (2> du -f D ' dv) = 0 
But these equations are the same as (23) Hence 

The normals to a surface along a curve of it form a ruled surface 
which is a developable only when the curve is a line of curvature , in 
this case the points of the edge of regression are the centers of normal 
curvature of the surface in the direction of the curve 


(28) 


The coordinates of the principal centers of curvature are 
x i= x +PiX, yi=y + />,3 7 . * x *=z + p x z, 
x,= x+p,X, y,=y+y,r, i,=i + p,r 
When the parametric curves are the lines of curvature, equa- 
tion (26) is necessarily of the form 

(29) X dudv — 0, 

and consequently we must have ED'~~FD = 0, FD'—GD — 0 
Since ED GD ¥= 0, these equations are equivalent to 

(30) F=0, jy= 0 

Conversely, when these conditions are satisfied equation (26) 
reduces to the form (29) Hence 

A necessary and sufficient condition that the lines of curvature be 
parametric is that F and D be zero 

Let the lines of curvature be parametric, and let p, and p 2 denote 
the principal radii of normal curvature of the surface in the direc 
ttons of the lines of curvature v = const and u = const respectively 
From (19) we find 

(31) 


i = ~ 

Pi~B 

and equations (13) become 


(32) 


■ dz _ 

dx 

dy 

dr 

dz_ 

8Z 

du 

Pl du' 

du 

Pl du' 

8u 

Pl 8u 

8x 

3X 

dy _ 

81 

dz _ 

8Z 

. dv 

P * dv ’ 

dv 


8v 

P ‘8v 


These equations are called the equations of Rodrigues 
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52. Total and mean curvature. Of fundamental importance in 
the discussion of the nature of a surface in the neighborhood of 
a point are the product and the sum of the principal curvatures at 
the point. They are called the total curvature * of the surface at 
the point and the mean curvature respectively. If they be denoted 
by K and K m , we have, from (25), 

1 DD"—D n 
PiP,- & 

1 1 ED" 4- GD — 2 FD' 

Pv + P*~ & 

When K is positive at a point M, the two principal radii have 
the same sign, and consequently the two centers of principal curva- 
ture lie on the same side of the tangent plane. As all the centers 
of curvature of other normal sections lie between these two, the 
portion of the surface in the neighborhood of M lies entirely on 
one side of the tangent plane. This can be seen also in another 
way. Since H 1 is positive, we must have DD"—D'" > 0. Hence 
the distance from a near-by point to the tangent plane at M, since 
it is proportional to the fundamental form d? (§ 48), does not 
change sign as dv/du is varied. 

When K is negative at AT, the principal radii differ in sign, and 
consequently part of the surface lies on one side of the tangent 
plane and part on the other. In particular there are two directions, 
given by Ddu"+ 2 D' dudv + D" dv" = 0, 

for which the normal curvature is zero. In these directions the dis- 
tances of the near-by points of the surface from the tangent plane, 
as given by (4), are quantities of the third order at least. Hence 
these lines are the tangents at M to the curve in which the tangent 
plane at ilf meets the surface. 

At the points for which K is zero, one of the principal radii is 
infinite. At these points d J has the form (Vz> du+"^D"dv) ! and 
vanishes in the direction ^Ddu +VW'dv = 0. But as dv/du passes 
through the value given by this equation, d> does not change sign. 
Hence the surface lies on one side of the tangent plane and is tan- 
gent to it along the above direction. 

* The total curvature is sometimes called the Gaussian curvature, after the celebrated 
peomeierrTliosugKesteditnsasuitablemcasureof the curvature at apoint. Cf. Gauss, p. 15. 
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An anchor rmg, or tore is a surface with points of all three kinds. Such am 
face may be generated by the rotation of a circle of radiua a about an axfe in the 
plane o t the circle and at a distance b {> a) from the center of the circle The 
points at the distance b from the axis he in two circles and the tangent plane to 
the tore at a point of either of the circles is tangent all along the circle Hence tie 
surface has aero curvature at all points of there circles At every point whose d». 
taoce from the axis is greater than 6 the surface lies on one side of the tangent 
plane whereas, when the distance is less than b, the tangent plane cuts the surface 


There are surfaces for which K is positive at every point, as 
for example, the ellipsoid and the elliptic paraboloid Moreover, 
for the hyperboloid of one sheet and the hyperbolic paraboloid the 
curvature is negative at every point Surfaces of the former type 
are called surfaces of positive curvature , of the latter type surfaces 
of negative curvature 

Later (§ 64) we shall prove that when K is zero at all points of 
a surface the latter is developable, and conversely 

53 Equation of Euler. Dupin indicatrix When the lines of 
curvature are parametric, equation (18) can be written, m con 
sequence of (III, 23) and (31), in the form 

(34) i = ®22!£ + «5!!. 

R Pi P* 


■where 6 is the angle between the directions whose radii of normal 
curvature are It and p x Equation (34) is called the equation of Euler 



When the total curvature A at a point 
is positive, />, and p, for the point have 
the same sign, and R has this sign for all 
directions If the tangents to the lines 
of curvature at the point M be taken for 
coordinate axes, with respect to which f 
and ij are coordinates, and segments of 


length ±VTff] be laid off from M in the two directions correspond 
ing to A, the locus of the end points of these segments is the ellipse 


(fig IS) whose equation is 


£ 


■=.\ 


This ellipse is called the JDuptn mdicatnx for the point When, W 
particular, p, and p t ate equal, the mdicatnx is a circle Hence the 
Duprn mdicatnx at an umbilical point is a circle (§ 50) For this 
reason such a point is sometimes called a circular point 
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When K is negative p 1 and p 2 differ in sign, and consequently 
certain values of R are positive and the others are negative. In 
the directions for which R is positive we la y off the segments 
±Vr, and in the other directions ±V— R. The locus of the 
end points of these segments con- 
sists of the conjugate hyperbolas 
(fig. 14) whose equations are 

Pi Pi Pi Pi 
W e remark that R is infinite for 
the directions given by 

(35) tan"# = — — > 

Pi 



or, in other words, in the directions of the asymptotes to the 
hyperbolas. The above locus is the Dupin indicatriz for the point. 

Finally, when K — 0 the equation of the indicatrix is of one of 
the forms r=|p,|, 

that is, a pair of parallel straight lines. In view of the foregoing 
results, a point of a surface is called elliptic , hyperbolic, or parabolic, 
according as the total curvature at the point is positive, negative, 
or zero. 

In consequence of (4) the expression for the distance p upon the 
tangent plane to a surface at a point M from a near-by point P of 
the surface is given by 

Edid Gdv 5 

+ = 2 p, 

Pi Pi 

to within terms of higher order. But Vpdu and Vg dv are the 
distances, to within terms of higher order, of P from the normal 
planes to the surface at Jf in the directions of the lines of curva- 
ture. Hence the plane parallel to the tangent plane and at a dis- 
tance p from it cuts the surface in the curve 


— + ~ = 2 p. 

Pi Pi 


K= P . 


Evidently this is a conic similar to the Dupin indicatrix at an 
elliptic or parabolic point, and to a part of the indicatrix at a 
hyperbolic point. 
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EXAMPLES 

1 Show that the meridians and parallels of a surface of revolution are its lines 
of curvature, and determine the character of the developable surfaces formed by 
the normals to the surface along these lines 

2 Show that the parametric lines on the surface 

* = *<* + ») * = £<«-») 
are straight lines Find the lines of curvature 

3 When a surface Is defined by* =/(z y) the expressions for the curvatures are 

l*-* 8 K _ <1 + P*)< -f <l-f yiv-gpoa 

<i+j>*+«y * u +**+«*)* 

and the equation of the lines of curvature is 

10 + P*)» -p<r]dz* + [(1 +p*)t - (1 + g*)r)dxdy + [pt/t - (1 + = 0 

4 The principal radii of the surface y cos* — * sin * = 0 at a point (* y z) are 

equal to -fc ^ 't . al fmd the lines of curvature 
a 

5 Derive the equations of the tore, defined in 5 62 and prove therefrom the 
results stated 

6 The sum of the normal curvatures In two orthogonal directions is constant 

7 The Euler equation can be written 



~ Pi + pi - (Pi - Pi) cos 2 9 

54. Conjugate directions at a point Conjugate systems Two 
curves on a surface through a point M are said to have conjugate 
directions when their tangents at M coincide with conjugate diam 
eters of the Dupin indicatnx for the point These tangents are 
also parallel to conjugate diameters of the conic in which the sur 
face is cut by a plane parallel to the tangent plane to M and veiy 
near it Let P denote a point of this conic and N the point m 
which its plane a cuts the normal at M The tangent plane to 
the surface at P meets the plane a in the tangent line at P to the 
come Moreover, tms tangent line is parallel to the diameter conju 
gate to HP Hence as P approaches M this tangent line approaches 
the diameter of the Dupin indicatnx, which is conjugate to the 
diameter m the direction ATP Hence we have (cf § 27) 

The characteristic of the tangent plane to a Surface as the point 
of contact moves along a curve, is the tangent to the surface in the 
direction conjugate to the curve 
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By means of this theorem we derive the analytical condition for 
conjugate directions. 

If the equation of the tangent plane is 

(£ - x)X+ ( V -y)Y+ (?- z)Z = 0, 

f, t), £ being current coordinates, the characteristic is defined by 
this equation, and 

.o . dX dY y .dZ n 

where 8 is the arc of the curve along which the point of contact 
moves. If %, 8z denote increments of x, y, z in the direction 
conjugate to the curve, we have, from the above equations, 

8xdX+ 8ydY+ 8zdZ = 0. 

If increments of u and v in the conjugate direction be denoted by 
8u and 8v, this equation may be written 

(36) D du8u + D'(du8v + dv8u) + D" dvhv = 0. 

The directions conjugate to any curve of the family 

(37) <£ («, v) = const, 
are given by 

(38) + = 0. 

\ Sv du) \ dv du J 

As this is a differential equation of the first order and first degree, 
it defines a one-parameter family of curves. These curves and the 
curves </> = const, are said to form a conjugate system. Moreover, 
any two families of curves are said to form a conjugate system 
when the tangents to a curve of each family at their point of inter- 
section have conjugate directions. 

From (36) it follows that the curves conjugate to the curves 
f = const, are defined by I) 8u + D'Sv — 0. Consequently, in order 
that they be the curves u = const., we must have D’ equal to zero. 
As the converse also is true, we have : 

A necessary and sufficient condition that the parametric curves 
form a conjugate system is that D' be zero. 
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We have Been (§ 51) that the lines of curvature are characterized 
by the property that, -when they are parametric, the coefficients F 
and IF are zero Hence 

The. lines of curvature form a conjugate system and the only 
orthogonal conjugate system 


If the lines of curvature are parametric, and the angles which 
a pair of conjugate directions make with the tangent to the curie 
v = const are denoted by 6 and 8\ we have 


tan 8 = 


fGdv 

V£du 


tan 8 = 


[GBv 

yjn&u* 


so that equation (36) may be put in the form 


(39) tan 8 tan 0' = -^, 

Pi 

which is the well known equation of conjugate directions of a conic 
55 Asymptotic lines Characteristic lines When 8 is equal to 0, 
equation (39) reduces to (35) Hence the asymptotic directions are 
self conjugate If in equation (86) we put 8 v/lu = dv/du, we obtain 

(40) Ddu i +2J)dudo+J) , dv , ^0, 

which determines, consequently, the asymptotic directions at each 
point of the surface This equation defines a double family of 
curves upon the surface, two of which pass through each point 
and admit as tangents the asymptotic directions at the point They 
are called the asymptotic lines of the surface 

The asymptotic lines are imaginary on surfaces of positive curva- 
ture, real on surfaces of negative curvature, and consist of a single 
Teal family on a surface of zero curvature 

Recalling the results of § 52, we say that the tangent plane to 
a surface at a point cuts the surface in asymptotic lines in the 
neighborhood of the point As an immediate consequence, we 
have that the generators of a ruled surface form one family of 
asymptotic lines 

Since an asvmptotic line is self conjugate, the characteristics of 
the tangent plane as the point of contact moves along an asymp- 
totic lme are the tangents to the latter Hence the osculating 
plane of an asymptotic lme at a point is the tangent plane to the 
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surface at the point, and consequently the asymptotic line is the 
edge of regression of the developable circumscribing the surface 
along the asymptotic line. This follows also from equation (16). 

From (40) we have the' theorem : 

A necessary and sufficient condition that the asymptotic lines upon 
a surface be parametric is that 

D=D"= 0 . 


If these equations hold, and, furthermore, the parametric curves 
are orthogonal, it is seen from (33) that the mean curvature is zero, 
and conversely. Hence : 

A necessary and sufficient condition that the asymptotic lines form 
an orthogonal system is that the mean curvature of the surface be zero. 

A surface whose mean curvature is zero at every point is called 
a minimal surface. At each of its points the Dupin indicatrix con- 
sists of two conjugate equilateral hyperbolas. 

By means of (39) we find that the angle between conjugate 
directions is given by 

tan(0'— 

If we consider only real lines, this angle can be zero only for sur- 
faces of negative curvature, in which case the directions are asymp- 
totic. It is natural, therefore, to seek the conjugate directions upon 
a surface of positive curvature for which the included angle is a 
minimum. To this end we differentiate the right-hand member of 
the above equation with respect to 6 and equate the result to zero. 
The result is reducible to 
(41) tan 8 = ± -yj— 

Then from (39) we have 

tan = T 

From these equations it follows that 6'= — 6, and 




Conversely, when 8'=z—8 equation (39) becomes (41). Hence: 

Upon a surface of positive curvature there is a unique conjugate 
system for which the angle between the directions at any point is the 






p„ cot 8 -f- p, tan 8 
___ 
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minimum angle between conjugate directions at the point, it u the 
only conjugate system whose directions are symmetric with respect 
to the directions of the lines of curvature 

These lmes are called the characteristic line a It 13 of interest 
to note that equations (35) and (41) are similar, and that the real 
asymptotic directions upon a surface of negative curvature are 
symmetric with respect to the directions of the lines of curvature 

As just seen, if 6 is the angle which one characteristic line makes 
with the lino of curvature t* = const at a point, the other charac 
tenstic line makes the angle — 6 Hence the radii of normal curva- 
ture for these directions are equal, and consequently a necessary 
and sufficient condition that the characteristic curves of a surface 
be parametric is 

(42) f-g. ^“0 

56 Corresponding systems on two surfaces By reasoning similar 
to that of § 34 we establish the theorem 

A necessary and sufficient condition that the curies defined by 
Rdu* + 2 <Sdud!>-+-rdu*s =0 form a conjugate system upon a sur~ 
” BV’+TD-2SD = 0 

From this we have at once 

If the second quadratic forms of two surfaces S and S l are 
Ddu 7 + 2D'dudu + D do 7 and D x du*+ 2 D[dudo 4- D^dv 7 , and if a 
point on one surface is said to correspond to the point on the other 
with the tame lalues of u and v the equation 
dti 1 D x Z/'l 

(43) -dude D[ D' |=0 

di i* D, D I 

defines a system of curies which ts conjugate for both surfaces 

By the methods of § 50 we prove that these curves are real when 
either or both of the surfaces S, S x is of positive curvature If the 
curvature of S is negative and it is referred to its asymptotic lines, 
the above equation reduces to 

P l du*-D l 'dS= 0 
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Hence the system is real when D x and D'j have the same sign, that 
is, when the curvature of is positive. 

Another consequence of the above theorem is: 

A necessary and sufficient condition that asymptotic lines on one of 
two surfaces S, £, correspond to a conjugate system on the other is 

(44) DD'j + -D n A - 2 D'Dl = 0. 


EXAMPLES 

1. Find the curves on the general surface of revolution which are conjugate to 
the loxodromic curves which cut the meridians under the angle a. 

2. Find the curves on the general right conoid, Ex. 1, p. 60, which are conju- 
gate to the orthogonal trajectories of the generators. 

3. When the equations of a surface are of the form 

x = ZTj, V = Fi, z = D* + Fr, 

where Vy and I7 a are functions of u alone, and Fi and Yi of v alone, the para- 
metric curves are plane and form a conjugate system. 

4. Prove that the sum of normal radii at a point in conjugate directions is 
constant. 

6. When a surface of revolution is referred to its meridians and parallels, the 
asymptotic lines can be found by quadratures. 

6. Find the asymptotic lines on the surface 

„ , . ,, , , acosu 

x = oil + cosulcot®, y = a(l + cosu), z = — r- — •• 

sum 

7. Determine the asymptotic lines upon the surface z — y sinx and their orthog- 
onal trajectories. Show that the x-axis belongs to one of the latter families. 

8. Find the asymptotic lines on the surface 2 y* — 2 xyz + z 1 = 0, and determine 
their projections on the xy-plane. 

9. Prove that the product of the normal radii in conjugate directions is a maxi- 
mum for characteristic lines and a minimum for lines of curvature. 

10. When the parametric lines are any whatever, the equation of character- 
istic lines is 

[D(GD — ED") - 2D'(FD -£D0]du* + 2 \jy (GD + ED") - 2 FDD"]dudv 
+ [2 D\Gjy - FD") - D"(GD - ED")} do 5 = 0. 

57. Geodesic curvature. Geodesics. Consider a curve C ujxm a 
surface and the tangent plane to the surface at a point M of C. 
Project orthogonally upon this tangent plane the portion of the 
curve in the neighborhood of M, and let C 1 denote this projection. 
The curve C is a normal section of the projecting cylinder, and C 
is a curve upon the latter, tangent to C’ at M. Hence the theorem 
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of Meuamer can be applied to these two curves If l/p e denotes the 
curvature of C' and -«|r the angle between the principal normal to 0 
and the positive direction of the normal to the cylinder at M, we have 

(45) i = 52i± 

P, p 

In order to connect this result with others, it is necessary to 
define the positive direction of the normal to the cylinder This 
normal lies m the tangent plane to the surface. We make the 
convention that the positive directions of the tangent to the curve, 
the normal to the cylinder, and the normal to the surface shall 
have the same mutual orientations as the positive x-, y , and z axes 
From this choice of direction it follows that if, as usual, the direc 
tion-cosmes of the tangent to the curve be dx/dt , dy/dt, dzfdt, then 
those of the normal to the cylinder are 


(46) 

' da dt 


da da 


x&-r£ 

dt da 


The curvature of C' is called the geodetic curiature of C, and p t 
the radius of geodetic curiature And the center of curvature of C* 
is called the center of geodetic curvature of C 

From its definition the geodesic curvature is positive or nega 
tive according as the osculating plane of C lies on one side or the 
other of the normal plane to the surface through the tangent to C 
From (45) it follows that the center of first curvature of C is the 
projection upon its osculating plane of the center of geodesic 
curvature Moreover, the former is also the projection of the 
center of curvature of the normal section tangent to C (§49) 
Hence the plane through a pomt II of C, normal to the hue 
joining the centers of normal and geodesic curvature at 31, is the 
osculating plane of C for this point, and its intersection with the 
join is the center of first curvature 

'Ey 4.9\ 5 dan* tea the, a&g Is. wbj/ih. the positive 

direction of the normal to the surface makes with the positive 
direction of the principal normal to (7, angles being measured 
toward the binormal Hence equation (45) can be written 


< 47 > 


1 _ 8inai 
P, P 
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These various quantities are represented in fig. 15, for which 
the tangent to the curve is normal to the plane of the paper, and 
is directed toward the reader. The directed lines 3fP, MB, MK, 
MN represent respectively the positive directions of the principal 
normal and binormal of the curve and 
the normals to the projecting cylinder 
and to the surface. 

A curve whose principal normal at 
every point coincides with the normal 
to the surface upon which it lies, is 
called a geodesic. From (451 it follows 
that a geodesic may also be defined as 
a curve whose geodesic curvature is 
zero at every point. For example, the 
meridians of a surface of revolution are 
geodesics, as follows from the results in § 46. A twisted curve is a 
geodesic on its rectifying developable, and when a straight line 
lies on a surface, it is a geodesic for the surface. Later we 
shall make an extensive study of geodesics, but now we desire 
to find an expression for the geodesic curvature in terms of 
the fundamental quantities of the surface and the equation of 
the curve. 

58. Fundamental formulas. The direction-cosines of the prin- 
cipal normal are (§ 8) 

drx d?y d"z 

P l?' P d ?' 

Consequently, by means of (46), equation (45) may be put in 
the form 

Expressed as functions of u and v, the quantities — , — are of 
the form dg da 

dx _dx du ^ 8x dv 
ds du ds dv ds 

(Bx _ c'x /duV ; o fjg dudv d*x /dv V dx d\i dx d?v 

ds did \ds) dudv ds ds dv 2 \ds) du ds* dv ds 2 



Fio. 16 



134 GEOMETRY OF A SURFACE ABOUT A POINT 


When these expressions are substituted in (48), and m the reduction 
we make use of (10) and (11), we obtain 


(49) 


1 


1_ 

H 


Sp + jrp. 

as dt 

at as 


L 

M 


where L and M have the significance 

1=8 2 &u\d*/ + dv dt dt + \9» 2 2u/W + ifc* ds 1 

V /?£ p£2j.r£? 

“W~2 to/ W + fc** + 2lr W ds* + dt? 


From this it is seen that the geodesic curvature of a curve depends 
upon 2£ % F s G y and is entirely independent of D> 2), D' 

Suppose that the parametric lines form an orthogonal system 
and that the radius of geodesic curvature of a curve v = const be 
denoted by In this case F=* 0, dt r= V5du Hence the above 
equation reduces to 

{50 i 

* * *V VE(? dv 


In like manner we find that the geodesic curvature of a curve 
u = const is given by _ 

<S1) VSo *• 

As an immediate consequence of these equations we have the 
theorem 

When the ‘parametric lines upon a turf ace form an orthogonal 
system, a necessary and sufficient condition that the curves v = const 
or u = const be geodesics is that E be a function of u alone or G of v 
alone respectively 

It will now be shown that is expressible as a function of 
differential parameters of v formed with respect to the linear ele- 
ment (III, 4) 

From the definition of these parameters (§§ 37, 38) it follows 
that when F~ 0 

1 _ 1 . l d Is 

= A.frVc)-^ l„ ' VeB*> V0 
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Hence, by substitution in (50), we obtain 



In like manner, we find 



Thus we have shown that the geodesic curvature of a parametric 
line is a differential parameter of the curvilinear coordinate of the 
line. Since this curvature is a geometrical property of a line, it is 
necessarily independent of the choice of parameters, and thus is 
an invariant. This was evident a priori, but we have just shown 
that it is an invariant of the differential parameter type. 

From the definition of the positive direction of the normal to a 
surface (§ 48), and the normal to the cylinder of projection, it fol- 
lows that the latter for a curve v = const, is the direction in which v 
increases, whereas, for a curve u — const., it is the direction in which 
u decreases. Hence, if the latter curves be defined by — u — const., 
equations (52) and (53) have the same sign. 

If, now, we imagine the surface referred to another parametric 
system, for which the linear element is 

(54) ds'= JEdu~+ 2Fdudv + Gdv*, 

the curve whose geodesic curvature is given by (50) will he defined 
by an equation such as cp(u, v) — const. And if the sign of (j> be 
such that <£ is increasing in the direction of the normal of its pro- 
jecting cylinder, its geodesic curvature will be given by 



where the differential parameters are formed with respect to (54). 

If two surfaces are applicable, and points on each with the same 
curvilinear coordinates correspond, the geodesic curvature of the 
curve <p — const on each at corresponding points will be the same 
in consequence of (55). Hence : 

Upon two applicable surfaces the geodesic curvature of corresponding 
curves, at corresponding points, is the same. 
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When the second member of equation (55) is developed by 
(III, 46, 56), we have 

fM-fQY 


P, 


N[Va$ 


t G Q-F d *\ 


du dv 


1^ 

cu 


A-i e A 

dv du d 1 
1 ~i dv V&tf, 


l*»\ ifVA,^> 

Hence we have the formula of Bonnet* 


, 2$> j, ,8<f?\ 




(56) 


1 = 1 
P, du 


+ Tv 


Tro 2-u 


tv cu | 

1 Iw 2 s^ +G U/J/ 
A-A ’ 

cu dv 

r i(ay_ s »»» + j»)T 

,L \dvj dv on \du) J I 


In particular, the geodesic curvature of the parametric curves 
when the latter do not form an orthogonal system, is given by 


(57) 


!.=* JLfJLJL i. VaV 

p„. H \<nt >/e dv / 


A * *Vg) 

( p „ B \ov V G Sw / 

The geodesic curvature of a curve of the family, defined by 
the differential equation 
, , , Mdu + Ndv = 0, 

has the value 


(58) 


, 1)1 

B[du 


FN-GM 


Pen 1 - 2 FMN+GM*/ 

' Fir—EN \1 


* Memoirs 
CaMer 32 <1448) p 1 


dv {y/EN 1 — 2FMN+ ~6M V ) 

la thforie gfD^r&ie dea aurfaces Ji/umal de l £cole PofjrfeeAniflWi 
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In illustration of the preceding results, we establish the theorem : 

When the curve. 1 ! of an orthogonal system have constant geodesic curvature, the 
system is isothermal. 

IV lien the surface is referred to these lines, and the linear element is written 
ds- — Edit- + Gdv-, the condition that the geodesic curvature of these curves be 
constant is, by (GO) and (51), 

m i sVg Tr 1 cVE _ 1T 

0) . r — tli, i - — Ei, * 

Vug ™ veg 

where Ui and Vi are functions of u and v respectively. If these equations are 
differentiated with respect to t) and u respectively, we get 

B 3 logVG Slog Vu Blog Vg _ B 2 IogVu SlogVi Slog VG _ ^ 
StiSo Su Stt ’ Su St) St) Sit 

efi E 

Subtracting, we obtain log — = 0. 

Su St) G 


Hence E/G is equal to the ratio of a function of it and a function of t>, and the 
system is isothermic. In terms of isothermic parameters, equations (i) are of 
the form 


\ — = U\ 
X 3 Su 



and tho linear element is 

(ii) 


ds 2 = 


du 2 + dv- 

W+yy' 


It is evident that the meridians and parallels on a surface of revolution form 
such a system. The same is trae likewise of an orthogonal system of small circles 
on a sphere. 

59. Geodesic torsion. We have just seen that when a curve is 
defined by a finite equation or a differential equation, its geodesic 
curvature can be found directly. The same is true of the normal 
curvature of the surface in the direction of the curve by (18). 
Then from (1G) and (47) follow the expressions for p and m. In 
order to define the curve it remains for us to obtain an expression 
for the torsion. 

From the definition of co it follows that 


(59) 


sin co = XX 4- I'm + Zv, 


where X, p, v are the direction-cosines of the binormal. If this 
equation is differentiated with respect to the arc of the curve, 
and the Frenet formulas (I, 50) are used in the reduction, we get 


(60) 


cos CO 


_ ( dec 


Us 




dX 
ds ‘ 



138 GEOMETRY OF A SURFACE ABOLT A POINT 
From (I, 37, 41) we have 


fc.— Afy dh dz ddf' 


\da da 1 da da\ 


i\ (dz cPx dz <2V\ 

V’ diii •)' 




'dx d % y dy dV| 
,da da* df da y ’ 




Moreover, from (18), we obtain the identity 

f I - f I =■ I (f )’ + ^ f 


+ (fD"-GD , )®*l 
\a«/ J 


\r da T) ’ 


Consequently equation (60) is equivalent to 

(61) cos 5. 
where 1/T has the value 

(62) 1 lFl>-El>)du l +(GI>-JSD'')dudv + (GD'-Fl>")dS 

* ’ T If(Edu i +2l'dudi + Gdv*) 

When cos « is different from zero, that is, when the curve is not 
an asymptotic line, equation (61) becomes 
l_dw \ 
r ds~ T 


(63) 


As tbe expression for T involves only the fundamental coefli 
cients and dv/du, we have the following theorem of Bonnet 

The function - — ~ it the tame for all curvea which have the tame 
tangent at a common point 

Among these curves there is one geodesic, and only one, for it 
will be shown later (§ 85) that one geodesic and only one passes 
through a given point and has a given direction at the point 
At every point of this geodesic 5 is equal to 0° or 180°, and conse 
quently r=T Hence the value of T for a given point and direc- 
tion is that of the radius of torsion of the geodesic with this direction 
The function T is therefore called the radiutof geodetic tortton of 
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the curve. From (63) it is seen that T is the radius of torsion of 
any curve ■whose osculating plane makes a constant angle with the 
tangent plane.* 

When the numerator of the right-hand member of equation (62) 
is equated to zero, we have the differential equation of lines of 
curvature. Hence: 

A necessary and sufficient condition that the geodesic torsion of 
a curve be zero at a point is that the curve be tangent to a line of 
curvature at the point. 

The geodesic torsion of the parametric lines is given by 
1 FD-ED' 1 GD'-FD" 

{ ' T~ EH ' T~ GH 

When these lines form an orthogonal system T u and T v differ only 
in sign. Consequently the geodesic torsion at the point of meeting 
of two curves cutting orthogonally is the same to within the sign. 

Thus far in the consideration of equation (61) we have excluded 
the case of asymptotic lines. In considering them now, we assume 
that they are parametric. The direction-cosines of the tangent and 
binormal to a curve v = const, in this case are 


a — • 


1 dx 




1 °y 


1 dz 


Vi? bu Vi? 2 m ’ Vi? 2 m ’ 

X = eA', p — eY, v = eZ, 

where e is -f 1 or — 1. Consequently the direction-cosines of the 
principal normal have the values 


l 


6 (v dz 

Vi? \ 2 m 2m/ 


and similar expressions for m and n. 

When in the Frenet formulas 

d\ l dp _m dv n 

ds t ds t ds t 

we substitute the above values, and in the reduction make use 
of (11) and (13), we get 

1 D' 


(65) 


H 




* Thus fnr exception must be made of asymptotic lines, but later this restriction ■will 
be removed. 
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In like mann er, th e torsion of the as} niptotic lines u = const, is 
found to be y/—K. But from (64) we find th at th e geodesic torsion 
in the direction of the asymptotic lines lsrpV—A'. Hence equation 
(63) is true for the asymptotic lines as well as for all other curves 
on the surface. 

Incidentally we have established the following theorem of Enneper 
The square of the torsion of a real asymptotic line at a point is equal to the abso- 
lute value of the total curvature of the surface at the point, tfte radii of torsion of the 
asymptotic fines through a point differ only in sign. 

The following theorem of Joachimsthal Is an immediate consequence of (63) 
When two surfaces meet under a constant angle , the line of intersection is a line 
of curvature of both or neither, and conversely, when the curve of intersection of two 
surfaces is a line of curvature of both they meet under constant angle 

For, if wi, w 3 denote the values of Z tor the two surfaces, and 2j, T% the values 
of T, we have, by subtracting the two equations of the form (63), that 7j ~ Tt, 
which proves the first part of the theorem Conversely, if 1/Ti = 1/T, = 0, we 
have — («t — uj) = 0, and consequently the surfaces meet under constant angle. 


EXAMPLES 


1. Show that the radius of geodesic curvature of a parallel on a surface of 
revolution is the same at all points of the parallel, and determine Its geometrical 
significance 

2 Find the geodesic curvature of the parametric lines on the surface 

*-!(»+•). v = | 


3 Given a family of Ioxodromic curves upon a surface of revolution which cut 
the meridians under the same angle a , show that the geodesic curvature of all these 
curves is the same at their points of Intersection with a parallel 

4 Straight lines on a surface are the only asymptotic lines which are geodesic* 
3 Show that the geodesic torsion of a curve is given by 


T 2Vi Ptf 


where 6 denotes the angle which the direction of the curve at a point makes with 
the line of curvature v = const through the point 


6 Every geodesic line of curvature is a place curve 
t. Every plane geodesic line Is a line of curvature 

8 When a surface is cut by a plane or a sphere under constant angle, it i* a line 
cl curvature on the surface, and conversely 

9 If the curves of one family of an isothermal orthogonal system have constant 
geodesic curvature, the curves of the other family hare the same property 
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60. Spherical representation. In the discussion of certain prop- 
erties of a surface S it is of advantage to make a representation of 
S upon the unit sphere * by drawing radii of the sphere parallel to 
the positive directions of the normals to S, and taking the extrem- 
ities of the radii as spherical images of the corresponding points on 
S. As a point M moves along a curve on S, its image m describes 
a curve on the sphere. If we limit our consideration to a portion 
of the surface in which no two normals are parallel, the portions 
of the surface and sphere will be in a one-to-one correspondence. 
This map of the surface upon the sphere is called the spherical 
representation of the surface, or the Gaussian representation. It 
was first employed by Gauss in his treatment of the curvature of 
surfaces. f 

The coordinates of m are the direction-cosines of the normal to 
the surface, namely X, Y, Z, so that if we put 


<66) 


c- ■v' fbl dA 

^ du dv ' 



the square of the linear element of the spherical representation is 
(67) da" = £ dn 2 -f 2 <&dudv + Sdv". 


In §48 we established the following equations: 


( 68 ) 


I dX m FE'~ GD ox FE-EE' dx 
du ~ H“ du + H" dv' 
dX FD"~ GD' dx FE' — ED" dx 
dv~ R - dii H 2 dv' 


By means of these relations and similar ones in Y and Z , the func- 
tions (o, <$, £ may be given the forms 


(69) 


§ = ~ [GIr- 2 FEE' + EE' 2 ], 

[GEE' - F{EE"+ E' 2 ) + EE'E"], 

;£= if GE' 2 - 2 FE'E" + EE" 2 ], 

It* 


or, in terms of the total and mean curvatures (§ 52), 

(70) €=K„E-KE, &=K„E'-KF, £ — R„E" — KG. 


The sphere of unit radius tir.d center at the origin of coordinates. -f J,.c., p. 9. 
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In consequence of these relations the linear element (67) may be 
given the form 

(71) da i =K m (Ddu t + 2 Pdudv +P'dtf)-~K{Edu t +2Fdndv+Gdt) t 
and, by (18), 

<72) 

From (70) we have also 
(73) 


where e is ± 1 , according as A" is positive or negative 
Equations (69) are linear in E, F, G Solving for the latter, 
we have , 


(74) 


F = -±3 \$DP- &(DP'+P*) + €PP% 


In seeking the differential equation of the lines of curvature 
from the definition that the normals to the surface along such a 
curve form a developable surface, we found (§ 51) that for a dis 
placement m the direction of a line of curvature we have 


— du + — - dv 4- r ( — — du 4- dv j 


and similar equations in y and z, where r denotes the radius of 
principal curvature for the direction If these equations be multi 

plied respectively by ~ and added, and likewise by 

sy 37 du ou cv 

— , — and added, the resulting equations may be written 
do do 

Ddu +Pdv — r(&du +r$ dv) = 0, 

Pdu -f P'do — r(£du +&dv) *» 0 


Eliminating r, we have as the equation of the lines of curvature 
(75) (Z>jr — PS) du 1 + {F$—P'€) dudo + (Pg—P'$) dv* = 0 
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Again, the elimination of du and dv gives the equation of the 
principal radii in the form 

(76) gD - 2<?D')r + (_DD"-D' a ) = 0, 

so that . <o£>" + SD — 2 &D' 

P1 + P2- Jp ’ 

( 77 ) ' DD"—D n 

. Plpn -~ !f- 

These results enable us to write equations (74) thus: 

' E = (p 1 +p i )D-p 1 p«<§', 

(78) • F = {p 1 + Pl)D'-PiP^ 

G = (P 1 +P : )D"~P 1 P^- 

61. Relations between a surface and its spherical representation. 
Since the radius of normal curvature R is a function of the direc- 
tion except when the surface is a sphere, we obtain from (72) the 
following theorem : 

A necessary and sufficient condition that the spherical representation 
of a surface be conformal is that the surface be minimal or a sphere. 

As a consequence of this theorem we have that every orthog- 
onal system on a minimal surface is represented on the sphere by 
an orthogonal system. From (70) it is seen that if a surface is 
not minimal, the parametric systems on both the surface and the 
sphere can be orthogonal only when D' is zero, that is, when the 
lines of curvature are parametric. Hence we have : 

The lines of curvature of a surface are represented on the sphere 
by an orthogonal system ; this is a characteristic property of lines 
of curvature , unless the surface be minimal. 

This theorem follows also as a direct consequence of the theorem : 

A necessary and sufficient condition that the tangents to a curve 
upon a surface and to its image at corresponding points be parallel is 
that the curve be a line of curvature. 

In order to prove this theorem we assume that the curve is 
parametric, ti = const. Then the condition of parallelism is 

<5X _ BY BZ __cx * By _ Bz 
du * Bu ' Bu cu du ‘ Bu 
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From (68) it follows that m this case (FD — ED ) must be zero 
But the latter is the condition that the curves v = const be hues of 
curvature (§ 51) Moreover, from (82) it follows that the positive 
half tangents to a line of curvature and its spherical represent! 
tion have the same or contrary sense accoidmg as the correspond 
mg radius of normal curvature is negative or positive 
In consequence of (7) the equation (40) of the asymptotic 
directions may he written 

dxdX -f dydl + dzdZ= 0 
And so we have the theorem 


The tangents to an asymptotic line and to its spherical representa 
tion at corresponding points are perpendicular to one another, this 
property » characteristic of asymptotic lines 


It is evident that the direction cosines of the normal to the 
sphere are equal to 1, Y, Z, to within sign at most Let them 
be denoted hy X then 


(79) 


If \0« dv du Zv ) 


When expressions similar to (68) are substituted for the quantities 

in the parentheses, the latter expression is reducible to KHX 

Hence, in consequence of (73), we have 

(80) & = eA, Z/ = f r, } = eZ , 

where e = ±l according as the curvature of the surface is positive 

or negative 

From the above it follows that according as a point of a surface 
is elliptic or hyperbolic the positive sides of the tangent planes at 
corresponding points of the surface and the sphere are the same or 
different Suppose, for the moment, that the lines of curvature are 
parametric From our convention about the positive direction of 
the normal to a surface, and the above results, it follows that both 
the tangents to the parametric curves through a point M have the 
same sense as the corresponding tangents to the sphere, or both 
have the opposite sense, when Af is an elliptic point, but that 
one tangent has the same sense as the corresponding tangent to 
the sphere, and the other the opposite sense, when the point is 
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hyperbolic. Hence, when a point describes a closed curve on a 
surface its image describes a closed curve on the sphere in the 
same or opposite sense according as the surface has positive or 
negative curvature. We say that the areas inclosed by these 
curves have the same or opposite signs in these respective cases. 

Suppose now that we consider a small parallelogram on the sur- 
face, whose vertices are the points (u, v), (m+ du, v), (ji, v + dv), 
and ( u + du, v + dv). The vertices of the corresponding parallelo- 
gram on the sphere have the same curvilinear coordinates, and 
the areas are Hdudv and e/fdudv, e being ± 1 according as the sur- 
face has positive or negative curvature in the neighborhood of the 
point («, v). The limiting value of the ratio of the spherical and 
the surface areas as the vertices of the latter approach the point 
(«, v) is a measure of the curvature of the surface similar to that 
of a plane curve. In consequence of (73) this limiting value is the 
Gaussian curvature K. Since any closed area may be looked upon 
as made up of such small parallelograms, we have the following 
theorem of Gauss : 

The limit of the ratio of the area of a closed portion of a surface to 
the area of the spherical image of it, as the former converges to a point, 
is equal in value to the product of the principal radii at the point. 

Since the normals to a developable surface along a generator are 
parallel, there can be no closed area for which there are not two nor- 
mals which are parallel. Hence spherical representation, as defined 
in § 60, applies only to nondevelopable surfaces, hut so far as the 
preceding theorem goes, it is not necessary to make this exception; 
for the total curvature of a developable surface is zero (§ 64), 
and the area of the spherical image of any closed area on such a 
surface is zero. 


The fact that the Gaussian curvature is zero at all points of a developable surface, 
whereas such a surface is surely curved, makes this measure not altogether satis- 
factory, and so others have been suggested. Thus, Sophie Germain* advocated 




the mean curvature, and C&sorati t has put forward the expression 

But according to the first, the curvature of a minimal surface is zero, and according 
to the second, a minimal surface lias the same curvature as a sphere. Hence the 
Gaussian curvature continues to be the one most frequently used, which may be 
due largely to an important property of it to be discussed later (§ 64). 


• Cirtle, Vol. VII (1831), p. 1. 


t Acta Mathematica, Vol. XIV (181)0), p. 05. 



146 GEOMETRY OF A SURFACE ABOUT A POINT 

62. Helkoids. We apply the preceding results m a study of 
an important class of surfaces called the hehcoids A helicoid is 
generated by a curve, plane or twisted, which is rotated about a 
fixed line as axis, and at the same time translated in the direction 
of the axis with a velocity which is in constant ratio with the 
velocity of rotation A section of the surface by a plane through 
the axis is called a meridian All the meridians are equal plane 
curves, and the surface can be generated by a meridian moving 
with the same velocities as the given curve The particular motion 
described is called helicoidal motion, and so we may say that any 
helicoid can be generated by a plane curve with helicoidal motion 
In order to determine the equations of a helicoid m parametric 
form, we take the axis of rotation for the z axis, and let u denote 
the distance of a point of the surface from the axis, and v the angle 
made by the plane through the point and the axis with the xz plane 
in the positive direction of rotation If the equation of the gen 
erating curve in any position of its plane is z =£(u), the equations 
of the surface are 

(81) z = «cosv, y = K8inv, z = <f>(u) + av, 

where a denotes the constant ratio of the velocities, it is called 
the parameter of the helicoidal motion When, in particular, a is 
zero, these equations define any surface of revolution Moreover, 
when is a constant, the curves v = const are straight lines 
perpendicular to the axis, and so the surface is a right conoid 
It is called the right helicoid 

By calculation we obtain from (81) 

(82) JS*=l + >f> n , F=a$f, G=u*+a\ 

where the accent indicates differentiation with respect to u From 
the method of generation it follows that the curves v = const are 
meridians, and « = const, are helices on the helicoids, and circles 
on surfaces of revolution From (82) it is seen, that these curves 
form an orthogonal system only on surfaces of revolution and on 
the right helicoid Moreover, from (57) it is found that the geo- 
desic curvature of the meridians is zero only when a is zero or <f> 
is a constant In the latter case the meridian is a straight line 
perpendicular to the axis or oblique, according as <f>' is zero or not 
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Hence the meridians of surfaces of revolution and of the ruled 
helicoids are geodesics. 

The orthogonal trajectories of the helices upon a helicoid are 
determined by the equation (cf. Ill, 31) 

a<f>'du + (m 2 + a 2 ) dv — 0. 


Hence, if we put 



du + v , 


the curves v 1 — const, are the orthogonal trajectories, and their 
equations in finite form are found by a quadrature. In terms of 
the parameters u and v 1 the linear element is 

(83) ds 2 =(l+ du " + (« 2 + a ") dv?. 


As an immediate consequence of this result we have that the 
helices and their orthogonal trajectories on any helicoid form an 
isothermal system. 

From (S3) and (§ 46) we have the theorem of Bour: 

Every helicoid is applicable to some surface of revolution, and 
helices on the former correspond to the parallels on the latter. 


We derive also the following expressions: 

a sin v ~ ucf,' cos v, — (a cos v + u<f)' sin v), u 


Vw 2 (l + 0 >2 )+a- 


(84) X,Y,Z=- 
and 

(85) D, E\ D" = • 

V?r(l + <£' 2 ) + a 2 


From (84) it follows that a meridian is a normal section of a sur- 
face of revolution at all its points, and consequently is a line of 
curvature (Ex. 7, p. 140). This is evident also from the equation 
of tire lines of curvature of a helicoid, namely 

(86) a [1 + cf ,' 2 + ucp'cf,”] du 2 -f [(«* + a 2 ) u<f>"— (1 + <f> 12 ) u 2 cf] dudv 

— a [iref, 12 + «* -f <r] dii 1 = 0. 

Moreover, the meridians are lines of curvature of those helicoids, 
for which <f> satisfies the condition 

l+$' 2 + «$'</>"= 0. 
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By integration this gives 


<f> =s Vf—u * — e log — 


When the surface is the nght helicoid the expressions for D 
and D” vanish Hence the meridians and helices are the asymp- 
totic lines Moreover, these lines form an orthogonal system so 



Fic 16 


surface (§ 55) Since the tan 
gent planes to a surface along 
an asymptotic line aie its oscu 
latrng planes, if the surface is a 
ruled minimal surface, thegener 
a tors are the principal normals of 
all the curved asymptotic lines 
But a circular helix is the only 
Bertrand curve whose principal 
normals are the principal normals 
of an infinity o! curves (§ 19) 
Hence wc have the theorem of 
Catalan 

The nght helicoid u the only 
real minimal ruled surface 


In fig 16 are represented the asymptotic lines and lines of 
curvature of a right helicoid 

For any other helicoid the equation of the asymptotic lines 13 
(87) u$"du x — 2 a dudv + uty'dv* ~ 0 

As the coefficients in (86) and (87) are functions of u alone, we 
have the theorem 

When a helicoid *s referred to 1 ts meridians and helices the asymp- 
totic lines and the lines of curvature can he found by quadratures 


EXAMPLES 

1 Show that the spherical representation ot the lines ol curvature of a surface 
of revolution Is isothermal 

2 The osculating planes of a line of curvature and of its spherical representa- 
tion at corresponding points are parallel 

S The angles between the asymptotic directions at a point on a surface and 
between their spherical representation are equal or supplementary according as 
the surface has positive or negative curvature at the point 
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4. SLOW that the helicoidal surface 

x = tt cos v, y = u sin o, z = bv + bj jj 


(u s + 6 5 )"l^du 

(u 2 -6 2 )J ~u 


is minimal. 

6. The total curvature of a helicoid is constant along a helix. 


6. The orthogonal trajectories of the helices upon a helicoid are geodesics. 

7. If the fundamental functions E, F, G of a surface are functions of a single 
parameter u, the surface is applicable to a surface of revolution. 

8. Find the equations of the helicoid generated by a circle of constant radius 
whose plane passes through the axis and the lines of curvature on the surface ; also 
find the equations of the surface in terms of parameters referring to the meridians 
and their orthogonal trajectories. 


GENERAL EXAMPLES 

1. If a pencil of planes be drawn through a tangent MT to a surface, and if 
lengths be laid off on the normals at M to the sections of the surface by these 
planes equal to the curvature of the sections, the locus of the end points is a 
straight lino normal to the plane determined by JifT and the normal to the 
surface at 3f, 

2. If P is a point of a developable surface, P 0 the point where the generator 

through P touches the edge of regression, t the length P 0 P, p and r the radii of 
curvature and torsion of the edge of regression, then the principal radii of the 
surface are given by 1 Ip 

Pi -0, p.~ Tt 

3. For the surface of revolution of a parabola about its directrix, the principal 
radii are in constant ratio. 


4. The equations x = a cosu, y — asinu, z =fc uo define a family of circular 
helices which pass through the point A (a, 0, 0) of the cylinder ; each helix has an 
involute whose points are at the distance c from A (cf. I, 100). Find the surface 
which is the locus of these involutes ; show that the tangents to the helices are 
normal to this surface ; find also the lines of curvature upon the latter. 


6. The surfaces defined by the equations (cf. § 25) 

1 + 1 >- + 9 " = z + pz=<t>(p) 

have a system of lines of curvature in planes parallel to the xz-plane and to the 
p-axis respectively. 


G. The equations 


y — ax = 0, x 5 + y ! + z 3 — 2 — a 3 = 0, 

where a and fi are parameters, define all the circles through the points (0, 0, a), 
(0,0, — a). Show that tire circles determined by a relation (3=/(a) are tire 
characteristics of a family of spheres, except when f(a) is a linear function ; 
also that the circles are lines of curvature on the envelope of these spheres. 


7. If one of the lines of curvature of a developable surface lies upon a sphere, 
the other nonrectilinear lines of curvature lie on concentric spheres. 
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8 If P Is i point on a surface, p 0 the center of normal curvature o! the line 
bisecting the angle between the lines of curvature, and p lf P, the centers of normal 
curvature in two directions equally inclined to the first, then the four points 
P, Pi, P 0 , P\ form a harmonic range 


9 If f?$, Pi, P», , It n denote the radii of normal curvature of m eectlocs of 

a surface which make equal angles 2ir/t» with one another, and m>2, then 


h(bi+ 




10 If the Dnpin indicatrix at a point P of a surface Is an ellipse, and through 
either one of the asymptotes of its focal hyperbola two planes be drawn perpen- 
dicular to one another, their intersections with the tangent plane are conjugate 
directions oti the surface 


11 All curves tangent to an asymptotic line at a point Jf, and whose osculating 
planes are not tangent to the surface at if, have M for a point of Inflection 

12 The normal curvature of an orthogonal trajectory of an asymptotic line is 
equal to the mean curvature of the surface at the point of Intersection 

13 The surface of revolution whose equations are 

X3SUC08D, v = uslnc, x = a log(u + Vu* — a’) 
is generated by the rotation of a catenary about Its axis , it is called the catenoid 
Show that It Is the only minimal surface of revolution 

14 When the osculating plane of a line of curvature makes a constant angle 
with the tangent plane to the surface, the line of curvature Is plane 

15 A plane line of curvature is represented on the unit sphere by a circle 

10 The cylinder whose right section is the curve defined by the Intrinsic equa- 
tion p^a — t*/b, where a and 6 are positue c onstan ts, has the characteristic prop- 
erty that upon It lie curves of curvature I g _ + & whose geodesic curvature S» 

1/VS V «*» 

If When a surface is referred to an orthogonal system of lines, and the radii of 
geodesic curvature of the curves v = const, and u = const are p,„ p, t respectively, 
the geodesic curvature of the curve which makes an angle 8 a with the lines r = const 
is given by 1 cosfr slnfi, 

P, d* P*. + Pn 

11 When a surface Is referred to an orthogonal system ol lines, and p r » 
denote the radius of geodesic curvature and the arc for one system of isogonsl 
trajectories of the parametric lines, and p {, •' the similar functions for the 
orthogonal trajectories of the former, then whatever be the direction of the first 
curves the quantity ~ ~ + ~ p U constant at a point 

19 If p and p' denote^he radii of first curvature of a line of curvature and Its 
spherical representation, and also p, and p; the radii of geodesic curvature of three 
curves, then da _ dr da _ da 

7 ~ 7 ' 

where is and d* are the linear elements of the curve*. 
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20. When a surface is referred to its lines of curvature, and 0 O , Po denote the 
angles which a curve on the surface and its spherical representation make with 
the curves v = const., the radii of geodesic curvature of these curves, denoted by 
P t and pg respectively, are in the relation 

ds , As 

d6 a — — = AS a -• 

Ps P' s 

21. When the curve 

x=f( u)cosu, y =/(u)sinu, z = — ^ J/ a (u)du 

is subjected to a helicoidal motion of parameter a about the z-axis, the various 
positions of this curve are orthogonal trajectories of the helices, and also geodesics 
on the surface. 

22. When a curve is subjected to a continuous rotation about an axis, and at 
the same time to a homothetic transformation with respect to a point of the axis, 
such that the tangent to the locus described by a point of the curve makes a con- 
stant angle with the axis, the locus of the resulting curves is called a spiral surface. 
Show that if the z-axis be taken for the axis of rotation and the origin for the center 
of the transformation, the equations of the surface are of the form 

i = f(u)e’" > cos (u + »), y = /(u)e Jl ’sin(u + c), z = ^(u)e il '’, 
where ft is a constant. 

23. A spiral surface can be generated in the following manner : Let C be a 
curve, l any line, and P a point on the latter ; if each point M on C describes an 
isogonal trajectory of tho generators on the circular cone with vertex P and axis l 
in such a way that the perpendicular upon 1, from the moving point ilf, revolves about l 
with constant velocity, tho locus of these curves is a spiral surface (cf . Ex. 5, § 33). 

24. Show that the orthogonal trajectories of the curves tt = const., in Ex. 22, 
can be found by quadratures, and that the linear element can be put in tho form 

ds- = c'-P(da* + A"-dfP), 

where A is a function of a alone. 

25. Show that the lines of curvature, minimal lines, and asymptotic lines upon 
a spiral surface can be found by quadrature. 
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FUNDAMENTAL EQUATIONS THE MOVING TRIHEDRAL 

63. Christoffel symbols. In this chapter we derive the necessary 
and sufficient equations of condition to be satis6ed by six func 
tions, E,F,G, D, 1 y, D", m order that they may be the fundamental 
quantities for a surface 

For the sake of brevity we make use of two sets of symbols 
suggested by Chnstoffel,* which represent certain functions of the 
coefficients of a quadratic differential form and their derivatives of 
the first order If the differential form is 

a u duf+ 2 a n du x du t + a n duf, 
the first set of symbols is defined by 

[t FI = 1 (to, _ £a_A 
|_/J 2\8u k du i SuJ 

where each of the subscripts t, k, l has one of the values 1 and 2 f 
From this definition it follows that 

nm 


When these symbols are used in connection with the first fun- 
damental quadratic form of a surface da i =Fdu t + 2 Fdudv + G dv\ 
they are found to have the following significance 


pi] i be 

pi 

_dr 

L 1 J 2 CVL ’ 

Ls 

du 

ri2]__l3£ 

P” 


lllZdv' 


2 &u 

[221 

[22 

_1 d_G 

11} dv 2 6#’ 

1.2 

■”2 to 


• CrtiEe Vol LXX pp 24 l-°« , u , 

f This equation defines these symbols for a quadratic form of any number or ran- 
ables ui, , u. In this case i k l take the ralnes 1 , n 
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The second set of symbols is defined by the equation 

[?]+*■[!]• 

where A vl denotes the algebraic complement of a yl in the discrimi- 
nant a n a n — (i'„ divided by the discriminant itself. With reference 
to the first fundamental quadratic form these symbols mean 


and 


A G 

An== W-' 


. -~ F 
A n~ H i ’ 


j E 


(2) 


{?}- 

m- 


G—+F— — 2F— 
du dv du 

2 IP 

dv du 

2 W- ’ 


-F— -<?— + 2G — 
dv du dv 


■ ®= 


du dv du 


m= 


2// a 

E™-F™ 
du dv 


2 H* 


•{?}- 


2 H- 

B*£ + f¥-2f¥ 

dv du dv 


2 H- 


From tliese equations we derive the following identities : 
/(n 0 log If fll\ f 121 0logJf fl2\ J22\ 


With the aid of these identities we derive from (III, 15, 16) the 
expressions 




From the above definition of the 
following important relation : 


symbols 


we obtain the 




64. The equations of Gauss and of Codazzi. The first two of 
equations (IV, 10) and the equation 
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form a consistent set of equations linear m and the 

, du 2 du 3 Zu 3 

determinant is equal to H. Solving for we get 


jfc jir» dx rill dx 
au* li/aw + l2Jav 


+DX, 


similar equations hold for y and z Proceeding in like maimer with 
the other equations (IV, 10) and 


< 6 ) 


S*ss-* 2*5=^ 


we get the following equations of Gauss . 


( 7 ) 


r A rin& rina* 
au* T-iJaw \ 2 J zv 
I a»g fi2\ac 
I auaw“li/au + l2/au 

1 = /22\ 8x , f22\ Sx 

, 1 1 / au + 1 2 / a y 


+DX, 

+J>'X, 

+I>"X. 


For convenience of reference we recall from § 48 the equations 
BX Fiy-GD dx FD-Elf dx 
lu JJ' 8u S’ it>' 

'' IX XP’-OD’ lz rD’-£D" Sx 

Zv B 3 du B* 8v 


The conditions of mtegrability of the Gauss equations (7) are 

1 d_ l fx\ d_ / #x \ = d_ /^x\ 

dv\du') du W dv) dv \ducv) du Xdv 1 ) 

By means of (7) and (8) these equations are reducible to the forma 

(9) aj !+l,^+c,X=», a,^ + l,p + ',X=0, 

' ’ 1 2« 1 dv du ov 

where a v a v , <?, are determinate functions of E, F, G , D, If, D" 
and their derivatives Since equations similar to (9) hold for y and 
2 , we must have 

(10) «,= 0, «,= 0, 1,-0, 6,-0, 0,-0, o,= 0. 
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When the expressions for a v b v and b„ are calculated, it is 
found that the first four equations are equivalent to the following : 


< 11)1 


"-D’- a fi2\_ a fin f 12*1 ri2\ fill f 22\ 

IP 11 ~ dull) ayllJ + l 2 Jll/ I2JI1J’ 


(DD 11 - 

D < 2 

H 1 


DD"— 

D ' 2 

R 


DD"- 

D'" 

IP 


DD"- 

D ' 2 

IP 


„ . a ri2i fin ri2\ fin r 22\ 

~/“^l2/ + ll/l2/ + l2;i2/ 


' dv l 2 




-{?}{?}-{?}■ 

"~d'- a ri2\ a f22\ rni ri2\ _ /22'i rui 

IP * dv\2) ^l2J + lljl2J 11J12J’ 


When the expressions for the Christoffel symbols are substituted 
in these equations the latter reduce to the single equation 


( 12 ) 


DD"—D'~ 

H' 


= J-{- 

2lf\c 


' F 

dE 

_ 1 8G ' 

.EH 

dv ~ 

H du_ 


+ 


dv 


‘2 oF _ 

1 dE 

F dE' 

_H du 

~ H dv 

~ EH du. 


This equation was discovered by Gauss, and is called the Gauss 
equation of condition upon the fundamental functions. The left- 
hand member of the equation is the expression for the total curva- 
ture of the surface. Hence we have the celebrated theorem of 
Gauss * : 

The expression for the total curvature of a surface is a function 
of the fundamental coefficients of the first order and of their deriva- 
tives of the first and second orders. 


When the expressions for c l and c„ are calculated, we find that 
the last two of equations (10) are 


(13) 


f-f- 


dD " 
cu 


djy 

dv 


* L.c., p. 20 . 
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These are the Codazzi equation t, so called because they are equiva- 
lent to the equations found by Codazzi • , however, it should be 
mentioned that Mainardi was brought to similar results some 
what earlier f It is sometimes convenient to have these equations 
written in the form 


(13') 


to Jr 
du H 


d_jy_ 

du H 
d_iy_ 
dvn' 




0, 

o, 


which reduce readily to (13) by means of (3) 

With the aid of equations (7) we find that the conditions of 
mtegrability of equations (8) and similar ones in Y and Z reduce 
to (18) 

From the preceding theorem and the definition of applicable 
surfaces (§ 43) follows the theorem 

Two applicable turfacet hate the tame total curvature at corn * 
tpondtng pomti 


As a consequence we have 

Every turface applicable to a plane tt the tangent turface of a 
twitted curve 


For, when a surface is applicable to a plane its linear element is 
reducible to di*= du f + dt*, and consequently its total curvature 
is zero at every point by (12) From (IV, 73) it follows that 



Hence X , Y, Z are functions of a single parameter, and therefore 
the surface is the tangent surface of a twisted curve (cf § 27) 
w.e, base, graved, the theorem 

When K t* zero at dll potntt of a turface the latter t» developable, 
and convert ely 

• Balls coordinate cOrrUlnee d nna inpsrflds e ddlo spado Anna!! Set 3 Vol II 
ddTIitttvto Lombardo W IX p 355 
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65. Fundamental theorem. When the lines of curvature are 
parametric, the Gauss and Codazzi equations (12), (13) reduce to 


(14) 


r DD" 8/ 1 8VG \ 8 / 1 dV^ \_ 0 
VxG + & u \ Vx °u ) 8v\-fg 8 v ) ’ 

8 / D \ D" 8-fE q 

S^VVa/ G & v ’ 
a /p"\ d sVg _ 0 
8ii\Vg/ A 8u 


The direction-cosines of the tangents to the parametric curves, 
v — const, and u = const., have the respective values 


(15) 
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1 Ve Va dll' Va^w’ 
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By means of equations (7) and (8) we find 


(16) \ 
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and similar equations obtained by replacing X v X s , AT by Y v F 2 , Y 
respectively, and by Z x , Z t , Z. From (15) we have 


(17) 


| x — J V EXfiu + VGA 2 dv, 
y= J'VxY 1 du+VGY : dv, 
z = '^E Zfi.it 4- > f~GZjiv . 


w e proceed to the proof of the converse theorem : 

Given four functions, E, G, D, D", satisfying equations (14); fAere 
enV* <i surface for which E, 0, G ; D, 0, D" are the fundamental 
quantities of the first and second order respectively. 
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In the first place we remark that all the conditions of Integra 
bility of the equations (16) are satisfied in consequence of ( 14 ) 
Hence these equations admit sets of particular solutions whose 
values for the initial values of u and t> are arbitrary from the 
form of equations (16) it follows (cf § IS) that, if two Buch sets 
of particular solutions be denoted by X v AT,, X and I’ lt Y t , Y t then 

1 A'* + Xf + X*= const , 
y i* +*?+**«= const, 

A, T t + A, Y t +XY= const 


From the theory of differential equations we know that there exist 
three particular sets of solutions A ,, X t , X, F lt F„ Y, Z v Z t Z, 
which for the initial values of u and v have the values 1, 0, 0 , 0, 1, 0, 
0, 0, 1 In this case equations (18) become 


(19) 


xt+x;+x*~i. 
F?+i*+r*=i, 
x l r 1 +x t Y t +xr= o, 


which are true for all values of u and v In like manner we have 


(19') 


Zf+Zj + Z*- 1, 

x^+x^+xz^o, 

Y 1 Z l +Y l Z t +YZ=Q 


From (16) it follows that the expressions in the right-hand mem 
bers of (17) are exact differentials, and that the surface defined by 
these equations has, for its linear element and its second quadratic 
form, the expressions 

(20) Edit* + G dv\ D dv? + D 'dv 1 

respectively 

Suppose, now, that we had a second system of three sets of 
solutions of equations (16) satisfying the conditions (19), (19) 
By a motion in space we could make these X’b, Y s, and Z’s equal 
onns, of. the. firak wpfem, far. th& initial values 
of u and v But then, because of the relations similar to (18), they 
would be equal for all values of « and v, as shown m § 13 Hence, 
to within a motion in space, a surface is determined by two quad 
ratio forms (20) As m § 13, it can be shown that the solution of 
equations (16) reduces to the integration of an equation of Kiccati. 
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Later * we shall find that the direction-cosines of any two per- 
pendicular lines in the tangent plane to a surface, and of the normal 
to the surface, satisfy a system of equations similar in form to (16). 
Moreover, these equations possess the property that sets of solu- 
tions satisfy the conditions (18) when the parametric lines are any 
whatever. Hence the choice of lines of curvature as parametric 
lines simplifies the preceding equations, but the result is a general 
one. Consequently w r e have the following fundamental theorem: 

When the coefficients of two quadratic forms, 

E did + 2 Fdudv + Gdv", D did + 2 D'dudv + D'^v 1 , 

satisfy the equations of Gauss and Codazzi, there exists a surface , 
unique to within its position in space, for which these forms are 
respectively the first and second fundamental quadratic forms; and 
the determination of the surface requires the integration of a Riccati 
equation and quadratures. 

From (III, 3), (6) and (6), it follows that if E, F, G\ D, T)\ D" are the funda- 
mental functions for a surface of coordinates (x, y, z), the surface symmetric with 
respect to the origin, that is, the surface with the coordinates (— x, —y,— z), has 
the fundamental functions E,F,G\ - D, — D', - D". Moreover, in consequence 
of the above theorem, two surfaces whose fundamental quantities bear such a rela- 
tion can be moved in space so that they will be symmetric with respect to a point. 
Two surfaces of this kind will be treated as the same surface. 


EXAMPLES 

1. When the lines of curvature of a surface form an isothermal system, the 
surface is said to be isothermic. Show that surfaces of revolution are isothermic. 


2. Show that the hyperbolic paraboloid 

a , , b , . uv 

s = -(u + n), y = -(u-t>), z = — 

is isothermic. 


3. When a surface is isothermic, and the linear element, expressed in terms of 
parameters referring to the lines of curvature, is ds 5 = X 2 (du 2 + do 5 ), the equations 
of Codazzi and Gauss are reducible to 


? , , Pi 1 ?P: 

— logX = — 

Ps Pi — Ps cu 


5 , . P; 1 

— logX = — 

?v Pi Ps- Pi 


iP i 
tv ’ 



0 . 


4. Find the form of equations (11), (IS) when the surface is defined in terms of 
symmetric coordinates (cf. § SO). 


• Cf. § 69. Consult also Scheffers, Vol. II, pp. 310 cf seq. ; Bianchi, Vol. I, pp. 122-124. 
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8 Show that K is equal to zero for the tangent surface of a twisted cam 
taking the linear element of the latter In the form (106), § 20 

6 Show that the total curvature of the surface of revolution of the tractrli 
about its axis is negative and constant 

7 Establish the following formulas, id which the differential parameters are 
formed with respect to the form Edit 1 -f 2 Fdudv + Gdu a 

xf x* Ai(rn „w !l rtf. 


A,X , 
ft 

©fe,z) = X, 

where the quantities have the ss 


Ai(r,z) = 

©tr, z> = 

e significance as 


PiPi 
§ 65, 


6 Deduce the identity 




x. 


and show therefrom that the curves m which a minimal surface Is cut by a 
family of parallel planes and the orthogonal trajectories of these curves form 
an isothermal system 


66. Fundamental equations in another form. We have seen in 
§ 61 that if X, Y, Z denote the direction cosines of the normal to 
a Burface, the direction-cosines of the normal to the spherical rep- 
resentation of the surface are eX, eF, eZ, where e is ±1 according 
as the curvature of the surface is positive or negative If, then, 
the second fundamental quantities for the sphere be denoted by 
A J$" } we have 


(21) J> = -e& 2>'=-*f, 

so that for the sphere equations (7) become 


dv? \ 1 ) 2u b 2 J 2v 

(22 ) 

' ' ■ duBv V. 1 / Su b 2 J dv 

c*X [22V0X [22\'dX 

kn2/r A 

where the Chmtoffel symbols are formed with respect to 

the linear element of the spherical representation, namely 
(23) do 3 = € dv? 4- 2 fdudv + 

The conditions of integrability of equations (22) are reducible 
by means of the latter to 
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■where A „ A., B,, B„ are the functions obtained from the quantities 

. DD"-D ' 2 

a v a,, b v b 2 respectively of § 64 by replacing > JS, F, G 

by 1, S', <£, p respectively. Since the above equations must be sat- 
isfied by Y and Z, the quantities A v A„, B v B„ must be zero. This 
gives the single equation of condition 


, 24 L \L (JL d JL 1 8 / 2 

2 If du \S/f do If du ) dv \ff du 


ffdv' 


JL d JiS 

<off du). 


= 1 . 


Moreover, the Codazzi equations (13') become, in consequence 
of (21), 
d 


(25) 


(€\ a/^\ f22V<f ri2y^ my^_ 

t 2 J Tf - 2 l 2 S Tf + ^ 2 J Tf - °* 
a t£\ d 22V ^ „ri2y^ riiy 

du\ff) dv Uv i J if 1 1 J ff + ^ i j if ’ 


which vanish identically. ^ 

If equations (IV, 13) be solved for — and — , we get 


(26) 


f dx 
du 
dx 


ffn’-gD dx , c W-€D' dx 


If 1 du + 
PD" -PI)’ dX 


dv 


/P 


du 


IP dv 
PD’-£D"dX 
dv' 


IP 


By means of equations (22) the condition of integrability of these 
equations, namely ±(te\d_ (3_A 

dv \du) du \dv) 

and similar conditions in y and z, reduce to 
dD 


(27) 




Hence two quadratic forms 

S du "- f 2Pdudv + pdir, D du Q + 2 D'dudv +D"dv 2 , 

whose coefficients satisfy the conditions (24), (27), may be taken 
as the linear element of the spherical representation of a surface 
and as the second quadratic form of the latter. When A', J r , Z are 
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known, tke cartesian coordinates of tke surface can be found by 
quadratures (26) , however, the determination of the former requires 
the solution of a Riccati equation 

If the equations 

JJ _ __V' jy fe AT SX ZJC jy 8z ZX 

Su du A £w Zv il ev Zv ~4 Zv Zv 

l>e differentiated with respect to « and v the resulting equations may be reduced 
by means of (7) and (22) to the form • 



67 Tangential cobrdinates Mean evolute A surface may be 
looked upon not only as the locus of a point whose position 
depends upon two parameters hut also as the envelope of its 
tangent planes This family of planes depends upon one or two 
parameters according as the surface is developable or not We 
considered the former case in § 27, and now take up the latter 
If W denotes the algebraic distance from the origin to the tan 
gent plane to a surface S at the point M(z, y, s), then 
(29) W=zX+yY+zZ 

If this equation is differentiated with respect to u and v, the 
resulting equations are reducible, in consequence of (IV, 8), to 


( 30 ) 


IF £IF=y £F 

du ’ dv dv 


•Cf Bianchl Vol I p J37 
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The three equations (29), (30) are linear in x, y, z, and in con- 
sequence of (IV, 79, 80) their determinant is equal to e//. Hence 
we have 


x = 


ff 


IF 

Y 

Z 

dW 

8Y 

d_Z_ 

du 

du 

du 

8TV 

8Y 

dz 

dv 

dv 

dv 


and similar expressions for y and z. From (IV, 11) we deduce the 
identities 


(SI) 


du du H \ 


du 


dv ) 


8Z 8Y e / „dX ~8X\ 

[ r T„- z to = TA-*to + ' , tor 


By means of these equations the above expression for x is 
reducible to 


x = WX -f 


1 r dTVdX 
/f l \j du du 


'dW dX 
,du 8v 


dlY dX\ _ dW 8X1 
dv du) dv dv J 


Hence we have 


(32) x = WX+A[{W,X), y = WY + A[(1F, Y), z = WZ+A[(W,Z), 

the differential parameters being formed with respect to (23). 

Conversely, if we have four functions X, Y, Z, T Y of u and v, 
such that the first three satisfy the identity 

(33) X s +Y*+Z' = 1, 


equations (32) define the surface for which X, I r , Z are the direction- 
cosines of the tangent plane, and IF is the distance of the latter from 
the origin. For, from (33), we have 


= o, Vi 


r dx 

dv 


0, 


in consequence of which and formulas (22) we find from (32) that 

2*^=0, 2a'§? = o. 

^ cu ** dv 


Moreover, equation (29) also follows from (32). Hence a surface 
is completely defined by the functions A', Y, Z, TF, which are 
called the tangential coordinates of the surface.* 


* Cf. Woingarten, Festschrift tier Technischen Hacks chule zu Berlin (1884) • Bianchi 
Vol. I, pp. 172-17-1 ; Darbonx, Vol. I, pp. 234-2-18. 
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When equations (30) are differentiated, we obtain 

du 1 cu dudv *4 dudv 



By means oi (22), (29), and (30) these equations are reducible to 

„ IW TllVstr fiiy«p , ert A 

raw- flavor flavor, __i 

(34) ■ j> — *-{. 2} sT + ' w ]' 

ra’ir myair r22V sir , l 

ll?Hi Jsr - l2/* +/,r | 

When these expressions for Z>, D/ 2>" are substituted in the 
expression (IV, 77) for />, + />„ the latter becomes 

A+ft — M'£- M Ks + 'S]- , ’ r 


By means of (25) thi3 equation can be written m the form 

(35) p t +p t ~-(K rr+2W), 

where the differential parameter is formed with respect to the 
linear element (23) of the sphere 

Moreo\er, if A' n 9 denotes the following expression, 


(36) 


A'„0=> 


1 r/^niy^rny^\ 
S£— ^*LW 'lJa# 1 2 J dv) 

W 1 1 J 8u t 2 J 8v/ 



it follows from (34) that 

< s7 > Pj’,= s §E]jr= A « w+WA! ‘ w+w ' 
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In passing we shall prove that A n 6 is a differential parameter 
by showing that it is expressible in the form 


(38) 


A g 2A,gA,(fl,A,fl)-AV 
22 4\e 


Without loss of generality we take 
(39) Edv?+Gdv 2 

as the quadratic form, with respect to which these differential 
parameters are formed. Then 


Ajit = 


A x A t u 


1 A 1 /I St? __ 1_ 3E\ 

E' * U — 2E\G du E 8uJ' 
\dvj \du/ 


E^G 


A it u- 


Aj(«,A !«)= — 


1_ dJE 
E 3 du 


1 \dE 8 G /aEVI 

±E*G\_du te + U / J’ 


By substitution we find 

2 A„m A,(m, A,u)— A,A,« 

4 A,u 

Since the terms in the right-hand member are differential param- 
eters, their values are independent of the choice of parameters 
u and v, in terms of which (39) is expressed. Hence equation (38) 
is an identity. 

The coordinates x a , y 0 , z 0 of the point on the normal to a sur- 
face halfway between the centers of principal curvature have 
the expressions 

*o=z+Hi o i+/> 3 )^; y*=v +1^+9^ z °= z +Hpi+p«)z- 

The surface S 0 enveloped by the plane through this point, which 
is parallel to the tangent plane to the given surface, is called the 
■mean erolute of the latter. 

If ir 0 denotes the distance from the origin to this plane, we have 

(40) TT 0 = 2Xa- 0 = IT+i( p, +p t ). 

By means of (35) this may be written 

( 41 ) tf 0 =-;a;jf. 
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EXAMPLES 

1. Derive the equations of the lines of curvature and the expressions for the 
principal radii la terms of IV, when the parametric lines on the sphere are 
{i) meridians and parallels , 

(h) the imaginary generators 

Show that in the latter case the curves corresponding to the generators lie sym- 
metrically with respect to the lines of curvature 


8 Let IFj and IV* denote the distances from the origin to the planes through 
the normal to a surface and the tangents to the lines of curvature v = const , 
u = const respectively, so that we have 


Show that 


ITi — xXi + yfi 4* zZi, TV* = zX] +■ yYj + ZZ 2 


AiW=*Z *£, 

p* pi 




h 


Pi ' 


pI pi 




-T.ir, x, w, 

pi Pt ’ 


the differential parameters being formed with respect to £du* + 2 Fdude + Gdv* 


3 If 2q = x* + v* + z*, then we have 

«=s+iv(i+i). 4 lW ,in=-(5+5) 

4 Show that when the lines of curvature are parametric 

__i = 1 eg _ew 

Pi ?u iu ~ Pt Sv iv 

5 The determination of surfaces whose mean evolute is a point la the same 
problem as finding isothermal systems of lines on the sphere 


68. The moving trihedral. The fundamental equations of con- 
dition may be given another form, m which they are frequently 
used by French writers. In deriving them we refer the surface to 
a moving set of rectangular axes called the trihedral T. Its ver- 
tex M is a point of the surface, the my-plane is tangent to the 
surface at M, and the positive z-axis coincides with the positive 
direction of the normal to the surface at M. The position of the 
x- anti y-axes is itfXernrmvu luy \Yns angYe V VmcVi iaugwA *i» 
the curve v = const through M makes with the a>axis, U being a 
given function of u and t>. 

In Chapter I we considered another moving trihedral, consisting 
of the tangent, principal normal, and binormal of a twisted curve 
Let us associate such a trihedral with the curve v = const, through 
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If and call it the trihedral t u . W e have found (§ 16) that the varia- 
tions of the direction-cosines a', b\ c' of a line L, fixed in space, 
with reference to f„, as its vertex moves along the curve -which 
we call (?„, are given by 


(42) 


da' 

ds.. 


V 


db 

ds,. 


\Pu v 


dc' 

ds.. 


V 

— r 

T„ 


where /j„, t„ denote the radii of first and second curvature of C u , 
and ds u its linear element ; evidently the latter may be replaced 
by Ve du. 

The direction-cosines of L with respect to the trihedral T have 
the values ' a — a ' C os U — (b' sin 5J U — c' cos ©J sin U, 

(43) • 6 = a' sin U + (6' sin © u — c' cos ©„)cos U, 

c — b' cos © u + c' sin 5 U , 

where 5J U is the angle which the positive direction of the z-axis 
makes with the positive direction of the principal normal to C u at M, 
the angle being measured toward the positive direction of the binor- 
mal of C„. From equations (42) and (43) we obtain the following : 


(44) 


da 


= hr- 


dc 


= cp — ar, — = aq — bp, 


8b 

= or—cq, — 
du etc 

where p, q, r have the following significance : 


cu 


(45) 


^.V5[cos^--i) + sin P 225S], 


■ = Se( s 2 


sin co.. 


\ P« 


dU 

ds. 


D- 


If, in like manner, we consider the trihedral t v of the curve 
u = const, through If, denoted by C r , we obtain the equations 

da cb cc . 

— = 5r,-c ?1 , — = c Pl nr,, - = aq x ~bp v 

where p v q v r, can be obtained from (45) by replacing U, s u , 
“«* P.i r v I>y J*, s r , p r , r r . As V denotes the angle which the 
tangent to the curve C r at M makes with the z-axis, we have 

m r-u = 


: CO. 
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If the vertex M moves along a curve other than a parametric 
line, that is, along a curve determined by a value of dvfdu, the 
variations of a, b, c are evidently given by 


ga du j da dv 
du da dv da 


db du db d v 
du da dv ds * 


dc du ^ dc dv 
du da dv ds 


in which the differential quotients have the above values 

69 Funda m ental equations of condition Suppose that we asso- 
ciate with the trihedral T a second trihedral T 0 whose vertex 0 is 
fixed in space, about which it revolves in such a mannei that its 
edges are always parallel to the corresponding edges of T, as the 
vertex of the latter moves over the surface in a given manner 
The position of T t is completely determined by the nine direction 
cosines of its edges with three mutually perpendicular lines L, L t 
Z t through O Call these direction-cosines a t , J lt c, , a v c t , a,, 
5 S , c. These functions must satisfy the equations 


(47) 


ga x 


db 

dc 

—■-hr 

Bu 

~cq. 

— s= — ar, 

du 

Ba . 


db 

dc 

— — or, 
dv 1 


- = cp t -ar v 

do' 


= aq — bp, 


If we equate the two values of » obtained from the first 

cuov 

two of these equations, .and m the reduction of the resulting equa- 
tion make use of (47), we find 

Since this equation must be true when 5 and c have the values 
6,, c t , 6j, e t , 6 t , Cj, the expressions in parenthesis must be equal 
to zero Proceeding in the same manner with and we 
obtain the following fundamental equations * 
dp dp. 


<48) 


rr, - 


■pr v 


hr g r. 

I*- 

• These equations were first obta ned by Combeseure Annates de VMcole Jfomale 
Set 1 Vol IV (1867) p 108 el also Darboux Vol 1 p iS 
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These necessary conditions upon the six functions p, ■ • • , r v in 
order that the nine functions a v • • • , c 3 may determine the position 
of the trihedral T 0 , are also sufficient conditions. The proof of this 
is similar to that given in § 65. 

Equations (47) have been obtained by Darboux * from a study 
of the motion of the trihedral T 0 . He has called p, q, ■ ■ ■ , r l the 
rotations. 

We return to the consideration of the moving trihedrals T and 
Let (x, y, z) and (P, y\ z') denote the coordinates of a point P 
with respect to T and t u respectively. Between these coordinates 
the following relations hold : 

f x — x 1 cos U — (y 1 sin co u — z' cos S R ) sin 17, 
y = P sin £7 + (y sin 5„ — z' cos 5„) cos 17, 
z == y cos w u + z' sin w u . 


If in a displacement of P absolute increments with respect to 
the trihedral t u at JI7 be indicated by 8, and increments relative to 
these moving axes by d, we have, from § 16, 

(50) 

( K ds u p u ’ ds u ds„ p u r a ds a ds B r u 
From (49), (50), and (45) we obtain the following j- : 

— = — 4 - Vp cos U—ry+ qz , 

8u du * 

^ = — -f VP sin U —pz -f rx. 


8z 

8u 


dz 


Equations similar to these follow also from the consideration 
of the trihedral f„. Hence, when the trihedral T moves over the 
surface with its vertex M describing a curve determined by a 
value of dv/du, the increments of the coordinates of a point 
in the directions of the axes of the trihedral, in the 

* L. c., Vol. I, chaps. I and v. 

t In deriving these equations we have made use of the fact that equations (49) defina 
• a transformation of coordinates, and consequently hold when the coordinates are replaced 
by the projections of an absolute displacement of P. 
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absolute displacement of P, which may also be moving relative 
to these axes, have the values * 

( Sx =* dx f du + + (qdu + q y dv) z~(rdu + r^dv)y, 

ty — dy + T)du + rj t dv + (rdu + r, dv ) x—{p du -f dv)z, 

%z = dz +(pdu+p l dv)y — (qdu + g l dv)z t 

where we have put 


(52) 


£ sa Vi£ cos U, i) ~ Ve sin V , 
£ t ?= Vg cos V=* V5cos(«+U), 


J7 t = Vcsin V=Vg8id(<o-{-U) 


The coordinates of 3f are (0, 0, 0), so that the increments of its 
displacements are 

(53) Sx ec £ du 4- ^dvy &y*=T\du + ij t dv t £z = 0 

If (aq, y v z,) denote the coordinates of 3/ with respect to the 
fixed axes formed by the lines L v L t , L, previously defined, it 
follows that 

(54) ?a = f< , 1+ ,} il 4-, A. 


and similar expressions for y t and z t , where a t , 6,, e,, a„ b t , c t , 
a,, b t , c, are the direction*cosmes of the fixed axes with reference 
to the moving axes Since the latter satisfy equations (47), the 
conditions that the two values of obtained from (54) be equal, 

and similarly for and are 
du dv dudv 


(55) 


0? 0?. 

T*-u = rir ~ v ' r ' 

h 0?i t {. 


When we have ten functions £, £,, 17, *7,, p, Pj> y, <?,, r, rq satis 
fying these conditions and (48), the functions a v , <q can he 
found by the solution of a Kiccati equation, and x v y K , z t by quad 
ratures Hence equations (48) and (55) are sufficient as well as 
necessary, and consequently are equivalent to the Gauss and 
Codam equations 

• Cf Darboox Vol II p 348 



LINES OF CURVATURE 171 


70. Linear element. Lines of curvature. From (53) we see that 
the linear element of the surface is 

(56) <?s 2 = (£ du + dvf + (ij du + tj 1 dvf. 

Hence a necessary and sufficient condition that the parametric 
lines be orthogonal is 

(57) &t+iTOi=0. 


For a sphere of radius c the coordinates of the center are (0, 0, — c), it being 
assumed that the positive normal is directed outwards. As this is a fixed point, it 
follows from equations (61) that whatever be the value of dv/du we must have 


atid consequently 
( 68 ) 


£du + 6idr — (qdu + qidv)c = 0, 
■qdu + ijido + (pdu + pidv)c = 0, 

- — — — fi = 1,1 = c 
q~ -p~ Qi~ -pi~ 


Conversely, when these equations are satisfied, the point (0, 0, — c) is fixed in space, 
and therefore the surface is a sphere. Moreover, suppose that we have a propor- 
tion such as (68), where the factor of proportionality is not necessarily constant. 
For the moment call it t. When the values from (68) are substituted in (66) and 
reduction is made in accordance with (48) we get 




0 , 


dv du 


Hence t is constant unless fi Jl — fa is zero, which, from (66) and § 81, is seen to 
be possible only in ease the surface is isotropic developable. 


By definition (§ 51) a line of curvature is a curve along which 
the normals to the surface form a developable surface. When the 
vertex is displaced along one of these lines, a point ( 0 , 0 , p) must 
move in such a way that Sx and By are zero. Hence we must have 

f du + tj x dv + (q du + q x dv) p — 0 , 
i} du -f- Thdv — (p du+p v dv)p = 0. 

Eliminating p and dv/du respectively, tve obtain the equation of 
the lines of curvature, 

( 59 ) (£ du 4- dv) ( p du + p x dv) + (77 du + 77, du) (q du + q x dv) = 0 , 
and the equation of the principal radii, 

(50) p'{P9i~QPi) + p (qvi — qpi + — ih£) + (f • *h — d = °* 

From (59) it follows that a necessary and sufficient condition 
that the parametrio lines be the lines of curvature is 

( 61 ) + 779 = 0 , 
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We may replace these equations by 

F“ x 7. j = -X ?, Px~\n t i 9,- — \Zv> 
thus introducing two auxiliary functions X and X l When these 
values are substituted in the third of (55), we have 

(X-\)(tf,+ w,)=0 

If X and \ are equal, the above equations are of the form (58) 
which were seen to be characteristic of the sphere and the iso 
tropic developable Hence the second factor is zero, so that equa 
turns (61) may be replaced by 

(62) 8|+<W, a 0, PPi + 99 j = °> 

of which a particular case is 

(63) 0 

From (52) it follows that in the latter case the x and y-axes are 
tangent to the curves tis= const and u = const We shall consider 
this case later 

From (60) and (52) we find that the expression for the total 
curvature of the surface is 

JEV- ! P t,-M , 

P,P, ViGs 1. 

where *> denotes the angle between the parametric curves Hence 
the third of equations (48) may be written 

(64) VEGfi\no> _ H dr gr, 

P.P 3 Pi Pi ~ du 

71. Conjugate directions and asymptotic directions Spherical 
representation. We have found (§ 54) that the direction in tl e 
tangent plane conjugate to a given direction is the charactemtic 
of this plane as it envelopes the surface in the given direction 
Hence, from the point o! view of the moving trihedral, the direc- 
tion conjugate to a displacement, determined by a value of dvjdu, 
is the line in the xy plane which passes through the origin, anci 
which does not experience an absolute displacement in the 
direction of the 2 -axis From the third of equations (51) it is 
seen that the equation of this line is 

(65) (p du + p t dv) y—(qdu + q x dv) z= 0. 
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If the increments of u and v, corresponding to a displacement in 
the direction of this line, be indicated by dpi and dp, the quan- 
tities x and y are proportional to (f dpi + ^dp) and (y dpi + y x dp). 
When x and y in (65) are replaced by these values, the resulting 
equation may be reduced to 

(66) (p 7j — q£) dndpi + (py 1 — ?£,) dudp + (pp — q£) dpidv 

+ (Pdh ~ ?i£i) dpdv — 0. 

In consequence of (55) the coefficients of dudp and dpidv are 
equal, so that the equation is symmetrical with respect to the 
two sets of differentials, thus establishing the fact that the rela- 
tion between a line and its conjugate is reciprocal. 

In order that the parametric lines be conjugate, equation (66) 
must be satisfied by du = 0 and dp = 0. Hence we must have 

(67) 0, PP ~ = °- 

It should be noticed that equations (61) are a consequence of the 
first of (62) and (67). Hence we have the result that the lines of 
curvature form the only orthogonal conjugate system. 

From (66) it follows that the asymptotic directions are given by 

(68) (prj-qZ) du" -f (pvi~~ qiji + ppi - q£) dudv+ (pp h ~ q£ x ) dtr=0. 

The spherical representation of a surface is traced out by the 
point m, whose coordinates are (0, 0, 1) with respect to the tri- 
hedral T 0 of fixed vertex. From (51) we find that the projections 
of a displacement of m, corresponding to a displacement along the 
surface, are 

(69) 8A' = q du + q y dv, SF= — (pdu + p t dv), SZ= 0. 

Hence the linear element of the spherical representation is 

(70) dxr—(qdu+q 1 dv)" + (pdu+ p x dvy. 

The line defined by (65) is evidently perpendicular to the direc- 
tion of the displacement of m, as given by (69). Hence the tangent 
to the spherical representation of a curve upon a surface is perpen- 
dicular to the direction conjugate to the curve at the corresponding 
point. Therefore the tangents to a line of curvature and its rep- 
resentation are parallel, whereas an asymptotic direction and its 
representation are perpendicular (§ 61). 
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72 Fundamental relations and formulas From equations (53) 
and (69) we have, for the point M on the surface. 


( 71 ) 

and 

(72) 



Consequently the following relations hold between the fundamental 
coefficients, the rotations, and the translations 

i = ^=((, + VV„ G = (t + v}, 

(78) -»=;,-} f, D’=p,v~t,(=pv,-tt,. J>'=p t v,-v£* 

g=p'+f, <?=/?>, +{?„ &=r!+i! 

When, in particular, the parametric system on a surface is orthog 
onal, and the x and y axes of the trihedral are tangent to the curves 
v = const and « = const through the vertex, equations (52) are 

(74) e-vs, k,-vs, 

and equations (55) reduce to 


(T5) r~— 


l avT 
Vg to 


1 dVG 
1 Ve to 


pVG + q t VE^Q 


Moreover, equations (45) and the similar ones for p v q# r, become 



The first two of equations (75) lead, by means of (76), to 
Bin. 5, _ 1 sVj? sinw. _ 1 d~'/~G ^ 

y ” / ~-pl VeG to ’ P. ~'/EG to 
which follow also from § 58 

The third of equations (75) establishes the fact, previously 
remarked in § 59, that the geodesic torsion m two orthogonal 
directions differs only m sign 
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The variations of the direction-cosines Xj, Tf, Zj of the tangent to the curve 
v = const, are represented by the motion of the point (1, 0, 0) of the trihedral To 
with fixed vertex. From (61) we have 


(78) 





SZi 

Su 


= -?. 


iZi 

cv 


= - 9j . 


From these equations we see that as a point describes a curve v = const, namely 
C«, the tangent to this curve undergoes an infinitesimal rotation consisting of two 
components, one in amount rdu about the normal to the surface and the other, 

— qdu, about the line in the tangent plane perpendicular to the tangent to C u . 
Consequently, by their definition, the geodesic and normal curvature of C„ are 
r/VE and — g/Vjc respectively. Moreover, it is seen from (72) that as a point 
describes C„ the normal to the surface undergoes a rotation consisting of the com- 
ponents qdu about the line in the tangent plane perpendicular to the tangent, and 

— pdit about the tangent. Hence, if C„ were a geodesic, the torsion would be 
p/Vi? to within the sign at least. Thus by geometrical considerations we have 
obtained the fundamental relations (76). 


We suppose now that the parametric system is any whatever. 
From the definition of the differential parameters (§ 37) it follows 


that 


E = H-\v, G = 


Consequently if P , Q, R denote functions similar to p, q, r, for a 

general curve , . 

° <p(u, v) = const., 

which passes through M and whose tangent makes the angle 
with the moving ar-axis, we have, from (45), 


(79) 


> = Vascos sin 

Q = Va^> jsin <I> ^ - cos <& , 


u here by (III, 51) //f * = A s $ App- — A® (<£, ijr) and = const, defines 
any other family of curves. 

Moreover, equations analogous to (44) are 

da _ bR- c Q db cP-aR dc _ aQ~bP 

ds ds H^Arf,' da Jf^Atf,' 
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If now in 


da da du j da dv 
ds du da Bi da 


we replace the expressions foi * 
for db/da and dc/dx, we obtain 1 

Pda ~ If, Va,$> (p du -f pj dv), Qda = II ^ {q du + dv), 

Eds =H l \'A ] $(r du + r,dt)) 

From these equations and (79) we derive the following funda 
mental formulas 


(80) 


= cos <t> (p du -f- p,dv) + sm 4>(qdu + q,dv). 


-da = sin (p du + p,dv) — cos 4*(y du + g,dv), 
ina> d<P du , do 

■7~=i?r +r x +r -x 


By means of the last of equations (80) we shall express the 
geodesic curvature of a curve in terms of the functions E, F, G, 
of their derivatives, and of the angle 0 which the curve makes 
with the curve v = const If we take the x axis of the trihedral 
tangent to the curve v ~ const , we obtain from the last of (80), 
in consequence of (45), 


1 


+ Ve du ^ 

(Vg 

did) 

p/ 

da 

Pr> da 

\P^ 

do/ 


From (III, 15, 16) we obtain 

1 [ F ( G BE BG\ 8F1 

dv* 3 K\.2EG\ to to) 


When thi3 value and the expressions for p^ and p^, (IV, 57) are 
substituted in the above equation, we have the formula desired 

gl 1 _- d0 \ 1 ( dF F 8E ldE \ du i 1 (** ■ FdE \ dv 

' ' p t ** da + &\du 2 Eto 2 dv) dt + 2JET\Bu'~ E dv) <f* 


EXAMPLES 

1 A necessary and sufficient condition that the origin of the trihedral Tbe the 
only point in the moving zy plane wh ch generates a surface to which this plane is 
tangent is that the surface be nondevetopabie 
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2. Determine p so that the point of coordinates (p, 0, 0) with respect to T shall 
describe a surface to which the x-axis of T is normal ; examine the case when the 
lines of curvature are parametric and the x-axis is tangent to the curve v = const. 

3. When the parametric curves are minimal lines for both the surface and the 
sphere, it is necessary that 

i? = if, ’ll = — *ti, 3 = — Vi 3l = Vu 

or n = -i£, rn = t£i, 3 = fp, = 

in this case tiie parametric curves on the surface form a conjugate system, and the 
surface is minimal (cf. § 66). 

4. Wiien the asymptotic lines on a surface form an orthogonal system, we 

must have + qp l = 0, pi£ + Qiv = 0, 

in which case the surface is minimal. 


6, When the lines of curvature are parametric, and the x-axis of T is tangent 
to the curve v = const., equations (80) reduce to 


1 f5 /I IN . . . 

— = ( 1 sin* cos*, 

r da \Pi Pi 


COSw 

p 


cos 2 * sin 2 # 


Pi 


Pi 


sin 5 _ d* 
p ds Pi 


1 / q dPi du pi dp 2 du\ 
— p i \Pi 6 b ds q cu ds) 


6. When the second equation in Ex. 6 is differentiated with respect to s, the 
resulting equation is reducible to 

,6Pi, 


cos u dp sin 

“5 + 


/ 8 — - 

P \ ds t) h du \ds) * dv \ds) ds 


„ , SPn du fdv\- 

+ 8 * +i * 


dPi/dv y 
dv \ds) 


7. On a surface a given curve makes the angle * with the x-axis of a trihedral T; 
the point P 0 of coordinates cos*, sin *, 0 with reference to the parallel trihedral To 
with fixed vertex, describes the spherical indicatrix of the tangent to the curve; 
the direction-cosines of the tangent to this curve are 

— sin* sin 3, cos* sin 3, cos 3, 

where 3 has the significance indicated in § 40, and the linear element is ds/p; derive 
therefrom by means of (61) the second and third of formulas (80). 


8. The point B, whose coordinates with reference to T 0 of Ex. 7 are 
sin * cos 3, — cos * cos 3, sin 3, 

describes the spherical indicatrix of the binormal to the given curve on the surface, 
and its linear clement is.ds/r; derive therefrom the first of formulas (80). 


73. Parallel surfaces. We inquire under what conditions the 
normals to a surface are normal to a second surface. In order that 
this be possible, there must exist a function t such that the point 
of coordinates {0, 0, t), with reference to the trihedral T, describes 
a surface to which the moving x-axis is constantly normal. Hence 
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we must have £z = 0, and consequently, by equations (51), t must 
be a constant, which may have any value whatever We have, 
therefore, the theorem 

Jf segments of constant length be laid off upon the normals to a sur- 
face , these segments being measured from the surface , the locus of their 
other endpoints is a surface with the tame normals as the given surface 

These two surfaces are said to be parallel Evidently there is 
an infinity of surfaces parallel to a given surface, and all of them 
have the same spherical representation 

Consider the surface for which t has the value a, and call it S 
From (51) it follows that the projections on the axes of T of a dis 
placement on S have the values 
^ = + (:,*>+(?*« + 9 , do) a, 

l Sg = rj da + rj t dv — {p du + pffv) a 

Comparing these results with (53), we see that the displacements 
on the two surfaces corresponding to the same value of dv/du are 
parallel only m case equation (59) is satisfied, that is, when the 
point describes a line of curvature on S But from a characteristic 
pioperty of lines of curvature (§ 51) it follows that the lines of cum 
ture on the two surfaces correspond Hence we have the theorem 

The tangents to corresponding lines of cunature of two parallel 
surfaces at corresponding points are parallel 

From (82) and (73) we have the following expressions for the 
first fundamental quantities of A 

h~E~2aD + a , ^ l 
< 83 ) I = E~2aD’+a , e £ 

, G^G-ZaD'+a'g, 
or, m consequence of (IV, 78), 



1-^-) 

PxP 

+ D«| 

» 

+ 

-4 


(i~~ 

PxP 

+ 2><i 

kh: 

-] 

G = G 

PxP,) 

+Z>’a 

KH 

M 


( 84 ) 
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The moving trihedral for <S can be taken parallel to T for S, 
and thus the rotations are the same for both trihedrals 5 and from 
(82) it follows that the translations have the values 

f = £ + !,= & +aq v ij = v -ap, Vt^Vi—aPi- 

On substituting in the equations for S analogous to (59), (60), ( 66 ), 
we obtain the fundamental equations for S in terms of the functions 
for S. Also from (73) we have the following expressions for the 
second fundamental coefficients for S : 

(85) D = D—a€, D' — D'— a&, j5"=D"—ag. 

Since the centers of principal curvature of a surface and its 
parallel at corresponding points are the same, it follows that 

( 86 ) p 1 =*p 1 — a, p 2 = p„- a . 

Suppose that we have a surface whose total curvature is constant 
and equal to 1/r. Evidently a sphere of radius c is of this kind, 
but later (Chapter VIII) it will be shown that there is a large group 
of surfaces with this property. We call them spherical surfaces. 

P rom ( 86 ) we have + a ) (p 2 + a) = c 2 , 

so that if we take a = ± c, we obtain 



Pi Pi 



Hence we have the theorem of Bonnet:* 

With every surface of constant total curvature 1 /c" there are asso- 
ciated two surfaces of mean curvature ±l/c; they are parallel to the 
former and at the distances + c from it. 

And conversely, 

TFif/i every surface whose mean curvature is constant and different 
from zero there arc associated two parallel surfaces , one of which has 
constant total curvature atid the other constant mean curvature. 


74. Surfaces of center. As a point M moves over a surface S 
the corresponding centers of principal curvature M 1 and M. describe 
two surfaces S l and S„, which are called the surfaces of center of S. 
Let C, and C. be the lines of curvature of S through IT, and L, and 
It, the developable surfaces formed by the normals to S along C t 

* annates i U mathCmatigues, Ser. 1, Vol. XII (1853), p. -533. 
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and C t respectively The edge of regression of D x , denoted by F„ 
is a curve on S x (see fig 17), and consequently S t is the locus of 
one set of evolutes of the curves C x on S Similarly S % is the locus 
of a set of evolutes of the curves C, on S For this reason S x and 
S. nre said to constitute the evolute of S, and S is their involute 
Evidently any surface parallel to S is also an involute of S l and S 2 
The line M x M t% as a generator of D x , is tangent to T, at M v 
and, as a generator of D f , it is tangent to T, at M t Hence it is a 
common tangent of the surfaces S x and S } 
From this it follows that the developable 
surface D x meets S x along r\ and envelopes 
S 2 along a curve T' Its generators are con 
sequently tangent to the curves conjugate 
to T' (§ 54) In particular, the generator 
M x M a is tangent to T,, and therefore the 
directions of F, and T' at 7H t are conjugate 
Similar results follow from the considers 
tion of D t Hence 

On the surfaces of center of a surface S 
the curves corresponding to the lines of cur 
vature of S form a conjugate system 

Since the developable D, envelopes S t 
the tangent plane to 5, at ill, is the tangent 
plane to D x at this point But the tangent 
plane at M 2 is tangent to D x all along M X M. (§ 25) and consequently 
it is determined by jVjiJf, and the tangent to C, at M Hence the 
normal to S t at Jf is parallel to the tangent to C, at M In like 
manner, the normal to S x at 1/, is parallel to the tangent to C x at M 
Thus, through each normal to Sne have two perpendicular planes, 
of which one is tangent to one surface of center and the other to 
the second surface But each of these planes is at the same time 
tangent to one of the developables, and is the osculating plane of 
its edge of regression Hence, at every point of one of these curves, 
the osculating plane is perpendicular to the tangent plane to the 
sheet of the evolute upon which it lies, and so we have the theorem 
The edges of regression of the detelopable surfaces formed by the 
normals to a surface along the lines of curvature of one family art 



SURFACES OF CENTER 


181 


geodesics on the surface of center which is the locus of these edges ; 
and the developable surfaces formed by the normals along the lines of 
curvature in the other family envelope this surface of center along the 
curves conjugate to these geodesics. 

In the following sections we shall obtain, in an analytical manner, 
the results just deduced geometrically. 

75. Fundamental quantities for surfaces of center. As the trihe- 
dral T moves over the surface S the point (0, 0, pj) describes the 
surface of center S r Let the lines of curvature on 8 be parametric, 
and the avaxis of T be tangent, to the curve v =» const. Now 

Ve Vg 

(87) ^ = li=^-?j = 0, ? = -— » Fi = — ’ 

so that the first two of equations (48) may be put in the form 

Ve/i i\ _/i i\ l aVu , c /1\ 

(88) P*t U pJ^G 9u du\pj ’ 

( ^g/1 1 /L 1\ 1 _ d / 1\ 

,Ve\Pi PJ pJ-Se to to\pj 

The projections on the moving axes of the absolute displace- 
ment of M x corresponding to a displacement of M on S are found 
from (51) to be 

(89) 5x,= 0, hy l -(Vi — p l p 1 )dv=VG(l—~'jdv, Sz 1 = dp 1 . 
Hence the linear element of S l is 

(90) ds? = dpi + G (l - ^ dir ; 

consequently the curves p x = const, on S, are the orthogonal tra- 
jectories of the curves v = const, which are the edges of regression, 
T,, of the developables of the normals to S along the lines of 
curvature r = const. 

Let us consider the moving trihedral T x for .*>, formed by the 
tangents to the curves t> = const, and p x — const, at M x and the nor- 
mal at this point. From (89) it follows that the first tangent has 
the same direction and sense as the normal to 5, and that the sec- 
ond tangent has the same direction as the tangent to u = const, on 
S, the sense being the same or different according as (1 — p, /p t ) is 
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positive or negative And the normal to S t has the same direction 
as the tangent to v = const on S, and the contrary or same sense 
accordingly 

If then we indicate with an accent quantities referring to the 
moving trihedral T v we have 


(91) 


z'=z — p v z' = — ex, 

a'— c, b'~ eb, c'= — fa. 


where e is ± 1 according as (1 — p t /p i ) is positive or negative From 
(89) it follows that 



r=?:=o 


When the values (91) are substituted in equations for Z\ similar 
to equations (47), we find 

}'=<?> S=-,p = 0, 


(93) 


V'r r ' 

IPl-'v 


Since r f is zero, it follows from (76) that the curves v = const are 
geodesics, as found geometrically 

The various fundamental equations for S, may now be obtained 
by substituting these values m the corresponding equations of the 
preceding sections Thus, from (73) we have 


which follow likewise from (90), and also 

(95) ■»,= », A"= 


tp, G_ Ip, 

’ Pi 'Jh 8 “ 


Hence the parametric curves on S, form a conjugate sj stem 
(cf § 5 4) 

The equation of the lines of curvature may be written 
(96) iu*+[r, + r-^ + m (p- + r, & 0, 

and the equation of the asymptotic directions is 
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The expression for K v the total curvature of S v is 

(98) ATj = — - — - — -5 ~ • 

(Pi-Pj d Pi 


From (80) and (93) it follows that the geodesic curvature at M 1 of 
the curve on S x which makes the angle with the curve v — const, 
through M 1 is given by 

1 <M> dv 

— 1 £p 

P, ds , ^ 

Hence the radius of geodesic curvature of a curve p x — const., that 
is, a curve for which <1\ is a right angle, has, in consequence of 
(87), the value p x — p„. In accordance with § 57 the center of geo- 
desic curvature is found by measuring off the distance p x — p 2 , in the 
negative direction, on the 2 -axis of the trihedral T. Consequently 
is this center of curvature. Hence we have the following theo- 
rem of Beltrami: 

The centers of geodesic curvature of the curves p x — const, on S 1 
and of p„— const, on S 2 are the corresponding points on S„ and S x 
respectively. 

For the sheet S„ of the evolute we find the following results: 

(90') = dic+ dpi ; 

the equation of the lines of curvature is 

(96') r & dir + [r & + r, + p x q (ft.— /»,) j dudv + r, ^ dir = 0 ; 

the equation of the asymptotic lines is 


(97') lJPl dl p^ d 4l dl p = 0 ; 

Pi cv PI cv 

the expression for the total curvature is 


d _Pi 
1 cv 

(Pi-Pi?^' 

cv 


( 98 ) 



184 FUNDAMENTAL EQUATIONS 

In consequence of these results we aTe led to the following 
theorems of Ribaucour,* the proof of which we leave to the reader 
A necessary and sufficient condition that the lines of curvature upon 
S x and S t correspond is that p l — p t —c (a constant), then IT, self, 
= — l/c 1 , and the asymptotic lines upon S x and S a correspond 

A necessary and sufficient condition that the asymptotic lines on S l 
and S x correspond is that there exist a functional relation between p r 
and p t 

76 Surfaces complementary to a given surface We have just 
seen that the normals to a surface are tangent to a family of geo 
desics on each surface of centers Now we prove the converse 
The tangents to a family of geodesics on a surface S t are normal 
to an infinity of parallel surfaces 

Let the geodesics and their orthogonal trajectories be taken for 
the curves v = const and u = const respectively, and the paiam 
etera chosen so that the linear element has the form 
d»l — dv?+ G t dv* 

We refer the surface to the trihedral formed by the tangents to 
the parametric curves and the normal, the x axis being tangent to 
the curve v = const Upon the litter we lay off from the point 
of the surface i length X, and let P denote the other extremity 
As i!f, moves over the surface the projections of the corresponding 
displacements of P have the values 

(99) rfX+dti, (^G x + X d dv, — \(qdu + q x dv) 

In order that the locus of P be normal to the lines AfjP, we 
must have dx + du = 0, and consequently 
X = — u + c, 

where e denotes the constant of integration whose value determines 
a particular one of the family of parallel surfaces If the direction 
VMAWfc?. vi Mj? ’it -Ah veisxeafte. frrai uses V/t A, Y,, Z t , tfoft 
coordinates of the surface S, for which c = 0, are given by 
x = x l —uX 1 , y~V\~~ 2 = z, — uZ v 

where x t , y,, z, are the coordinates of 3f t 

• Comples Rendiu Vol I.XX1V (1872) p 1399 
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The surface S Y is one of the surfaces of center of S. In order 
to find the other, S„ we must determine A so that the locus of P 
is tangent at P to the zz-plane of the moving trihedral. The con- 
dition for this is --/tt _ 

^ix+V£=o. 

8 u 1 

Hence S t is given by 

. ", Vs, 


aVg, 

dii 


x v y*=y x - 


eVg, 

du 


Z,= Z, 


du 


and the principal radii of S are expressed by 
(100) - - 


Pl = u, Pt =u- 


8Vg t 

du 


Bianchi * calls S z the surface complementary to S 1 for the given 
geodesic system. 

Beltrami has suggested the following geometrical proof of the 
above theorem. Of the involutes of the geodesics r = const, we 
consider the single infinity which meet S, in one of the orthogonal 
trajectories u = u 0 . W e shall prove that the locus of these curves 
is a surface S, normal to the tangents to the geodesics. Consider 
the tangents to the geodesics at the points of meeting of the latter 
with a second orthogonal trajectory u = w r The segments of these 
tangents between the points of contact If and the points P of 
meeting with S are equal to one another, because they are equal 
to the length of the geodesics between the curves u=u 0 and u = u r 
Hence, as M moves along an orthogonal trajectory u — u l of the 
lines MP, P describes a second orthogonal trajectory of the latter. 
Moreover, as M moves along a geodesic, P describes an involute 
which is necessarily orthogonal to MP. Since two directions on S 
are perpendicular to MP, the latter iB normal to S. 


EXAMPLES 

1. Obtain the results of § 78 concerning parallel surfaces without making use of 
the moving trihedral. 

2. Show that the surfaces parallel to a surface of revolution are surfaces of 
revolution. 

•Yol. I, p. 233. 
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3 Dolarmlr-o the conjugate systems upon a surface such that the eomspondbg 
curves on a parallel surface form a conjugate system. 

4 Determine the character of a surface 8 such that its asymptotic lines corre 
spond to conjugate lines upon a parallel surface, and find the latter surface 

5 Show that when the parametric curves are the lines of curvature of a surface, 
the characteristics of the yz plane and xr-plane respectively of the moving tribe 
dral whose z-aila is tangent to the curve v = const at the point are given by 

(r da + ridr)p — q{z — p t ) du = 0, 

(rdu +rido)z — prfr — = 0, 

and show that these equations give the directions on the surfaces Si and Sj which 
are conjugate to the direction determined by dv/du 

6 Show that for a canal surface (§ 29) one surface of centers i3 the curve of 
centers of the spheres and the other f3 the polar developable of this curve 

7 The surfaces of center of a helicoid are hellcoids of the same axis and 
parameter as the given surface 


GENERAL EXAMPLES 

1 If t is an Integrating factor of VEdu + and U the conjugate 

imaginary function, then AjlogVtt^ Is equal to the total curvature of the quadratic 
form Edu? + 2EdudD + Odo\ all the functions in the latter being real 


2 Show that the sphere Is the only real surface such that Its first and second 
fundamental quadratic forms can be the second and first forma respectively of 
another surface 


3 Show that there exists a surface referred to Its lines of curvature with the 
linear clement da* = e"(du‘ i do*), where a is a constant, and that the surface Is 
developable 

4 When a minimal surface la referred to its minimal lines 


■D = *(u), 1T= 0, Z/'= ^(c) 

hence the lines of curvature and asymptotic lines can be found by quadratures. 

6 Establish the following identities in which the differential parameters ar 
formed with respect to the linear element 

o (t , 

x,r, x,r, x ,r. 


Ai<x, F) = - 
Prove that (cf Ex. 2, p 1 


0{*. Y)~~ 


v #*/ Votoyn n} \p* ?l) 
pi} v»j pH Ve^\h ptf Vociypi p*f 
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7. Show that z 2 + y- + z- = II' 2 + Ai W, 

the differential parameter being formed with respect to (23). 

8. A necessary and sufficient condition that all the curves of an orthogonal 
system on .a surface be geodesics is that the surface be developable. 

9. If the geodesic curvature of the curves of an orthogonal system is constant 
(different from zero) all over the surface, the latter is a surface of constant negative 
curvature. 

10. When the linear element of a surface is in the form 

ds- = du- + 2 cos w dudv + dt> 2 , 

the parametric curves are said to form an equidistantial system. Show that in this 
case the coordinates of the surface are integrals of the system 
c 2 x d*y c-z 

dudv _ dudv dudv 

dy dz dz dy dz dx dz dx ex dy dx dy 

du dv du dv du d v dv du du dv dv du 

11. If tho curves o = const., u = const, form an equidistantial system, the tan- 
gents to the curves v = const, are orthogonal to the lines joining the centers of geo- 
desic curvature of the curves u = const, and of their orthogonal trajectories. 

12. Of all the displacements of a trihedral T corresponding to a small displace- 
ment of its vertex: M over the surface there are two which reduce to rotations ; they 
occurwhcn .V describes either of tho lines of curvature through the point, and the 
axes of rotation are situated ip the planes perpendicular to the lines of curvature, 
each axis posing through one of the centers of principal curvature. 

13. When a surface is referred to its lines of curvature, the curves defined by 

q-^-du 3 + 3 q- — difldv + 3p? — dudv 7 + p? ™ dt 4 = 0 
du dv cu cv 

possess the property that the normal sections in these directions at a point are 
straight lines, or are superosculated by their circles of curvature (cf. Ex. 9, p. 21; 
Ex. 0, p. 177). These curves are called the superosculating lines of the surface. 

14. Show that the superosculating lines on a surface and on a parallel surface 
correspond. 

18. Show that the Gauss equation (Of) can be put in the following form due to 

Llouville : . 

wEG sin a _ d I v E\ d f vff\ c 2 w 

pjp- cv\ py„ j cu\pg V J dudv’ 

where p ^ and p^ denote the radii of geodesic curvature of the curves v = const, and 
« = const, respectively. 

1C. When the parametric curves form an orthogonal system, the equation of 
Ex. 15 may be written 

1 _ 1 d / 1 \ l_±/±\_2 L 

PlPi VG^W/ du \p^} p 2 „ p 2 / 

17. Determine the surfaces which are such that one of them and a parallel 
divide harmonically the segment between the centers of principal curvature. 
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II Determine the surface s 'which are such that one of them and a parallel 

admit of an equivalent representation (cf Ex. 14, p 113) with lines of curvature 

corresponding 


1 9 Derive the following properties of the surface 



(i) the parametric lines are plane lines of curvature , 

(li) the principal radii of curvature are fix = r, = — u , 

(111) the surface Is algebraic of the fourth order , 

(It) the surfaces of center are focal conics. 

20 Given a cane C upon a surface S and the ruled surface formed by the tan- 
gems to S which are perpendicular to C at Its points M , the point of each generator 
Mif at which the tangent plane to the ruled surface Is perpendicular to the tan- 
gent plane at SI to S la the center of geodesic curvature of C at SI when the ruled 
surface is developable, this center ol geodesic curvature ia the point of contact of 
J/.V with the edge of regression 

91 If two surfaces have the same spherical representation of their lines of 
curvature, the locus of the point dividing the join of corresponding points In con- 
stant ratio Is a surface with the same representation 

22 The locus of the tenure of geodesic curvature of a line of curvature Is an 
erolute of the latter 

23 Show that when E, F, O, D, Jf, IT of a surface are functions of a single 
parameter, the surface Is a helicoid, or a surface of revolution 
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77. Asymptotic lines. We have said that the asymptotic lines 
on a surface are the double family of curves whose tangents at 
any point are determined in direction by the differential equation 

D du" + 2 D'dudv + D”dv" = 0. 


These directions are imaginary and distinct at an elliptic point, 
real and distinct at a hyperbolic point, and real and coincident at a 
parabolic point. If we exclude the latter points from our discussion, 
the asymptotic lines may be taken for parametric curves. A neces- 
sary and sufficient condition that they be parametric is (§ 55) 

(1) D=D”= 0. 


Then from (IY, 25) we have 

( 2 ) K=- 


if 2 


1 

P" 


where p as thus defined is called the radium of total curvature. 
The Godazzi equations (Y, 13') may be written 


(S) 


aiogp fi2 


cu 


'1 


L2\ 

2/’ 


aiogp 

8v 


■*{? 


121 


P 


of which the condition of integrability is 

(4) 

W gullJ dv\2J 


In consequence of (V, 3) this is equivalent to 


-1/221 ± rni 

git I 2 J giAlJ 


in § 64 we saw that iT is a function of E, F, G and their deriva- 
tives. Hence equations (3) are two conditions upon the coefficients 
of a quadratic form 

(6) Edu*+ 2Fdudv + Gdv 2 ,' 

180 
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that it may be the linear element of a surface referred to its asymp- 
totic lines. When these conditions are satisfied the function Ef is 
given by (2) to within sign. Hence, if v?e make no distinction be- 
tween a surface and its symmetric with respect to a point, from § 65 
follows the theorem : 


A necessary and sufficient condition that a quadratic form (6) be 
the linear element of a surface referred to its asymptotic lines is that 
its coefficients satisfy equations (3); token they are satisfied, the surface 
is unique. 

Tor example, suppose that the total curvature of the surface is the same at 
every point, thus j 


where a is a constant In this case equations (3) are 

O— — F — = o, 

tro ill £v du 

which, since 3* 0, are equivalent to 

i£ = o, 5“=o 

it tu 


Hence E is a function of u alone, and 0 a function of v alone By a suitable choice 
of the parameters these two functions may be given the value a*, so that the linear 
element of the surface can be written 


(7) dj* = a*(du* + 2 cos « duds + do 3 ), 

where u denotes the angle between the asymptotio I ines Thus far the Codarzl equa- 
tions are satisfied and only the Gauss equation {V, 12) remains to be considered. 
When the above values are substituted, this becomes 


Hence to every solution of this equation there corresponds a surface of constant 
curvature — ^ whose linear element is given by (7) 

The equation of the lines of curvature is du* — dp* = 0, so that If vre put 
uq-c = 2ui,u — s = 2 Sj, the quantitlee uj and tj are parameters of the Iine3 of cur- 
vature, and in terns of these the equation of the asymptotic lines is du* — dc* =0 
Hence, when either the asymptotic lines or the lines of curvature are known upon 
a surface of constant curvature, the other system can be found by quadratures 


When the asymptotic lines are parametric, the Gauss equations 
(V, 7) may bo written se 

(9> VS ^ n 
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where a, b , a v b l 
consequence of (5) 
( 10 ) 


are determinate functions of u and v, and in 

da _ 8b x 
8v 8u 


Conversely, if two such equations admit three real linearly inde- 
pendent integrals /,(«, v), f„ (u, v), / s ( m , v), the equations 
x =/,(», v), y =/.(«, v), z =/,(«, w) 
define a surface on which the parametric curves are the asymptotic 
lines. For, by the elimination of a, l, a,, 6, from the six equations 
obtained by replacing 6 in (9) by x, y, z we get 


d-x 

d‘y 

(TZ 


d 2 x 

cry 

erz 

8 if 

du- 

du 2 


dv 2 

dv 2 

dv 2 

dx 

ty 

dz_ 

= 0 , 

dx 

ty 

gz 

du 

die 

du 


du 

du 

du 

dx 

dy 

dz 


dx 

ty 

dz 

Tv 

dv 

dv . 

. 

dv 

dv 

Tv 


which are equivalent to (1), in consequence of (IY, 2, 5).* 


As an example, consider the equations 


Su? 


= 0 , 


cP8 

ov- 


0 , 


of which the genoral integral is auv + bu + c® + d, where a, b, c, d are constants. 
By choosing the fixed axes suitably, the most general form of the equations of the 
surface may be put in the form 

x = 6ju -f ci®, y = 6»u + c«®, z = a 3 uv + b 2 u + c 3 ®. 


From these equations it is seen that all the asymptotic lines are straight lines, so 
that the surface is a quadric. Moreover, by the elimination of u and ® from these 
equations wo have an equation of the form z = ax • + 2 hxy + by"- -f cx + dy. Hence 
the surface is a paraboloid. 


78. Spherical representation of asymptotic lines. From (FY, 77) 
we have that the total curvature of a surface, referred to its asymp- 
totic lines, may be expressed in the form 


( 11 ) 


K— — 


fp 

D n ' 


where IP = PP— the linear element of the spherical represen 
tation being da s =pdu 2 + 2£dudv + Pdv". 


• Barbour, Vol. I, p. 1 XS. It should bo noticed that the above result shows that tho 
condition that equations (?) admit three independent integrals carries with it not only 
(10) but all other conditions of integrability. 
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From this result and (2) it follows that * 

( 12 ) r-%- 

Hence the fundamental relations (IV, 74) reduce to 

(13) E=p'€, F=-p'&, G**p'g, 

and equations (V, 26) may be written 

,dX 


du d 


dx p/^8X c dX\ dx 

< 14 > S' 

Moreover, the Codazzi equations (V, 27) are reducible to 
< is > 


Consider now the converse problem 

To determine the condition to be satisfied by a parametric system 
of lines on the sphere m order that they may serve as the tphertcal 
representation of the asymptotic lines on a surface 

First of all equations (15) must satisfy the condition of Integra 
hility Then p is obtainable bj a quadrature The corresponding 
values of x y, z found from equations (14) and from similar ones 
ire the coordinates of a surface upon which the asymptotic hues 
are parametric Tor, it follows from (14) that 


(16) 


£g--o, 


S dx dX q 

(IV du ~ 


Furthermore, /> is determined to within a constant factor, conse- 
quently the Bame is true of x,y,z, therefore the surface is unique 
to within homothetic transformations Hence we have the following 
theorem of Dim 

A necessary and sufficient condition tAat a douSfe/amtfy of curie* 
upon the sphere be the spherical representation of the asymptotic lines 
upon a surface ts that &, 3, & satisfy the equation 

<«> iiTHn' 

the corresponding surfaces are homothetic transforms of one another, 
and their Cartesian coordinates are found by quadratures 

• The clinjcf) * D / gives the surface symmetric to the one correspond ngto (12) 

a^is-soenTroro (14) and hence may be neglected 
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When equations (1) obtain, the fundamental equations (V, 28) 
lead to the identities 


(18) 


rrii\ rny 0 ri 2 
llJ llJ 2 l2 

V / 221 f 22V 121 

y L 2 J L 2 J llJ 

m=-m' 


Im-m'- 

{?}-{?}• 


The third and fourth of these equations are consequences also of 
(3) and (15). 

79. Formulas of Lelieuvre. Tangential equations. In conse- 
quence of (V, 31) equations (14) may be put in the form 


(19) 


(9 Y v dZ\ 

H =ep \ z ^r Y ^r 


— = — ep( Z —— Y—\ 
dv r \ 8v ov ) 


•where e is ±1 according as the curvature of the surface is positive 
or negative. Hence, if we put 

(20) v^-V—epX, v 2 =V— epY, v 3 ~-V—epZ, 


we have the following formulas due to Lelieuvre : * 


( 21 ) 


'0r_ 

v ~. v t 

dx 

V 2 

v i 

du 

dv, 

du 

du 

dv ~ 

dv„ 

dv 

ti 

dv 

dy _ 

v s 

v x 

dy _ _ 

v s 

v x 

du 

die 

dl\ 

du 

dv 

dv 

tl 

dv 

. 

V. 

V. 


V. 

v _ 

dz 

1 3 

dz 

1 2 

du 

dv t Gl’„ 

dv~ 

dv x dv. 


du 

du 


dv 

dv 


The conditions of integrability of these equations are 


<rV, d 2 v, 

du dv du dv 

~~~ 


* v * 
du dv 


* Bulletin des Sciences ifathfmatiques, Vol. XII (1888), p. 125. 
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By means of (V, 22) and (15) we find from (20) that the common 
ratio of these equations is ~ — c? Consequently v 1% t> v r t are 


bolutiona of the equation 


eudv \y/p cwcv J 
Conversely, we have the theorem 

Given three particular integral* i>,, v t , v, of an equation of the form 


( 22 ) 


<w 

duov 


\0 , 


where X it any function whatever of u and i , the surface whose co- 
ordinates are given by the corresponding quadratures (21), has the 
parametric curies for asymptotic lines and the total curvature of the 
surface is measured by 


(23) 


K *=■ — 


1 

P* 


1 

fo* + v*+ v*) 1 


For, from (21), it is readily seen that v x v, are proportional to 
the direction-cosines of the normal to the surface And if these 
direction cosines be given by (20), we are brought to (19), from 
which we see that the conditions (16) are satisfied 


Take, for example the simplest case = 0 and three solutions 
tut© 

*»=*♦ (u> + M«) (i = l 2, S) 

The coBrdinaies ol the surface are 

* = iMi — + J (0j^i — — J (yf'j/i — fi fi)dt 

and similar expressions for y and z \V hen In particular we take 
(n) = a u + 6< ^ (©) = «<©+ jj 

the expressions for x y, z are of the form aus + bu 4- er + d and consequently the 
surface Is a paraboloid 

From equations (V, 22, 34) it follows that when the asymptotic 
lines are parametric, the tangential coordinates A, 1, Z, ff are 
solutions of the equations 



( 24 ) 
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EXAMPLES 

1 . Upon a nondevelopable surface straight lines are the only plane asymptotic 
lines. 

2. The asymptotic lines on a minimal surface form an orthogonal isothermal 
system, and their spherical images also form such a system. 

3. Show that of all the surfaces with the linear element ds- = du- -f (u 2 + a 2 ) dr 2 , 
one has the parametric curves for asymptotic lines and another for lines of curva- 
ture. Determine these two surfaces. 

4. The normals to a ruled surface along a generator are parallel to a plane. 
Prove conversely, by means of the formulas of Lelieuvre, that if the normals to a 
surface along the asymptotic lines in one system are parallel to a plane, which 
differs with the curve, the surface is ruled. 

6. If wo take = u, v* = a, r 3 = y> (c), the formulas of Lelieuvre define the 
most general right conoid. 

6. If the asymptotic lines in one system on a surface be represented on the 
sphere by great circles, the surface is ruled. 


80. Conjugate systems of parametric lines. Inversions. It is our 
purpose now to consider the case where the parametric lines of a 
surface form a conjugate system As thus defined, the character- 
istics of the tangent plane, as it envelops the surface along a curve 
v = const., are the tangents to the curves u = const, at their points 
of intersection with the former curve ; and similarly for a plane 
enveloping along a curve u — const. 

The analytical condition that the parametric lines form a conju- 
gate system is (§ 54) 

(25) JD’= 0. 


It follows immediately from equations (V, T) that x , y, z are solu- 
tions of an equation of the type 


(26) 


c~0 o6 . 80 

p a f- b — 

du dv du dv 


where a and b are functions of u and r, or constants. By a method 
similar to that of § 77 we prove the converse theorem : 

tyfi (u, !>),/.( it, i ’),/,(«, v) be three linearly independent real' solu- 
tions of an equation of the type (26), the equations 

(27) r =/,(«, r), y =/.(«, t>), z =/,(«, v) 

define a surface upon which the parametric curves form a conjugate 
system* 


Cf. Darbonx, Vol. I, p. 122. 
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We have seen that the lines of curvature form the only ortbog 
onal conjugate system Hence, in order that the parametric lines 
on the surface (27) be lines of curvature, we must have 

dll dv ou cv du cv 

But this is equivalent to the condition that :r J + y’-f- z J also be a 
solution of equation (26), as is seen by substitution Hence we 
have the theorem of Darboux * 

Jf x, y, z , **+y*+ a* ore particular solutions of an equation of the 
form (26), the first three serve for the rectangular coordinates of a 
surface , upon which the parametric lines are the lines of curvature 

Darboux f has applied this result to the proof of the following 
theorem 

When a surface ta transformed by an inversion into a second sur 
face the lines of cunature of the former become lines of curvature 
of the latter 


By definition an inversion, or a transformation by reciprocal 
radii, ii given by 

<■>81 r — A - - «*» 

1 s’+^+z* 1 x *+y*+z'‘ ~ l x s +y 1 +z t 

where c denotes a constant From these equations we find that 

<-9) + +*»•)-«*» 

and bj solving for x, y, z 


c*x, 

r i + y, *+*,*’ 


<*y, 

;r i , + y* + z i 1 ’ 


c l 2 . 


If, now, the substitution g __ a 

r i + + z i 


be effected upon equation (26), the resulting equation in a will 
vr, wtan^ieaitb tA '(Oh) nni pH), Vne solutions x t , y l? z,, 
and therefore is of the form 


VoJ r p no 


1 1 ol t p 207 
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Moreover, equation (26) admits unity for a particular solution, 
and consequently 2 :/+ y[ 4- zf is a solution of (81), which proves 
the theorem. 

As an example, we consider a cone o£ resolution. Its lines of curvature are the 
elements of the cone and the circular sections. When a transformation by recip- 
rocal radii, whose pole is any point, is applied to the cone, the transform S has two 
families of circles for its lines of curvature, in consequence of the above theorem 
and the fact that circles and straight lines, not through the pole, are transformed 
into circles. Moreover, the cone is the envelope of a family of spheres whose cen- 
ters lie on its axis, and also of the one-parameter family of tangent planes ; the 
latter pass through the vertex. Since tangency is preserved in this transformation, 
the surface S is in two ways the envelope of a family of spheres : all the spheres 
of one family pass through a point, and the centers of the spheres of the other 
family lie in the plane determined by the axis of the cone and the pole. 


81. Surfaces of translation. The simplest form of equation (26) is 


in which case equations (27) are of the type 

(32) r = D\+V lt y — U 2 + Fj, z = U,+ F s , 

where U v U„, U i are any functions whatever of u alone, and V v F 2 , 
F, any functions of v alone. This surface may be generated by 
effecting upon the curve 

*1 = u v 2/i= u v Z 1 = U S 

a translation in which each of its points describes a curve con- 
gruent with the curve 

x,=r v y s =F 2 , z t =V,. 

In like manner it may be generated by a translation of the second 
curve in which each of its points describes a curve congruent with 
the first curve. For this reason the surface is called a surface of 
translation. From this method of generation, as also from equa- 
tions (32), it follows that the tangents to the curves of one family 
at their points of intersection with a curve of the second family 
are parallel to one another. . Hence we have the theorem of Lie * : 

The developable enveloping a surface of translation along a gener- 
ating curve is a cylinder. 


• 3 lath. Annalen, Vol. XIV <1879), pp. 332-387. 
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Lie has observed that the surface defined by (32) Is the locus of 
the mid points of the joins of points on the curves 
r,= 2J7,, 2CT,, z x = 2 U t , 

* a =2r„ y 2 =2r,, 2,-2r s 

It may be that these two sets of equations define the same curve 
in terms of different parameters In this case the surface is the 
locus of the mid points of all chords of the curve These results 
are only a particular case of the following theorem, whose proof is 
immediate 

The locus of the point which divides in constant ratio the joins of 
points on two curves, or all the chords of one curve is a surface 
of translation, tn the latter case the curve is an asymptotic line of 
the surface 

When the equations of a surface of translation are of the form 
x=U y y=*r, *~U X +V v 
the generators are plane curves whose planes are perpendicular 
We leave it to the reader to show that m this case the asymptotic 
lines can be found by quadratures 

82 Isothermal-conjugate systems When the asymptotic lines 
upon a surface are parametric, the second quadratic form may be 
■written \ dudv When the surface is real, so also is this quadratic 
form Therefore, according as the curvature of the surface is posi 
tive or negative, the parameters u and v are conjugate imaginary 
or real 

We consider the foimer case and put 

U *= ttj + tVj, » = «,- tflj, 

when and v t are real In terms of these parameters the second 
quadratic form is \(du*+ dvj) Hence the curves m, = const., 
Vj = const form a conjugate system, for which 
(33) D = D\ jy= 0 

Bianchi * has called a system of this sort isothermal conjugate Evi 
dently such a system bears to the second quadratic form an ana 
lytical relation similar to that of an isothermal-orthogonal system 


•Vol I p 167 
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to the first quadratic form. In the latter case it was only necessary 
that L'G—F- be positive, and the analogous requirement, namely 
DD"—D' 2 > 0, is satisfied by surfaces of positive curvature. Hence 
all the theorems for isothermal-orthogonal systems (§§ 40, 41) are 
translated into theorems concerning isothermal-conjugate systems 
by substituting Z), Z>', D" for E, F, G respectively in the formulas. 
In particular, we remark that if the curves u — const., v — const, 
on a surface form an isothermal-conjugate system, all other real 
isothermal-conjugate systems are given by iq= const., 1 ^= const., 
the quantities m, and v 1 being defined by 

Mj + h\ = 4>(u± iv), 

where $ is any analytic function. 

When the curvature of the surface is negative and we put 

« = w, + r,, » = «,— i’ r 

in the second quadratic form Xdudv, it becomes \(du{— dvf). In 
this case 

(34) D = — D", X>'=0. 

Hence the curves «, = const. and 7’, = const, form a conjugate sys- 
tem which may be called isothermal-conjugate. With each change 
of the parameters u and v of the asymptotic lines there is obtained 
anew isothermal-conjugate system. Hence if u and v are parame- 
ters of an isothermal-conjugate system upon a surface of negative 
curvature, the parameters of all such systems are given by 

u 1 =<f>(u± v) +yjr(U7f v), 
l\= 4>(u ± V) — yt- (W :p v), 

where </> and yfr denote arbitrary' functions. 

It is evident that if the parameters for a surface are such that 

< 35 > I :~r 

where U and V are functions of u and v respectively', then by a 
change of parameters which does not change the parametric curves 
we can reduce (35) to one of the forms (33) or (34). Hence equa- 
tions (35) are a necessary and sufficient condition that the para- 
metric curves form an isothermal-conjugate system. Referring to 
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§ 77, we see that the lines of curvature upon a surface of constant 
total curvature form an isothermal-conjugate system 

When equation (35) is of the form (33) or (34), we say that the 
parameters u and v are isothermal conjugate 

83 Spherical representation of conjugate systems When the 
parametric curves are conjugate, equations (IV, 69) reduce to 
_ GI/ _ FDD' - LD' n 

€= 1P' * = -ip- • / =-ir 


From these equations and (III, 15) it follows that the angle a' 
between the parametric curves on the sphere is given by 

cos = — — — *■ :f - - * =p cos tu, 

'JSg VLG 


where the upper sign corresponds to the case of an elliptic point 
and the lower to a hyperbolic point Hence we have the theorem 
The angle s between two conjugate directions at a point on a sur 
/ace, and between the corresponding directions on the sphere, are equal 
oi supplementary, according a« the point u hyperbolic or elliptic 


When the parametric curves form a conjugate system, the 
Codazzi equations (V, 27) reduce to 


(36) 




and equations (V, 26) become 

du ff l \ du dv) 


(37) 


dv ({* \ du du j 


Hence, when a system of curves upon the sphere is given, the 
problem of finding the surfaces with this representation of a 
conjugate system reduces to the solution of equations (36) and 
quadratures of the form (37), after -X, Y, Z have been determined 
by the solution of i Riccati equation By the elimination of 3) 
or D" from equations (36) we obtain a partial differential equation 
of the second order 
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From the general equations (V, 28) we derive the following, 
when the parametric curves form a conjugate system:* 



84. Tangential coordinates. Projective transformations. The prob- 
lem of finding the surfaces with a given representation of a con- 
jugate system is treated more readily from the point of view of 
tangential coordinates. For, from (V, 22) and (V, 34) it is seen 
that A) Y, Z, and W are particular solutions of the equation 


(39) 


cv cv LI J cu L 2 J cv 


Hence every solution of this equation linearly independent of 
A', y, Z determines a surface with the given representation of a 
conjugate system, and the calculation of the coordinates ax, y, z 
does not involve quadratures (§ 67). 

Conversely, it is readily seen that if the tangential coordinates 
satisfy an equation of the form 


H + a E + b M + c0= o, 

cu cv cu cv 


the coordinate lines form a conjugate system on the surface. 


As an example, we determine the surfaces whose lines 'of curvature are repre- 
sented on the sphere by a family of curves of constant geodesic curvature and their 
orthogonal trajectories. If the former family be the curves c = const., and if the 
linear element cm the sphere be written da- 3 = Edu" -f Gdv", we must have (IV, 60) 


1 

Veg 


cVe 

CB 


= *(») r 


where £(r) is a function of v alone. By a change of the parameter c this may be 
made equal to unity. In this case equation (39) is reducible to 


i(g_Va»)=^f-vS») 


• Cf. Bianchi, Vol. I, p. 1G7. 
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The general integral of this equation is 

»= f-' /!id ’[u + /VVS^^’d.], 

where t 0 denotes a constant value of e, and U and V are arbitrary functions of « 
and v respectively Hence 

The determination of all the surfaces whose lines of curvature are represented on 
the sphere by a family of curves of constant geodesic curvature and their orthogonal 
trajectories, requires two quadratures 

In order that among all the surfaces with the same represen 
tation of a conjugate sy stem there may be a surface for which the 
system is isothermal-conjugate, and the parameters be isothermal 
conjugate, it is necessary that equations (36) be satisfied by 
2>"= ± D, according as the total curvature is positive or negative 
In this case equations (36) are 

The condition of integrability is 

When this is satisfied D may be found by quadratures, and then 
the coordinates, by (37) Hence we have the theorem 

A necessary and sufficient condition that a family of curves upon 
the sphere represent an isothermal conjugate system on a surface, 
and that u and v he isothermal-conjugate parameters, is that 
satisfy (40), then the surface is unique to within its homothetici, 
and its coordinates are given by quadratures 

The following theorem concerning the invariance of conjugate 
directions and asymptotic lines is due to Daiboux 

When a surface is subjected to a projective transformation or a 
transformation by reciprocal polars, conjugate directions and asymp 
totic lines are preserved 

We prove this theorem geometrically Consider a curve C on a 
surface S and the developable D circumscribing the surface along C. 
When a projective transformation is effected upon S we obtain a 
surface S lt corresponding point with point to S, and C goes into a 
curve Coupon S t , and 2) into a developable I), circumscribing S, along 
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C, ; moreover, the tangents to C and C\ correspond, as do the gener- 
ators of D and D,. Since the generators are in each case tangent to 
the curves conjugate to C and C\ respectively, the theorem is proved. 

In the case of a polar reciprocal transformation a plane corre- 
sponds to a point and vice versa, in such a way that a plane and a 
point of it go into a point and a plane through it. Hence S goes 
into S v C into D,, D into C',, and the tangents to C and generators 
of D into the generators of D t and tangents to C\. Hence the 
theorem is proved. 

EXAMPLES 


1. Show that the parametric curves on the surface 

v, + r, u, + r. u 3 + r 3 

x ss — . — , y — — ■ — ' - t z ~ . — i 

u + r u + r u + r 

where the IDs arc functions of u alone and theF’sof v alone, form a conjugate system. 

2. On the surface x = UiVi, y = U 3 V\, z = F«, where U\, U« are functions of 
u alone and F,, F = of n alone, the parametric curves form a conjugate system and 
the asymptotic lines can he found by quadratures. 

3. The generators of a surface of translation form an equidistantial system 
(cf. Ex. 10, p. 187). 

4. Show that a paraboloid is a surface of translation in more than one way. 

5. The locus of the mid-points of the chords of a circular helix is a right helicoid. 

6. Discuss the surface of translation which is the locus of points dividing in 
constant ratio the chords of a twisted cubic. 


7. From (28) it follows that 


dx{ + dy, 2 + dz{ — 


c 1 (dx- + dp 2 + dz-) 
{ x - + y- + z 2 ) 2 


consequcntly the transformation by reciprocal radii is conformal. 


8. Determine the condition to be satisfied by the function u> so that a surface 

with tho linear element . „ „ , „ , „ , . 

ds 2 = a- (cos 1 udii- + J5in*wdr-) 

tliall have the total curvature — 1/a 2 . Show that if the parametric curves are the 
lines of curvature, they form an isothermal-conjugate system. 

9. A necessary and sufficient condition that the linear element of a surface 
referred to a conjugate system can be written 


ds- ss p-(&'du- — 2 oTdudv -f v^dc-), 

is that the parametric curves be the characteristic lines. Find the condition imposed 
"lion the curves on the unit sphere in order that they may represent these lines. 

10. Conjugate systems and asymptotic lines are transformed into curves of the 
same son when a surface is transformed by the general projective transformation 


B C 

D ' V ~J}' Z ~B' 

"here A, B, C, li are linear functions of the new coordinates z I; y t , r,. 
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85 Equations of geodesic lines We have defined a geodesic to 
be a curve whose geodesic curvature is lero at every point , conse 
quently its osculating plane at any point is perpendicular to the 
tangent plane to the surface 

hiom (IV, 49) it follows that every geodesic upon a surface is 
an integral curve of the differential equation 

d»\r/S£ __ 1 as VrfuV dG du dv 1 d_G /dtA*] 

+ V dt + <fr/LW 2 do )\di ) ou da da + 2 dv \ds) J 
_(j,du, r rf»\ri f>E(du\’ SEdudv, 1 dGVdvV] 

\ dt, da)\.2 oit \dt) dv dt dt \Su 2 0tt/\d*/ J 
If the fundamental identity 

which gives the relation between u, v, a along the curve be differ 
entiated with respect to *, we have 

,/dE, tJ 9F\/du\'dv/ 0 dF,dG\du/dv\ a , dG(dv\ n 
\8o “ du)\dt/ da dv du) dt \dt) So \dt) 

If this equation and (41) be solved with respect to +1^^) 

, / K ,d*u,„d t v\ .. V d * dt ' 

and ( .F— + G — U we obtain 

d»‘ dt* 2 du \da/ do dt dt \So 2 du)\da) ’ 

F dh i , r &v, (dF 1 8F \(du\\ dGdudv ldG (dvV_ 

d? dt* * \du 2 dv A dt) + du da da + 2 dv \d») 

If these equations be solved with respect to and we have, 
in consequence of (V, 2), dg ds 





EQUATIONS OF GEODESICS 


205 


Every pair of solutions of these equations of the form u—ffs), 
v =/„(8), determines a geodesic on the surface, and s is its arc. 

Bui a geodesic may be defined in terms of u and v alone, without 
the introduction of the parameter s. If v = <f>(u) defines such a 
curve, then g v du d'v „/< 2 m \ 2 ,,d'u 

TT^r,’ a?~* A 5 ' 

Substituting these expressions in (42) and eliminating we 
have, to within the factor ( du/ds )", 

«*» *{?})*■ 


From (42) it follows that when du/ds is zero, 



Hence, when this condition is not satisfied, equation (43) defines 
the geodesics on a surface ; and when it is satisfied, equations (43) 
and u = const, define them. 

From the theory of differential equations it follows that there 
exists a unique integral of (43) which takes a given value for 
n = « 0 , and whose first derivative takes a given value for u = « 0 . 
Hence we have the fundamental theorem : 

Through every point on a surface there passes a unique geodesic 
with a given direction. 


As an example, we consider the geodesics on a surface of revolution. We have 
found (§ 40) that the linear element of such a surface referred to its meridians and 
parallels is of the form 

(U) ds- = (1 + + lAfrf, 

where r = $ (u) is the equation of the meridian curve. If we put 


(40) 


UirrJ' Vl -f $'"du, 


and indicate the inverse of this equation by u = ^(u,), we have 
((') ds- ~ duf + 'r‘ dr", 

and the meridians and parallels are still the parametric curves. For this case equa- 
tions (42) arc 


(48) 


dhi! 

di 3 





o. 


d-v ^2 \f>‘ du, dr 
ds 1 ' f ds ds 
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Tl e first Integral o t the second h 

e is a constant Eliml rating ds from tl Is equation and (47) and Integral ng 




m 


■ c dU| = 
J J, y/fl _ e J 


= ±*+«l 


•where Ci Is a constant The meridians c = const correspond to the case c = 0 
Hence we have the theorem 

The geodes cs upon n surface of revolution referred to i Is ireridians and parallels 
can he .found by quadratures 


It si ould be remarked that equal on (49) defines the geodes cs upon at y surface 
app! cable to a surface of revolution 


86 Geodesic parallels Geodesic parameters From (43) it fol 
Ions that a necessary and sufficient condition that the curves 
v = const on a surface be geodesics is that 



If the parametric system be orthogonal, tins condition makes it 
necessary that J? he a function of « alone say E = t* By replacing 
J' U du by u we do not change the parametric lines and A becomes 
equal to unity And the linear element has the form 
<51) dt'^du'+Gd^ 

where in general G is a function of both u and t From this it 
follows that the length of the segment of a curve n = const, between 
the curves u = « 0 and u — w, is given by 


J = J du = u l — u t 


Since this length is independent of v it follows that the segments 
of all the geodesics t = const included betu een inj two orthog 
onal trajectories are of equal length In consequence of the funda- 
mental theorem we have that there is a unique family of geodesics 
which are the orthogonal trajectories of a given curve C The above 
results enable us to state the following theorem of Gauss * 

If geodesics be drawn orthogonal to a curie € and equal lengths be 
measured upon (hem from C, the locus of their ends is an orthogonal 
trajectory of the geodesics 
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This gives us a means of finding all the orthogonal trajectories 
of a family of geodesics, when one of them is known. And it sug- 
gests the name geodesic parallels for these trajectories. Referring 
to § 37, we see that these are the curves there called parallels, 
and so the theorem of § 37 may be stated thus : 

A necessary and sufficient condition that the curves <f>= const, he 
geodesic parallels is that 

(52) Affi —f ((f>), 

where the differential parameter is formed with respect to the linear 
clement of the surface , and f denotes any function. In order that </> 
he the length of the geodesic curves measured from the curve $ = 0, 
it is necessary and sufficient that 

(53) A l <f> = l. 

Moreover, we have seen that when a function </> satisfies (52), a 
new function satisfying (53) can be found by quadrature. When 
this function is taken as u, the linear element has the form (51). 
In this case we shall call u and v geodesic parameters. 

87. Geodesic polar coordinates. The following theorem, due to 
Gauss,* suggests an important system of geodesic parameters : 

If equal lengths he laid off from a point P on the geodesics through P, 
the locus of the end points is an orthogonal trajectory of the geodesics. 

In proving the theorem we take the geodesics for the curves 
v = const., and let u denote distances measured along these geo- 
desics from P. The points of a curve u = const, are consequently 
at the same geodesic distance from P, and so we call them geodesic 
circles. It is our problem to show that this parametric system is 
orthogonal. 

From the choice of u we know that P=l, and hence from (50) 
it follows that P is independent of u. At P, that is for u — 0, the 

1 • * {?JC (slf ^2 

derivatives — , -f-, — are zero. Consequently P and G are zero 
cv cv cv 

for u as 0, and the former, being independent of u, is always zero. 
Hence the theorem is proved. 

We consider such a system and two points Jf 0 (», 0), Jf(n, v t ) 
on the geodesic circle of radius u. The length of the arc 

* L.c. , p. 24. 
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is given by jf VGdv As u approaches zero the ratio 
approaches the angle between the tangents at P to the geodesics 
v — 0 and v — ® r If 6 denotes this angle, we have 


e=lim £^ = rf£^i *, 

„«# « Jo L CU J „«, 0 

[ dVdl 
— — I =1. 


These particular geodesic cooidinates are similar to polar coordi- 
nates m the plane, and foi this leason are called geodesic polar 
coordimtes The above results may now be stated thus 


The necessary and sufficient conditions that a system of geodesic 
coordinates be polar are 


< 54) H..r 0 ’ [irLr 1 ’ 


It should be noticed, however, that it may be necessary to limit the part of the 
surface under consideration In order that there be a one-to-one correspondence 
between a point and a pair of coordinates For, jt may happen that two geodesics 
starting from P meet again, in which case the second point of meeting would be 
defined by two seta of coordinates • For example, the helices are geodesics on a 
cylinder ($ 12 ), and it is evident that any number of them can be made to pass 
through tv, o points at a finite distance from one another by varying the angle under 
which they cut the elements of the cylinder Hence in using a system of geodesic 
polar coordinates with pole at P, we consider the portion of the surface inclosed 
by a geodesic circle of radius r, where r a such that no two geodesics through P 
meet within the circle f 


When the lineaT element is m the foim (51), the equation 
Gauss (V, 12) reduces to 


(55) 


Vg cu 


of 


If K 0 denotes the total curvature of thb surface at the pole P, 
which by hjpothesis is not a singular point, from (54) and 
(55) it follows that 



* Notice that the pole Is a singular point for aach a system, because H* « 0 for u — 0 
tParbooi {Vol II, p 408) shows that soch a function r esists, this is suggested 
also by 5 34 
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Therefore, for sufficiently small values of u, we have 


6 

Hence the circumference and area of a geodesic circle of radius u 
have the values * 


— Z TTll ■ 


C=f" r Vddv = 2 

n 2 IT _ 

V Gdudv — 


7tA' 0 m 


77H* 


3 ^ l ’ 

ttKm 4 


12 


ft. 


where and e„ denote terms of orders higher than the third and 
fourth respectively. 

EXAMPLES 


1. Find the geodesics of nn ellipsoid of revolution. 

2. The equations x = u, y = v define a representation of a surface with the 
linear element ds- = t>(du 2 -f dc") upon the xj/-plane in such a way that geodesics 
on the former are represented by parabolas on the latter. 

3. Find the total curvature of a surface with the linear element 

, „ (a 2 — v-j du- + 2 no dudv (a- — u-) dt> 2 

(a 2 - u - - V-)' 2 

whore R and a arc constants and integrate the equation of geodesics for the surface. 

4. A twisted curve is a geodesic on its rectifying developable. 

5. The evolutes of a twisted curve are geodesics on its polar developable. 

6. Along a geodesic on a surface of revolution the product of the radius of the 
parallel through a point and the sine of the angle of inclination of the geodesic 
with the meridian U constant. 

7. Upon a surface of revolution a curve cannot be a geodesic and loxodromic 
at the same time unless the surface be cylindrical. 

8. Upon a helicoid the orthogonal trajectories of the helices are geodesics and 
the other geodesics can be found by quadratures. 

9. If a family of geodesics and their orthogonal trajectories on a surface form 
an isothermal system, the surface is applicable to a surface of revolution. 

10. The radius of curvature of a geodesic on a cone of revolution at a point P 
varies .as the cube of the distance of P from the vertex. 


88. Area of a geodesic triangle. With the aid of geodesic polar 
coordinates Gauss proved the following important theorem f : 

The excess over ISO ° of (he sum of the angles of a triangle formed 
hg geodesies on a surface of positive curvature , or the deficit from 180° 

* Bertrand. Journal* .Vnf/^mafijUM.Ser.l, Vol. XIII (1S48), pp.SO^C. f L.c.,p.30. 
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of the sum of the angles of such a triangle on a surface of negative 
curvature , t« measured hy the area of the part of the sphere which 
represents that triangle 


In the proof of this theorem Gauss made use of the equation of 
geodesic lines in the form 


(56) dd + 


_1 (cF 

JI\du ' 


f ag i &g\ 

2Edu'~2dv) 


du 4- 


1 /dG F 3ES 
2H\Zu Ecv, 


I*- 


0 , 


■where 0 denotes the angle which the tangent to a geodesic at a 
point makes with the curve v = const through the point This 
equation is an immediate consequence of formula (V, 81) When 
the parametric system is polar geodesic, this becomes 

(57) dB=~ l -fS.d« 


Let ABC be a tnangle whose sides are geodesics, and let a, 0, 7 
denote the included angles From (IV, 73) it follows that the inclosed 
area on the sphere is given by 

(58) a-JJ//dudv^eJJxj!dudv, 

where c is ±1 according as the curvature is positive or negative* 
and the double integrals are taken over the respective areas 
Let A be the pole of a polar geodesic system and AB the curve 
v = 0 From (55) and (58) we have 



In consequence of (54) we have, upon integration with respect to «, 

which, by (57), is equivalent to 

Ct = ej^ dv + cj' d0 

For, at B the geodesic BC makes the angle rr — 0 with the curve 
t = 0, and at C it makes the angle 7 with the curve v s= a Hence 
wehave = ,(. + 0 + 7 _ 

which proves the theorem 
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Because of the form of the second part of (58) Cl may be said 
to measure the total curvature of the geodesic triangle, so that the 
above theorem may also be stated thus : 

The total curvature of a geodesic triangle is equal to the excess 
over ISO °, or deficit from 180°, of the sum of the angles of the tri- 
angle, according as the curvature is positive or negative. 

The extension of these theorems to the case of geodesic polygons 
is straightforward. 

In the preceding discussion it lias been tacitly assumed that all the points of the 
triangle ABC can bo uniquely defined by polar coordinates with pole at A. We 
shall show that this theorem is true, even if this assumption is 
not made. 

If the theorem is not true for ABC, it cannot be true for 
bo Hi of the triangles ABB and ACD obtained by joining A 
and the middle point of BC with a geodesic AD (fig. 18). For, 
by adding the results for the two triangles, we should have the 
theorem holding for ABC. Suppose that it is not true for riBD. 

Divide the latter into two triangles and apply the same reason- 
ing. By continuing this process we should obtain a triangle as Fig. 18 

small as we please, inside of which a polar geodesic system 
would not uniquely determine each point. But a domain can be chosen about a 
point so that a unique geodesic passes through the given point and any other point 
of the domain.* Consequently the above theorem is perfectly general. 

By means of the above result we prove the theorem : 

Tico geodesies on a surface of negative curvature cannot meet in 
two points and inclose a simplg connected area. 

Suppose that two geodesics through a point A pass tlmough a 
second point B, the two geodesics inclosing a simply connected 
portion of the surface (fig. 19). Take any geodesic cutting these 
two segments AB in points C and D. Since 
the four angles ACD, ADC, BCD, BDC are 
together equal to four right angles, the sum 
of the angles of the two triangles ADC and 
BDC exceed four right angles by the sum 
of the angles at A and B. Therefore, in 
consequence of the above theorem of Gauss, the total curvature 
of the surface cannot he negative at all points of the area ADBC. 

On the contrary, it can be shown that for a surface of positive 
curvature geodesics through a point meet again in general. In 

* Dnrbotm, Vol. II, jv. -i&3; of. § W. 
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fact, the exceptional points, if there are any, he in a finite portion 
of the surface, which may consist of one or more sunply connected 
parts * For example, the geodesics on a sphere are great circles, 
and all of these through a point pass through the diametrically 
opposite point Again, the helices are geodesics on a cylinder 
(§ 12), and it is evident that any number of them can be made to 
pass through two points at a finite distance from one auother by 
■varying the angle under which they cut the elements of the cyl 
inder Hence the domain of a system of polar geodesic coordinates 
is restricted on a surface of positive or zero curvature 

89. Lines of shortest length. Geodesic curvature We are now 
in a position to prove the theorem 

If two points on a surface are such that only one geodesic passes 
through them, the segment of the geodesic measures the shortest die 
tance on the surface between the ttio points 

Take one of the points for the pole of a polar geodesic system 
and the geodesic for the curve v = 0 The coordinates of the 
second point are («,, 0) The parametric equation of any other 
curve through the two points is of the form t> = 4>(u), and the 
length of its arc is 

J' Vl •+■ G<f> 12 du 

Since G > 0, the value of this m 
tegral is necessarily greater than 
and the theorem is proied 
By means of equation (57) we derive another definition of geo- 
desic curvature Consider two points 31 and 31' upon a curve C , 
and the unique geodesics g, g' tangent to C at these points (fig 20) 
Let P denote the point of intersection of g and g\ and the 
angle under which they cut Liouville f has called Jty- the angle of 
geodesic contmgence , because of its analogy to the ordinary angle 
of coutingenee Now we shall prove the theorem. 

The limit of the ratio Sifr/Ss, as 31' approaches 31, is the geodesic 
cunature of C at 31 

* For i proof of this the reader la referred to a memoir by H v Mangoldt In CrtUe 
Vo) XCI (18S1) pp 23-53 

1 Journal de Jialltemanques Vol XVI (1851) p 132. 
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In the proof of this theorem we take for parametric curves the 
given curve C, its geodesic parallels and their geodesic orthogonals, 
the parameter u being the distance measured along the latter from C. 
Since the geodesic g meets the curve v = v Q orthogonally, the angle 
under which it meets v = v' may be denoted by ir/2 + 80. As 31' 
approaches M, 88 approaches d6 given by (57), and the sum of the 
angles of the triangle 31' PQ approaches 180°. Hence Si/r approaches 

— dd, so that we have _ 

8^ d8 1 aVff 

lim — — = — — — — i 

os ds ^/q 8u 

which is the expression for the geodesic curvature of the curve C. 

90. Geodesic ellipses and hyperbolas. An important system of 
parametric lines for a surface is formed by two families of geodesic 
parallels. Such a system may be obtained by constructing the geo- 
desic parallels of two curves C x and C : , which are not themselves 
geodesic parallels of one another, or by taking the two families of 
geodesic circles with centers at any two points F x and F„. Let u and 
r measure the geodesic distances from £7, and C„, or from F x and F„. 
They must be solutions of (53). Consequently, in terms of them, 
we must have q 

FG — F' 1 ~ EG — ~ 1 ’ 


If, as usual, « denotes the angle between these parametric lines, 
we have, from (III, 15, 16), 

A’=G = -rV-’ 

sin w snrco 

so that the linear element has the following form, due to Weingarten : 


(59) 


j s i i_ du‘+ 2 cos ta diidv -f- dv" 
sin' 2 co 


Convereely, when the linear element is reducible to this form, 
v and v are solutions of (53), and consequently the parametric 
curves are geodesic parallels. 

In terms of the parameters «, and v v defined by « = «,+ v 2 and 
t' = t’j, the linear element (59) has the form 


(60) 




+ 



A (0 

COS-- 
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The geometrical significance of the curves of parameter «, and t, 
is seen when the above equations are written 
(61) «,s= = i (u — ») 

The curves «, = const anti = const are respectively the loci of 
points the sum and difference of whose geodesic distances from C, 
andC, or from F, and are constant In the latter cose these 
curves are analogous to ellipses and hyperbolas in the plane, the 
points i**, and F. corresponding to the foci For this reason they 
are called geodesic ellipses and hyperbolas which names are given 
likewise to the curies «,= const, t, = const, when the distances 
are measured from two curves C, and C t From (60) follows at 
once the theorem of Wemgarten * 

A system of geodesic ellipses and hyperbolas ts orthogonal 
By means of (61) equation (60) can be transformed into (59), thus 
proving that when the linear element of a surface is m the form (60) 
the parametric curves are geodesic ellipses and hyperbolas 

If 6 denotes the angle which the tangent to the cuirve r,= const 
through a point makes with the curve v = const , it follows from 

(III, 23) that a o> a a 

' ' C 03 6 — cos — * smflssm- 

Hence we have the theorem 

<?uen any two systems of geodesic parallels upon a surface , the 
corresponding geodesic ellipses and hyperbolas bisect the angles 
included by the former 


91 Surfaces of Liouville Dim f inquired whether there were 
any surfaces with an isothermal system of geodesic ellipses and 
hypeibolas A necessary and sufficient condition that such a Bur 
face exist is that the coefficients of (60) satisfy a condition of the 


Fj Bin* — = CT, cos* - 


where U x and V t denote functions of u, and t>, respectively In 
this case the linear element may be written 

(62) ■»=( 0-, + T.^ + i^ 

• Ceber die Oberflachen fur welche einer der be idea HauptlcriinnnaDgsbalbmeMer 
eine Function dea anderen 1st, Crelte Vol LVJI (186J) pp 1GO-173 
t Annah Ser 2 Vol III (18G9) pp 2b9-‘>93 
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By the change of parameters defined by 



this linear element is transformed into 
(63) ds " =(£/„+ V„) (du% + dv~), 

where JJ„ and V. are functions of u„ and v„ respectively, such that 
Ufu,) = Ufuf, Vfv x ) = Y s ( v > 

Conversely, if the linear element is in the form (63), it may be 
changed into (62) by the transformation of coordinates 



Surfaces whose linear element is reducible to the form (63) were 
first studied by Liouville, and on that account are called surfaces of 
Liouville.* To this class belong the surfaces of revolution and the 
quadrics (§§ 96, 97). We may state the above results in the form : 

Wien (he linear element of a surface is in the Liouville form, the 
parametric curves arc geodesic ellipses and hyperbolas ; these systems 
arc (he only isothermal orthogonal families of geodesic conics . f 

92. Integration of the equation of geodesic lines. Having thus 
discussed the various properties of geodesic lines, and having seen 
the advantage of knowing their equations in finite form, we return 
to the consideration of their differential equation and derive certain 
theorems concerning its integration. 

Suppose, in the first place, that we know a particular first inte- 
gral of the general equation, that is, a family of geodesics defined 
by an equation of the form 
(64) Mdu + 2edv — 0. 

From (IV, 58) it follows that M and A T must satisfy the equation 

c_ ( FK ~ G M \ c_ / FJf-EK \ = 0 

i't WAV 2 - 2>J1AY X GMf cv \VJAY-- 2 FMX -f GJ T") 

• Journal tlr Mathtmatiqvei, Vol. XI (1S-10), p. ai5. 

t The render is referred to Darbon*, Vol, II, p. COS, lor a discussion of the conditions 
under -which a surface is of the liouville type. 
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In consequence of tins equation we know that there exists a func- 
tion <f> defined by 

/flK , EE—FM _ d<f> FN—GM 

' Su “ yJEl V*- 2 FMN+GM 3 ' 3® V EN*—2 FMN+GM* 

Moreover, we find that 

( 66 ) *= 1 . 

From (III, 31) and (65) it follows that the curves $ = const are 
the orthogonal trajectones of the given geodesics, and from (66) 
it is seen that <f> measures distance along the geodesics from the 
curve <£ = 0. Hence we have the theorem of Daiboux * . 

When a one-parameter family of geodesics is defined by a differ- 
ential equation of the first order , the finite equation of their orthogonal 
trajectones can be obtained by a quadrature , ■which gives the geodesic 
parameter at the same time. 

Therefore, when the general first integral of the equation of 
geodesics is known, aU the geodesic parallels can be found by 
quadratures. 

We consider now the converse problem of finding the geodesics 
when the geodesic parallels are known. Suppose that we have a 
solution of equation (66) involving an arbitrary constant a, which 
is not additive. If this equation he differentiated with respect to 
a, we get 

< 67 > 

where the differential parameter is formed with respect to the linear 
element But this is a necessary and sufficient condition (§ 87) that 
the curves £ = const, and the curves 

(68) const. = o' 

ca 

form an orthogonal system. Hence the curves defined by (68) 
are geodesics. In general, this equation involves two arbitrary 
constants, a and a\ which, as will now be shown, enter in such 
a way that this equation gives the general integral of the differ- 
ential equation of geodesie lines 

• Leforu, Vol II j> 430, cf also Bianchi, Vot I, p 202 
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Suppose that a appears in equation (68), and write the iatter thus : 

(69) i/r («, v, a) = o', 
in which case equation (67) becomes 

(70) \(4>, -f)=0. 

The direction of each of the curves (69) is given by If this 

cuj dv 

ratio be independent of a, so also by (70) is the ratio 
Write the latter in the form 


cut dv 


d<f> .. . 8( f> 

this equation and (66) be solved for — and — i we obtain values 

du dv 

independent of a, so that a would have been additive. Hence / 

involves a, and so also does — and therefore a direction at 

du/ dv 

a point (w 0 , v e ) determines the value of a ; call it a 0 . If then o' 
be such that *<«„ *„«,) = «', 


the geodesic fr («, v, a 0 ) = o' passes through the point (u 0 , v 0 ) and 
lias the given direction at the point. Hence all the geodesics are 
defined by equation (68), and we have the theorem: 

Given a solution of the cquatmi A,<£ = 1, involving an arbitrary 

?e L 

constant a, in such a way that ~ involves a; the equation 



for all values of a' is the finite equation of the geodesics, and the 
arc of the geodesies is measured by </>.* 

By means of this result we establish the following theorem due 
to Jacobi : 

If a first integral of Ihc differential equation of geodesic Ivies be 
known, the finite equation can be found by one quadrature. 

Such an integral is of the form 

£=*<”' *>■ 


• Cf. Darboui, Vol. II, p. 429. 
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where a is an arbitrary constant As this equation is of the form 
(64), the function <£, defined by 

A.— r (E+ Fi]r) du + (F+Gi]r)dv 

Vi + 2 fifr + Gf* 

is a solution of equation (66) As <f> involves a m the manner 
specified in the preceding theorem, the finite equation of the 


93 Geodesics on surfaces of Eiouville The surfaces of LiouviUe 
(§ 91) afford an excellent application of the theorem of Jacobi 
We take the linear element m the form* 

(71) da*=> (V- V) (U'du 1 + V*dv% 

which evidently is no more general than (63) In this case equa- 
tion (66) becomes 

l9 r.'WJ 

When this equation is written in the form 

U}\duJ I/W 

one sees that it belongs to the class of partial differential equa 

tions admitting an integral which is the sum of functions of w 
and v alone | In order to obtain this mtegial, we put each side 
equal to a constant a and integrate This gives 

(72) J U,^U-adn±J v,V^-rdv 
Hence the equation of geodesics is 

(73) f -^=du±\ f = 

‘ ij Vcr^i VJTT 

Jf & denotes the angle which a geodesic through a point makes 
with the line v = const, through the point, it follows from (III, 24) 
and (71) that „ , 

Uj du 

*Cf Uar oox To! Ill j> 0 t Forsyth D fferenhol Equatxons ( 18 S 8 ) p 310 



SURFACES OF LIOUVILLE 


219 


If the value of dv/du from equation (73) be substituted in' this 
equation, we obtain the following first integral of the Gauss 
equation (56): 

(74) Usm 2 0 + Ycos 2 0 = a. 

This equation is due to Liouville. * 


EXAMPLES 


1. On a surface of constant curvature tho area of a geodesic triangle is pro- 
portional to the difference between the sum of the angles of the triangle and 
two right angles. 

2. Show that for a developable surface the first integral of equation (60) can 
be found by quadratures. 

3. Given any curve C upon a surface and the developable surface which is tho 
envelope of the tangent planes to the surface along C; show that the geodesic 
curvature of C is equal to the curvature of the plane curve into which C is trans- 
formed when the developable is developed upon a plane. 


4. When the plane is referred to a system of confocal ellipses and hyperbolas 
whose foci are at the distance 2 c apart, the linear element can be written 


ds- 




6. A necessary and sufficient condition that <p be a solution of Atf— 1 is that 
da* — d<£- be a perfect square. 

G. If i= Oia -f- 0 = , where 0 t and 0 a are functions of u and v, is a solution of 
Aj£= 1, the curves 0 l — const, are lines of length zero, and the curves 0,a -f 0 2 = const, 
are their orthogonal trajectories. 

7. When the linear element of a spiral surface is in the form ds c = e- v (du- + U : dv"), 
the equation Aj<p = I admits the solution e>'Ui, where IT, is a function of u, which 
satisfies an equation of the first order whose integration gives thus all the geodesics 
on the surface. 


8. For a surface with the linear clement 

ds* = + (u + Ti) = dc^], 

where T and T* , are functions of v alone, the equation A = 1 admits the solution 
£ — 11 rU (t) +\!.(c), the determination of the functions and requiring the solu- 
tion of a differential equation of the first order and quadratures. 

9. If <> denotes a solutiou of A t £= 1 involving a nonadditive constant a, the 
linear element of tho surface can be written 


ds- = d'p- -f 



where ©(<s, $) indicates the miied differential parameter (in, 48 ). 


•L.c., p. 3iS. 
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94. Lines of shortest length. Envelope of geodesics. We can go 
a Btep farther than the first theorem of § 89 and show that whether 
one or more geodesics pass through two points M l and M t on a sur- 
face, tiie shortest distance on the surface between these points, if it 
exists, is measured along one of these geodesics 

Thus, let v =/(u) and »=/,(«) define two curves C and C, passing 
through the points if,, M t , the parametric values of « at the points 
being «, and u. The arc of C between these points has the length 

(75) ■ =f"' /E + -7V+ Gt/'du, 

where v' denotes the derivative of v with respect to u For con- 
venience we wnte the above thus 

(76) *• 

Furthermore, we put 

/i(w) -/(«) + ««(«). 

where <»(«) is a function of u lamshing when u is equal to tq and 
and e is a constant whose absolute value may be taken so small 
that the curve <7, will lie in any prescribed neighborhood of C 
Hence the length of the arc of 0, is 

8 t ~J^ <f>(u, t>+eo>, tto'jdu 

Thus s, is a function of «, reducing for t = 0 to i Hence, in order 
that the curve C be the shortest of all the near-by curves which 
pass through and AT,, it is necessary that the derivative of 
with respect to e be zero for < « 0 This gives 

On the assumption that &> admits a continuous first derivative 
vft Mob an& cuntrrmorrs first mi sectmi Aww** 

tives, the left-hand member of this equation may be integrated 
by parts with the result 
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for ca vanishes when u equals u, and « s . As the function to is arbi- 
trary except for the above conditions upon it, this equation is 
equivalent to the following equation of Euler * : 

(77) d ±-±Q : = o. 

' ' dv du dv 

When this result is applied to the particular form of <f> in equa- 

tion (75), *0 have fJ _lO n 

f- 2 — v r -i v 

1 / n I I \ ‘ 


F+Gv' 


du \V E+2F 


Gv' \ 
V+6?u'V 


2VN+ 2Fv'+Gv r - 


which is readily reducible to equation (43). 

Hence the shortest distance between two points, if existent, is 
measured along a geodesic through the points. This geodesic is 
unique if the surface has negative total curvature at all points. 
For other surfaces more than one geo- 
desic may pass through the points if 
the latter are sufficiently far apart. We 9''" \,v, 

shall now investigate the nature of this / \ 

problem. - — (F t ‘ 

Let v — f(n , a) define the family of geo- jiA 

desics through a point M 0 (u 0 , v B ), and let Fio. 21 Jr 

v = 9 (u) l>e the equation of their envel- 
ope S We consider two of the geodesics C, and C„ (fig. 21), and 
let it/,(«,, i\) and (iq, t>.) denote their points of contact with the 
envelope. Suppose that the arc M 0 M„ is greater than M 0 M V The 
distance from jtf 0 to J/„, measured along C, and S is equal to 

d>= f <f>(u,f,f)du+ f 4>(u, g, ff'jdu. 

v I'd t/Kj 

If itf. is considered fixed and it/, variable, the position of the latter 
is determined by a. The variation of D with M x is given by 

BF _ cf c<t> df\ , ^ f , , , _ x du, . dn.1 

-J.. \w + ¥'*r" ^ * (», a. a ) 

* Methodus inrenirndi tineas cttrca s tttazimi mimmivt proprictate gaudentes, clinp. ii 
f -t (Lnusnnne, 1T4-U; cf. Bolin, Lectures on the Calculus of Variations, p. 22 (Cbicnso. 
B<04). 
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But for u = v x% f*>g and/'e^', consequently the last terra is zero 
Integrating the first member by parts, and noting that ~ is zero for 
« — u„ and « = iij {§ 26), we have ' 

dD_ 

8a J. t c a\8f dud/ 1 / 

Since C t is a geodesic, the expression in parenthesis is zero, and 
hence D does not vary with M x This shows that the envelope of 
the geodesics through a point bears to them the relation which 
the evolute of a curve does to a family of normals to the curve 
Moreover, the curve £ is not a geodesic, for at each point of it there 
is tangent a geodesic Hence there is an arc connecting A/, and il t 
which is shorter than the arc of £ In this waj , by taking different 
points M x on <£, we obtain any number of arcs connecting M a and 
M t which are shorter than the arc of each consisting of an arc 
of a geodesic such as C t and the geodesic distance M t M t It is then 
necessarily true that the shortest distance from to a point M of 
C t beyond IT, is not measured along C t Honeier, when M lies 
within the arc M 0 M t , a domain can be chosen about C t so small 
that the arc of C t is shorter than the arc M„3f of any other 
curve withm the domain and passing through these points # 

Another historical problem associated with this problem is the following f 

Gnenan arc C 9 joining two pointi A Bona surface , to find the curve of shortest 
length joining A and B and inclosing with C 0 a given area 

The area is given by j'j' IT dads It is evident that two functions if and If can 
he found In an infinity of ways such that 

dv So 

By ths application of Green s theorem we have 

fj Hdudv = jy dudo = J ifdtt + If do, 

where the last Integral is curvilinear and is taken around the contour of the area 
Since Co Is fired our problem reduces to the determination of a curve C along 
which the Integral^ Jlfdu + -Wdr is constant, and whose arc AB that is the 

•For a more complete discussion of this problem the reader is referred to Darboui 
Vol III pp 86-112 Bolza chap v 

tin fact it was in the solution of this problem that Minding (Crelle Vol V (1830) 
p 207) discovered the function to which Bonnet (.four no I de i JScote Polyteehmquc 
I ol XIX (1848) p 44) gave the name geodesic curvature 
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integral + 2 Fv’ + Gv'-du, is a minimum. From the calculus of variations 

•wo know that, so far as the differential equations of the solution is concerned, this 
is tho same problem as finding the curve C along which the integral 

f n VE + 2F®' + Gv'tdic + c(M + W)dit 
Ja 

is a minimum, c being a constant. Euler’s equation for this integral is 


F+Gv' 


o- 


dv dv 5v 


±L t 

du\y/E + 2 Ft 1 + Gv’-J \/E + 2 Fv' + Gv’- 


-.cB. 


Comparing this result with the formula of Bonnet (IV, 50), we see that Chas con- 
stant geodesic curvatuYe 1/e, and c evidently depends upon the magnitude of the 
area between the curves. Hence we have the theorem of Minding:* 

In order that a curve C joining two points shall be the shortest which, together with 
a given curve through these points, incloses a portion of the surface with a given area, 
it is necessary that the geodesic curvature of C be constant. 


GENERAL EXAMPLES 


1. When the parametric curves on the unit sphere satisfy the condition 


2 i 

i 12 

1' a 1 

c 

r—i 

i 12 I'j 

i 12 1' 

cu 1 

1 1 

l£ 

ii 

M 

II 

Cl 

till 

! 2 ! 


they represent the asymptotic lines on a surface whose total curvature is 

k=-—L— 

!>(«)+ 


2. When tho equations of the sphere have the form (III, 35), the parametric 

c '^0 

curves arc asymptotic and the equation (22) is (1 + uv)" — — ‘2.6, of which the 

general integral is 5u 


1 + uv 




where <>(u) and \}-{v) denote arbitrary functions. 


3. The sections of a surface by all the planes through a fixed lino L in space, 
and the curves of contact of the tangent cones to the surface whose vertices are 
on L, form a conjugate system. 


4. Given a surface of translation x = u, y — v, z — f(u) + #(v). Determine the 
functions / and $ so that (pj + p~)Z = const., where Z denotes the cosine of the 
angle which the normal makes with the r-axis, and determine the lines of curva- 
ture on tho surface. 


5. Determine the relations between the exponents m,-and n,- in tho equations 
x = y - z = tT"»F*», 

so that on the surface so defined the parametric curves shall form a conjugate sys- 
tem, and show that the asymptotic lines can be found by quadratures. 


* j». 237. 



224 


GEODESICS 


6. The envelope of the family of planes 

{Ui + Vtiz + (tr a + F,)V + (If* + Y t ) t + (17, + r,) = 0, 
where the 17*8 ere functions of u alone an d the V’s of r, is a surface upon which 
the parametric curves are plane, and form a conjugate system 

7. The condition that the parametric curves form a conjugate system on the 
envelope of the plane 

zcosu + ysmu + rcote =/(u, »), 

is that / be the sum of a function of u alone and of o alone , In this case these 
curves are plane lines of curvature 

B Find the geodesics on the surface of Ex 7, p 210, and determine the expres- 
sions lor the radii of curvature and torsion of a geodesic 


9 A representation of two surfaces upon one another is said to be conformaU 
conjugate when it is at the same time conformal, and every conjugate system on 
one surface corresponds to a conjugate system on the other Show that the lues of 
curvature correspond and that the characteristic lines also correspond 


10 Given a surface of revolution x = 
function <f> debned by 




where A anil c are constants, a conformal-conjugate representation of the surface 
upon a second surface x t ~ u l ccar ll y, = Ujsinej, 2i = *>(U|) is defined by 


o = «i, 


C log til 



u 


where F' denotes the function of u found by solving (i) for <ff. 


If If two families of geodesics cut under constant angle, the surface is 
developable 


12 If a surface with the linear element 

dri = (au 5 — bv 1 — c) (du 2 + do 1 ), 

where a, 6, c are constants, la represented on the zy-plane by u = x, e = y, the 
geodesics correspond to the Lissajous figures defined hy 

Vi sin-ti — * Vasin -1 ^ = (7, 
where A, B, C are constants 

13. When there is ttpen & surface awn* than one Ismilj- cl geodesics which, 
together with their orthogonal trajectories, form an isothermal system, the curva- 
ture of the surface is constant- 


14 If the principal normals of a curve meet a fixed straight line, the curve is a 
geodesic on a surface of revolution whose axis is this line Examine the case where 
the pnncipal normals meet the line under constant angle 
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16, A representation of two surfaces upon one another is said to be a geodesic 
representation when to a geodesic on one surface there corresponds a geodesic on 
the other. Show that the representation is geodesic when points with the same 
parametric values correspond on surfaces with the linear elements 

* „ „ / 1 1 \ tU?du* V?dv\ 

» . (ff _ run?** + W + ^ . 

where the IPs are functions of u alone, the P’s of v alone, and h is a constant. 
16. A surface with the linear element 


ds 2 = (u* — r*) [0 ^-jdu 2 -f 0 (o) do 2 ], 

where 0 is any function whatever, admits of a geodesic representation upon itself. 


17. A necessary and sufficient condition that an orthogonal system upon a sur- 
face may be regarded as geodesic, ellipses and hyperbolas in two ways, is that when 
the curves are parametric the linear element be of the Liouville form ; in this case 
tlieso curves may be so regarded in an infinity of ways. 


18. Of all tho curves of equal length joining two points, the one which, together 
with a fixed curve through the points, incloses the area of greatest extent, has con- 
stant geodesic curvature. 


19. Let r be any curve upon a surface, and at two near-by points P, P' draw 
tho geodesics g, g' perpendicular to T ; let C be the curve through P conjugate 
to g, P" the point where it meets g\ and Q the intersection of the tangents to g 
and g' at P and P"\ the limiting position of Q, as P' approaches P, is the center 
of geodesic curvature of r at P. 

20 . Show that if a surface S admits of geodesic representation upon a plane in 
such a way that four families of geodesics are represented by four families of par- 
allel lines, each geodesic on the surface is represented by a straight lino (cf. Ex. 8 , 
p. 209). 
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95. Confocal quadrics. Elliptic coordinates. Two quadrics are 
c onfocal when the foci, real or imaginary, of their principal sec- 
tions coincide. Hence a family of confocal quadrics is defined by 
the equation 


( 1 ) 


-=»1, 


where « ib the parameter of the family and a, b, c are constants, 
such that 

(2) a* > l 1 > c*. 


For each value of u, positive or negative, less than a*, equation 
(1) defines a quadric which is 


m 


an ellipsoid when c* > « > — oo, 
an hyperboloid of one sheet when b* > u > 
an hyperboloid of two sheets when a* > u > b\ 


As « approaches <? the smallest axis of the ellipsoid approaches 
zero Hence the surface u — c* is the portion of the zy-plane, 
counted twice, bounded by the ellipse 


( 4 ) 


a*— <? 


it 

b'-c 1 


= 1 , 


2 = 0 , 


Again, the surface u = 6* is the portion of the zz-plane, counted 
twice, bounded by the hyperbola 

< 5 > Trp-prp" 1 - y=<>. 

which contains the center of the curve. Equations (4) and (5) 
define the focal elhp»e and focal hyperbola of the system 
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Through each point (x, y, z) in space there pass three quadrics 
of the family ; they are determined by the values of «, which are 
roots of the equation 

(6) 4> (u) = (or- u) (1-- u) (<?—u) — or (l 2 - «) {<?— u) 

— y' ( a ~ — u)(<?—u) — z* (a*— u) (b"~ u) = 0. 

Since $ (a 2 ) <0, <fr ( b 2 ) >0, <f> (c 2 ) <0, (f> (— co) > 0, 

the roots of equation (6), denoted by u v are contained in 

the following intervals : 

(7) a 1 > i q > b 2 , b 2 > > <r, c 2 > ?t 3 > — co. 


From (3) it is seen that the surfaces corresponding to u v u 3 are 
respectively hyperboloids of two and one sheets and an ellipsoid. 
Fig. 22 represents three confocal quadrics; the curves on the 


ellipsoid are lines of cur- 
vature, and on the hyper- 
boloid of one sheet they are 
asymptotic lines. 

From the definition of 
u.s «„ it follows that is 
equal to (u t —u)(u t —u)(u t —n). 
When <j> in (6) is replaced 
by this expression and u 
is given successively the 
values a 5 , b'\ c 2 , we obtain* 



( 8 ) 


; («'— tt,) (g 2 — 11.) (g 2 — V.) 

(a 2 — b') (a 2 — c 2 ) 

p_ (b"-u t )(b--'u,)(b--n !t ) 
J (b-~ a 2 ) {b-- <r) 

ft __ 

(c W)( c 2 -& 2 ) 


These formulas express the Cartesian coordinates of a point in 
space in terms of the parameters of the three quadrics which 
pass through the point. These parameters are called the elliptic 
coordinates of the point It is evident that to each set of these 


KirclJiotT. MechnniV, p. 303. Leipsic, 1877. 
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coordinates there correspond eight points in space, one in each 
of the eight compartments bounded by the coordinate planes. 

If one of the parameters m (8) be made constant, and the 
others u p ti t , where i =£ k, be allowed to vary, these equations 
define m parametric form the surface, also defined by equation 
(I), in which u has this constant value u ( The parametric curves 
it, := const., u, = const are the curves of intersection of the given 
quadric and the double system of quadrics corresponding to the 
parameters u } and u k . 

If we put 

(9) a*— v,= a, &*— «,s=h, e 4 — «,= <?, «,= u, w t — «, = t>, 

the equation of the surface becomes 

(10) f+^ + i’ = i, 

a o c 

and the parametric equations (8) reduce to 


Moreover, the quadnes which cut (10) in the parametric curves 
have the equations; 



In consequence of (3) and (9) we have that equations (19) 
or (11) define 

' an ellipsoid when <e>«>5>v>c>0, 

(13) • an hyperboloid of one sheet when a>u>b>0>c> t, 
an hyperboloid of two sheets when a> 0 >b>u>c>v. 
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(14) 


E = ■ 


96. Fundamental quantities for central quadrics. By direct cal- 
culation we find from (11) 

*(« — ») o r 

where for the sake of brevity we have put 
(15) f(6) = 4:(a-e)(b-e)(c-B). 

We derive also the following : 



X*= J 

|5c(a — u) (a — v) 
: > 


N 

uv (a — 6) (a — c) 

(16) 

r H 

lea {b — u) (b — v) 
uv ( b — a) (b — c) 


z= J 

ab (c — u)(c — v) 
— - > 

and , 

N 

uv(c — a) ( c — b ) 


(17) D = — 


abc u — v 


J)'— 0, 


D" — 


abc u — v 
uv f(v) 


uv f(u) ' 

Since F and D' are zero, the parametric curves are lines of curva- 
ture. And since the change of parameters (9) did not change the 
parametric curves, we have the theorem : 


The quadrics of a confocal system cut one another along lines of 
curvature, a)id the three surfaces through a point cut one another 
orthogonally at the point. 


This result is illustrated by fig. 22. 
From (14) and (17) we have 



Hence the ellipsoid and hyperboloid of two sheets have positive 
curvature at all points, whereas the curvature is negative at all 
points of the hyperboloid of one sheet. 

If formulas (16) be written 


». I abc x 

— V ’ 

\ uv a 


r= 


I abc y 


V uv b ' ^ \ uv c ' 

the distance IF from the center to the tangent plane is 
ii n. — . l a bc 


labc z 
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The tangent plana to a central quadnc along a carve , at points 
of which the total curvature of the turface tt the same, are equally 
distant from the center 

From (18) we eee that the umbilical points correspond to the 
values of the parameters such that « *=v The conditions (13) 
show that this common value of u and v for an ellipsoid is b, 
and c for an hyperboloid of two sheets, whereas there are no real 
umbilical points for the hyperboloid of one sheet When these 
values are substituted in (11), we have as the coordinates of 
these points on the ellipsoid 

<*» 

and on the hyperboloid of two sheets 
(21) 

It should be noticed that these points lie on the focal hyperbola 
and focal ellipse respectively 

97 Fundamental quantities for the paraboloids. The equation 
of a paraboloid 

(22) 2z = a 2 ?+ bif 

may he replaced by 


Hence the paraboloids are surfaces of translation (§ 81) whose 
generating curves are parabolas which lie m perpendicular planes 
By direct calculation we find 

^ 1/1 . iA 


-&-)• 


I> = 2 — = ° . . iy=0, »>=! — } . 

4 «i va s u, + b v l +1 4 v% VaVj 4- b \ + 1 

so that the equation of the lines of curvature is 


1 1 du k a'b du x a* 1 du^ a^yduj J 
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The general integral of this equation is 

<“> + l -«A 

where c is an arbitrary constant. 

When «j and i\ in (24) are given particular values, equation (24) 
determines two values of c, c l and c„, in general distinct. If these 
latter values be substituted in (24) successively, we obtain in finite 
form the equations of the two lines of curvature through the point 

(«,, r,). If c x and c„ be replaced by — anc ^ ~ re ~ 

spectively, we have, in consequence of (23), the two equations 

* j 

lujf+ (1 -f av) x" = u (1 + au) — — — , 

(25) - ^ b _ a 

bvy" + (1 + av) ar = v (1 + av) — — • 

V 

When these equations are solved for ar and y", we find that equa- 
tion (22) can be replaced by 

„ a — b 
ar = — — ttv, 
o 

(26) . y- = (1 -f au) (1 + av), 

15 — a . . 

z =2~aT {1+aU + av) ' 

and the parametric curves are the lines of curvature. 

Now wo have 

' a — b a(a — b)v — b 

h = — ■■ (m — r) - — - — — i F — 0, 

(27 j 4 5- m(1+ au) 

n b — a a(a—b)v—b 

4 6* t>(l-t-ar) 

(28) y y y_. V6 v7> — a %/ (1 + n h ) ( 1 + a v) , — Va6 

and ’ ’ V[«<« “ 5) « - 1’](a ifl ~b)v~ b] 


jD = 1 P (« — 5) (n - v) 1 

4 "N b >J\a{a~b)u — b] [a (a — b) v — &] « (1 4- am) 
(29) J)'= 0, 

7,t) 1 P (u — /;) (v — r) 1 

4^5 y_/ jq? ( n _ hj v _ ^ ^ j, _ jq v(l+av) 
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From (27), (28), and (29) we obtain 


( 20 ) 


(31) 


VaJz 


jy _ 

** \a(a — b)u — — 5)v— 4]* 

— =Va*5*r«(a — i)« — J] *[a(a — — 

Pi 

i =VaV[a(a — b)u — J]~*[a(o — b) v — 8] _ * 

Pi 


From these results we find that the ratio W{z is constant along 
the curves for which the total curvature is constant 

We suppose that b is positive and greater than a From the 
first of (26) it follows that u and v at a real point differ m 
sign, or one is equal to zero We consider the points at which 
both « and v are equal to zero There are two such points, 
and their coordinates are 


(32) 


■0, y = ± 


2 


1 b-a 

2 ab 


Evidently these points are real only on the elliptic paraboloid 
From (31) it follows that p l and p, are then equal, and conse- 
quently these are the umbilical points Since at points other 
than these u and v must differ m sign, we may assunr-* that a 
is always positive and v negative Moreover, from /6) it is 
seen that u and i are unrestricted except m the crwe of the 
elliptic paraboloid, when v must be greater than —1/a 

98 Lines of curvature and asymptotic lines on quadrics From 
(14), (27), and § 91 we have the theorem 

The lines of curvature of a quadric surface form an isothermal 
system of the Liouville type 

Bonnet * has shown that this property is characteristic of the 
quadncs There are, however, many surfaces whose lines of curva- 
vt w. ■syaVnn TVft-y -to tfcWei vatA krmt wx 

faces The complete determination of all such surfaces has never 
been accomplished (cf Ex 3, § 65) 

* Mlmolre gar 1» tWorig del garfaces applicables gar uob garfaca donate Journal de 
l' kcolt Polytechnique VoL JCW (1867) pp 121 132 
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From (17), (29), and § 82 follows the theorem: 

The lines of curvature of a quadric surface form an isothermal- 
conjugate system , and consequently the asymptotic lines can be found 
by quadratures. 

We shall find the expressions for the coordinates in termB of 
the latter in another way. 

Equation (10) is equivalent to the pair of equations 



where u and v are undetermined. For each value of u equations 

(33) define a line all of whose points lie on the surface. And to 
each point on the surface there corresponds a value of u determin- 
ing a line through the point. Hence the surface is ruled, and it is 
nondevelopable, as seen from (18). Again, for each value of v 
equations (34) define a line whose points lie on the surface (10), 
and these lines are different from those of the other system. 
Hence the central quadrics are doubly ruled. These lines are 
necessarily the asymptotic lines. Consequently, if equations (33), 

(34) be solved for x, y, z, thus : 

( 35 ) JL = 2L±L, JL =, m Lzr 1 , 

y/a «i» + l v7> ui’ + l Vc we +1 

we have the surface defined in terms of parameters referring to 
the asymptotic lines. 

In like manner equation (22) may be replaced by 



yfixx + i'Jby — 2 uz , 

y/az — iy/by — -i 

or 

u 


yfaz 4- iyfby — i, 

V 

y^ax — i y/by = 2 vz. 

Solving these, wo have 


(SO) 

VS*-"-*-'', 

4* U V 

i(v—v) _ 1 

2 uv 2 uv 
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Aa in the preceding case, we see that the surface is doubly ruled,* 
and the parameters in (36) refer to the asymptotic system of straight 
lines Hence : 

The asymptotic lines on any quadric are straight lines. 


EXAMPX.ES 

1 'The focal conka of a family of coofocal quadrics meet the latter In the 
umbilical points 

2 Find the characteristic lines on the quadrics of positive curvature 

3 The normal section of an ellipsoid at a point in the direction of the curie 
along which the total curvature is constant is an ellipse with one of its vertices 
at the point 

; yig 

4 Find the equation of the form — — =M8 (cf 5 70) when the corresponding 
surface Is a hyperboloid of one eheet, when a hyperbolic paraboloid 

8 Find the evolute of the hyperboloid of one sheet and derive the following 
properties 

(a) the surface is algebraic of the twelfth order, 

(t>) the section by a principal plane of the hyperboloid consists of a conic and 
the evolute of a conic , 

(c) these sections are edges on the surface, 

(d) the curve of intersection of the two sheets of the surface is cut by each of 
the principal planes in four ordinary points, four double points, and lour cusps, 
and consequently is of the twenty-fourth order 

6 Determine for the evolute of a hyperbolic paraboloid the properties analogous 
to those for the surface of Ex 6 

7 Deduce the equations of the surfaces parallel to a central quadric , determine 
their order and the character of the sections of the surface by the principal planes 
of the quadric , find the normal curvature of the curves corresponding to the asymp- 
totic lines on the quadric 

99. Geodesics on quadrics. Since tlie quadrics are isothermic 
surfaces of the Liouville type, the finite equation of the geodesics 
can be found by quadratures (§ 93) From (VI, 74), (14) and (2T), 

* Moreover, the quadrics are the only doubly ruled surfaces For consider such a sir- 
lace and denote by a, b, c three of the generators in one system A plane tr through a 
meets 6 and c In unique points Jl and C, and the line SC meets a in a point A The line 
ABC is a generator of the second system, and the only one of this system in the plane a 
The other lines of this system meet <r In tha lioe a On this account the plane cc cuts the 
surface in two lines a and ABC, that is, in a degenerate conic Hence the surface is of 
the second degree 
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it follows that the first integral of the differential equation of 
geodesics on any one of the quadrics is 

(37) u sin 2 # + v cos 2 # = a, 

where a is a constant of integration and # measures the angle 
which a geodesic, determined by a value of a, makes with the lines 
of curvature v = const. We recall that in equations (11) and (26) 
the parameter u is greater than a, except at the umbilical points, 
where they are equal. We shall discuss the general case first. 

Consider a particular point v'). According as a is given 

the value u' or v\ equation (37) defines the geodesic tangent at 
M' to the line of curvature u = u' or v — v’ respectively. It is 
readily seen that the other values of a , determining other geo- 
desics through M\ lie in the interval between v! and v'. More- 
over, to each value of a in this domain there correspond two 
geodesies through ill 7 whose tangents are symmetrically placed 
with respect to the directions of the lines of curvature. From 
this result it follows also that the w r hole system of geodesics is 
defined by (37), when a is given the limiting values of u and v 
and all the intermediate values. 

We write equation (37) in the form 

(38) (u — a) sin 5 # + (v — a) cos 2 # = 0, 

and consider the geodesics on a central quadric defined by this 
equation when a has a particular value a'. Suppose, first, that a' 
is in the domain of the values of ir. Then at each point of these 
geodesics v<a' and consequently from (38) u>a r . We have seen 
that these geodesics are tangent to the line of curvature u = a ’• 
From (11) it follows that they lie within the zone of the surface 
bounded by the two branches of the curve « = a’. When, now, 
a 1 Is in the domain of the values of v, u — a! is positive, and con- 
sequently from (38) v < a’. Hence the geodesies tangent to the 
curve t< = a 1 lie outside the zone bounded by the two branches of 
the line of curvature v = <#. Similar results are true for the parabo- 
loids, with the difference, ns seen from (26), that the geodesics 
tangent to v — a’ lie outside the region bounded by this curve, 
whereas the curves tangent to v = c# lie inside the region bounded 
by v — a’. 
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100 Geodesics through the umbilical points There remains for 
consideration the case where a takes the unique value which u 
and v have at the umbilical points Let it be denoted by a t so 
that the curves defined by 
(39) ( u — a t ) sin*# + (o — a 0 ) cos 2 # = 0 

are the umbilical geodesics We have, at once, the theorem 

Through each point on a quadric with real umbilical points there 
past two umbilical geodesics which are equally inclined to the lines 
of curvature through the point 

Hence two diametrically opposite umbilical points of an ellipsoid 
are joined by an infinity of geodesics, and no two geodesics through 
the same umbilical point meet agun except at the diametrically 
opposite point These properties are possessed also by a fannlj of 
great circles on a sphere through two opposite points On the 
elliptic paraboloid and on each sheet of the hyperboloid of two 
Bheets there are two families of umbilical geodesics, but no two 
of the same family meet except at the umbilical point common to 
all curves of the family 

For the ellipsoid (11) or 0 = 5 and equations (VI, 72, 73) become 

* “ s/'k- - c) du± *• 

8<}>__ 1 r I it du 1 f j v dv 

8b 4 J \(a — u)(u — c) it — 6 ' ‘iJ \(a— v)(v — c) v — b 
Similar results bold for the hyperboloid of two sheets and the 
elliptic paraboloid Hence the distances of a point P from two 
umbilical points (not diametrically opposite) ore of the form 

^r/i( u )+/.W- <k=/i («)“/,(») 

Hence we have 

The lines of curvature on the quadrics with real umbilical points 
wt -gw&iva. iVtvyMft ‘atA hcgj/nWaes •artJn'Aib tcvMcivdi yvtita $v> fra, 

101. Ellipsoid referred to a polar geodesic system A family of 
umbilical geodesics and their orthogonal trajectories constitute 
an excellent system for polar geodesic coordinates, because the 
domain is unrestricted (§ 87) except m the case of the ellipsoid, 
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and then only the diametrically opposite point must be excluded. 
We consider such a system on the ellipsoid, and let 0 denote the 
pole of the system and O', O", O'" the other umbilical points (fig. 23). 
If we put 


(40) 


(f) = - f-x l - U - - du-j-f \j - — --- — dv, 

v 2 Jy(a — u)(u — c) 2 J N (a — v) (v — c) 

_ 1 f I it du _ 1 C i v dv 

* 2Jy(a — u)(u—c)u — b 2 J \ (a — v) (v ~c) v — h 


it is readily found that 

A,<£ =1, A, (tp, ifr) = 0, 


A,t = 


1 

(b — it) (b — v) 


By means of (11) we may reduce the linear element to the form 

(41) dr = d<p" +• — — — — if d-p-". 

b 


In order that the coordinates be polar geodesic, yp must he 
replaced by another parameter measuring the angles between 
the geodesics. For the ellipsoid 
equation (39) is 

(42) (u— 6) sin 5 0+ (a— fi) cos 5 0=0. 

As previously seen, 0 is half of 
one of the angles between the 
two geodesics through a point 
M. As M approaches 0 along 
the geodesic joining these two 
points, the geodesic O' MO’" ap- 
proaches the section y = 0. Consequently the angle 2 6 approaches 
the angle MOO', denoted by co, or its supplementary angle. Hence 
we have from (42) 



(43) 



— tan 5 


u> 

o' 


We take w in place of ip and indicate the relation between them 
by yp — / (to). From (41) we have 



238 


QUADRICS 


This expression satisfies the first of conditions (VI, 64). The 
second is 


f(") 


L 

o ^j (a~v)(p-c) b~v 


< 44) 

If we make use of the formulas (III, 11) and (40), we find 
du__ g l (a — u)(u^7) u~~ 6 ^ dv 

d<f> N u u — v'd<p 

so that equation (44) reduces to 
hmfla) - e >. + >:».-!>].! 


By means of (43) we pass from this to 

< 46 > 

Hence the linear element has the following form due to Roberts*: 
(46) 

sin*© 


The second o! equations (40) may now be put in the form 

1 f I n~ du 1 r I dv 

2 J \(fl — u)(u — c) « — b 2 J \(a — v)(v — c) v — b 

“N(i--t)V-i> I ‘ >g “‘ n 5 +c ' 

where C denotes the constant of integration. In order to evaluate 
this constant, we consider the geodesic through the point (0, 'fb, 0). 
At this point the parameters have the values u = a, v = e, and the 
angle w lias a definite value 5. Hence the above equation may be 
replaced by 

1 r I u du 1 r | v ~ dv 

2 J* N(« — u)(u — c) u — b 2J t N(a — v)(v — c) v — b 

• Journal de Mathtmattquei, Ycl XIII (ISIS), pp I-II 
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In like manner, for the umbilical geodesies through one of the 
other points (not diametrically opposite) we have 



It follows at once from these formulas that if M is any point on 
a line of curvature u = const, or v = const., we have respectively 


MOO' , MO'O 
tan — - — tan — - — : 


: const., tan 


MOO' 


MO'O 

COt „ : 


: const. 


102. Properties of quadrics. From (18) it follows that for the 
central quadrics Euler’s equation (IV, 34) takes the form 



By means of (19) and (37) this reduces to 


(47) 


B abc 


In like manner, we have for the paraboloids 

(48) i = _ L. + _ a)]. 

Hence we have : 

Along a geodesic or line of curvature on a central quadric the 
product BU’ 3 is constant, and on a paraboloid the ratio BlV'/z 3 . 

Consider any point P on a central quadric and a direction 
through P. Let a, ft, y be the direction-cosines of the latter. 
The semi-diameter of the ellipsoid (10) parallel to this direction is 
given by 



cos 6 dx , sin 0 cx 
Vp ?k ' Vr; cv 


By definition 



240 


QUADRICS 


and similarly for 0 and y. When the values of y, z, E, G from 
(11) and (14) are substituted, equation (49) reduces to 
1 _ cos’d , sm 1 # 
p* u v 

By means of (19) and (37) this may be reduced to 

(50) ap*iV 3 =abc 

From this follows the theorem of Joachimsthal 

Along a geodetic or a line of curvature on a central quadric the 
product of the semi-diameter of the quadnc parallel to the tangent 
to the curve at a point P and the distance from the center to tke 
tangent plane at P it constant 

From (47) and (5d) we obtain the equation 

p*=—2tn', 

for all points on the quadnc Since IF is the same for all direc 
tiona at a point, the maximum and minimum values of p and R 
correspond Hence we have the theorem 

In the central section of a quadric parallel to the tangent plane at 
a point P the principal axes are parallel to the directions of the lines 
of curvature at P* 

EXAMPLES 

1 On a hyperbolic paraboloid, of which the principal parabolas are equal the 
locos of a point the sum or difference of whose distances from the generators 
through the vertex of tbe paraboloid Is constant, Is a liue of curvature 

S Find the radii of curvatare and torsion at the extremity of the mean dlatn 
eter of an ellipsoid of an umbilical geodesic through the point 

3 Find the surfaces normal to the tangents to a family of umbilical geodesics 
on an ellipsoid, and determine the complementary surface (cf § 70) 

4 The geodesic distance of two diametrically opposite umbilical points on an 
elllpsoll Is equal to one half the length of the principal section through the 
umbilical points. 

5 Find the form of the linear element of the hyperboloid of two sheets or the 
elliptic paraboloid, when the parametric system Is polar geodesic with an umbilical 
point for pole 

0 If Jfj and J/j are two points of intersection of a geodesic through the umbilical 
point O with a Une of curvature * = const., then 

. jr.tro t M t <yo 

tan - - - co t — L. — . — const, 

•For a mote complete discussion ©f the geodesies on quadrics tbe reader is referred 
to a memoir by r Brsumouhl In }/ath Jnnalen Vol XX (1832), pp 630-380 
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7. Given a line of curvature on an ellipsoid and the geodesics tangent to it; 
the points of intersection of pairs of these geodesics, meeting orthogonally, lie on 
a sphere. 

8. Given the geodesics tangent to two lines of curvature; the points of inter- 
section of pairs of these geodesics, meeting orthogonally, lie on a sphere. 

103. Equations of a ruled surface. A surface which can be gen- 
erated b}' the motion of a straight line is called a ruled surface. 
Developables are ruled surfaces for which the lines, called the 
generators , are tangent to a curve. As a general thing, ruled sur- 
faces do not possess this property, and in this case they are called 
shew surfaces. Now we make a direct study of ruled surfaces, par- 
ticularly those of the skew type, limiting our discussion to the 
case where the generators are real* 

A ruled surface is completely determined 
by a curve upon it and the direction of the 
generators at their points of meeting with 
the curve. We call the latter the directrix 
J), and the cone formed by drawing through 
a point lines parallel to the generators the 
director-cone. If the coordinates of a point 

of D are t 0 , y a , c 0 , expressed in terms of the arc v measured 
from a point of it, and l, m, n are the direction-cosines of the gen- 
erator through it/ 0 , the equations of the surface are 

(51) x = x 0 4 hi, y = y 0 + mu, z = z 0 + nu, 

where u is the distance from J/ 0 to a point M on the generator 
through M 0 . If 6 0 denotes the angle which the generator through 
jf 0 makes with the tangent at Jf 0 to D, then 

(52) cos 0 O = 2 # + ifm + z[n, 

where the accent indicates differentiation with respect to v (fig. 24). 
From (51) we find for the linear element the expression 

(53) ds’= dir + 2 cos 6 0 dudv + (n 5 u 5 -f- 2 bu -{-Ijde 3 , 
where we have put for the sake of brevity 

(54) («* = *«+ «.«+»«, 

( h — lV a -f m'y[ -{- n'z[. 

* We shall CM tbs term niM to specify tbs suriacw of the skew type, am! developable 
tor the other*. 
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Since the generators are geodesics, their orthogonal trajectories 
can be found by quadratures (§92) We arrive at this result 
directly by remarking that the equation of these trajectories is 
(III, 26) du + cos 0 t dv = 0, 

and that 8 0 is a function of v alone 

104 Line of striction Developable surfaces We shall now con 
Bider the quantities which determine the relative positions of the 
generators of a ruled surface 

Let g and g' be two generators determined by parametric values 
v and w + Sv, and let X, fi, v denote the direction cosines of their 
common perpendicular If the direction cosines of g and g be 
denoted by l, m, n , l 4- SI m 4- 8m, n 4- Bn respectively, we have 
(561 ( iX + mix + nv= 0, 

( (f+8Z)\ + (»i + ini)M + (n + Sn)i'=0, 
and consequently 

(56) X ft v = ( m8n — n8m) (n8l — I8n) ( 18m — m&l) 
i rom (54) it follows that 

{mn'~~ nm')* + (nl — ln')*+(hn'— ml') 1 = a*, 
and by Taylor’s theorem, 

(57) l + 81 = Z + I8t>4-£jSv 1 + 

Hence equations (56) may be replaced by 

X = 1 (mn'~ m'n) 4- e if 

(58) g = ~(nl , ~ n'l) + e t , 
v — i ( lm’~ l m) 4- f,, 

where e,, e, denote expressions of the first and higher orders in 
If .31(5, y, z) and If '(5 4- 85, y 4- 8y, z -f SI) are the points of 
meeting of this common perpendicular with g and g' respectively 
(fig 24), the length MM\ denoted by A, is given by 


(59) 

A 8x 8y 8i 

or 

** 

(CO) 

A = X&r4- f£g+ vSz 
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From (51), after the manner of (57), we obtain 
Bx = (x^ ul') Bv + IBu + o-, 

where a involves the second and higher powers of Bv. When this 
and similar values for By and Si are substituted in (60), we have 


(Cl) 

where 

(62) 



1 *0 !/'* K 

f—— l m n , 

a V m’ n' 


and e involves first and higher powers of Bv. 
(52) and (54) we have 


(63) 


p- = 


a'sin‘# 0 — 1~ 


In consequence of 


As Sr approaches zero, the point M approaches a limiting posi- 
tion 0, which is called the central point of the generator. Let a 
denote the value of « for this point. In order to find its value we 
remark that it follows from the equations (55) and (59) that 

Sx Bl By 8m 8z Bji _ q 

Bv Sr Sr Sr Sr Sr 


If the above expressions for these quantities be substituted in this 
equation, we have in the limit, as Sr approaches zero, 

(64) aru + b — 0. 

Consequently 

(65) « = — v 


The locus of the central points is called the line of striction. Its 
parametric equation is (64). Evidently 5 = 0 is a necessary and 
sufficient condition that the line of striction be the directrix. 

From (61) and (63) it is seen that the distance between near-by 
generators is of the second order when 

(66) <fsin a 0 o — 6 ! =0. 

Without loss of generality we may take the line of striction 
for directrix, in which case we may have sin 8 0 = 0, that is, the 
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generators are tangent to the directrix. Another possibility is 
afforded by a = 0 From (54) it is seen that the only real sur 
faces satisfying this condition axe cylinders Hence (cf § 4) 

A necessary and sufficient condition that a ruled surface , other than 
a cylinder, be developable is that the distance between near by genera- 
tors be of the second or higher orders , m this case the edge of regret 
sion ts the line of stnction 

105. Central plane Parameter of distribution The tangent 
plane to a ruled surface at a point 3f necessarily contains the 
generator through 21 It has been found (§ 25) that for a devel 
opable surface this plane is tangent at all points of the generator 
We shall see that m the case of stew 
surfaces the tangent plane vanes as 21 
moves along the generator We deter 
mine the character of this variation by 
finding the angle which the tangent 
plane at M makes with the tangent 
plane at the central point C of the gen 
erator thtough 21 The tangent plane 
at C is called the central plane 
Let g and g x be two generators, and MM' their common per 
pendicular (fig 25) Through the point M of g draw the plane 
normal to g , it meets g x m M t , and the line through M parallel 
to ffi in M t The limiting positions of the planes 2f t M2f and 
2V MM, as g x approaches g, are the tangent plaues at M and at C, 
the limiting position of M The angle between these planes, de 
noted by <f>', is equal to 2f2f x 3f t , and the angle between g and g,< 
denoted by <r, is equal to 2TMM t By construction M2T X M X and 
2IMM t are nght angles Hence 

tan <£' — 2121^ _ 21 M tan a 
MM' 

In the limit M is the central point C, and so we have 
I.m tan<ft'= = ± « L r °l £, 

pdv p 

for we have da* = Iim (51* + 5m*+ 5n*) = a*dt? 
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It is customary to write the above equation in the form 
(67) tan <f> = ' 


The function /3 thus defined is called the parameter of distribution. 
It is the limit of the ratio of the shortest distance between two 
generators and their included angle. As it is independent of the 
parameter u, we have the theorem : 

The tangent of the angle between the tangent plane to a ruled 
surface at a point AT and the central plane is proportio7ial to the 
distance of Af from the central point. 

From this it follows that as 31 moves along a generator from — oo 
to +oo, varies from — rr/2 to rr/2. Hence the tangent planes at 
the infinitely distant points are perpendicular to the central plane. 
Since y9 = 0 is the condition that a surface he developable, the 
tangent plane is the same at all points of the generator. 

We shall now derive equation (67) analytically. From (51) we find 
that the direction-cosines of the normal to the surface are of the form 


(68) 


X — ■ 


( toz ' — m/ a ) + (mn’ — m'n) u _ 

(aV + 2 bu + sin ! fl 0 ) 5 

the expressions for I r and Z are similar to the above. The 
direction-cosines X 0 , i" 0 , Z 0 of the normal at the central point are 
obtained from these by replacing u by a. From this we have 

(69) cos<£=SXX 0 

__ 2 ( mz[ — ny[f +2 (mz ' 0 — 7 iy' 0 )(mn' — m'n) (?t + tr) + g-ua 
(a?tr + 2 bu + shr d 0 )* (<z 2 a 2 + 2 bu + sin 2 #,,)* 
a 4 (k — a) 2 


which leads to 


tan 2 <£ = 


« 2 sin 2 0 „— F 


From this equation and (67) we have 
(70) 


"da" sirvd. 


F 1 


m 


m n 


When the surface is defined by its linear element, /9 is thus deter- 
mined only to within an algebraic sign. We shall find, however, 
that this is not the case when the surface is defined by equations 
of the form (51). 
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To tins end we take a particular generator g for the z-axia 
Then foi g we have 

a# =ik«0, i = m = 0, n =1, v!— 0 

Let also the central plane be taken for the xz plane and the central 
pomt for the origin From (68) it follows that y' = 0 Since the 
origin is the central point, 6 = 0 and consequently 1 = 0 Hence 
the equation of the tangent plane at a point of g has the simple form 

(71) m'u$ — r' % i j = 0, 

f and tj being current coordinates If the coordinate axes have 
the usual orientation, and the angle tf> is measured positively in 
the direction from the positive x-axis to the positive y axis, 
from equation (71) we have 

(72) tan* = ^r 

Companng this with equation (67), we find for the value aj/w r 
In order to obtain the same value from (70) for these particular 
values, we must take the negative sign Hence we have, in 

8enm1 ’ , < <\ 

(73) 0 — i 7 m » 

V m! n'l 

It is- seen from (72) that, as a point moves along a generator in 
the direction of it increasing, the motion of the tangent plane is 
that of a right-handed or left-handed screw, according as f$ is 
negative or positive 

exampj.es 

1 Show that for the ruled surface defined by 

Z = lf U ~ «*)*<*“ + *<1 

V = + * (l + 

z = Ju<t>du + fv, 

where <f> and f are any functions of u, the directrix and the generators are minimal 
Determine under what condition the curvature of the surface is constant 

2 Determine the condition that the directrix of a ruled surface he a geodesic 
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3. Prove, by means of (02), that the lines of curvature of a surface F(x, y,z) = 0 
are defined by 

I ' T- r. TP I 

= 0 . 


dx, 

dy, 

dz 

cF 

cF 

5F 

CX 1 

cy ' 

dz 

.cF 
d — » 

F 

a — » 


CX 

cy 

cz 


4. The right helicoid is the only ruled surface whose generators are the principal 
normals of their orthogonal trajectories. Find the parameter of distribution. 

6. Prove for the hyperboloid of revolution of one sheet that: 

(а) the minimum circle is the line of striction and a geodesic; 

(б) the parameter of distribution is constant. 

6. With every point P on a ruled surface there is associated another point P' 
on the same generator, such that the tangent planes at these points are perpendicular. 
Prove that the product OP ■ OP', where 0 denotes the central point, has the same 
value for all points P on the same generator. 

7. The normals to a ruled surface along a generator form a hyperbolic paraboloid. 

fe. The cross-ratio of four tangent planes to a ruled surface at points of a gen- 
erator is equal to the cross-ratio of the points. 


9. If two ruled surfaces are symmetric with respect to a plane, the values of 
the parameter of distribution for homologous generators differ only in sign. 


106. Particular form of the linear element. A number of prop- 
erties of ruled surfaces are readily obtained when the linear element 
is given a particular form, which we will now deduce. 

Lot an orthogonal trajectory of the generators he taken for the 
directrix. In this case 


(74) 






a ' — b" 


a=--. 


If we make the change of parameters, 

(75) u = m, i\ = J' adv, 

the linear element (53) is reducible to 

(7 0) d»' = dir + [(« — ( i)- + /5 J ] d v *. 

The angle 0 which a curve r, =f («) makes with the generators is 
given by 

(< 7) tan 6 = \/ {u — «r) 3 + fFf. 

Also the expression for the total curvature is 
(78) A'=- & 


[(u-af- 4 -/ 3 =]= 
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Hence a real ruled surface has no elliptic points. All the points 
are hyperbolic except along the generators for which /9=G, and 
at the infinitely distant points on each generator Consequently 
the linear element of a developable surface may be put m the form 
(79) da* = di? 4- (« — a)*dv* 


Also, in the region of the infinitely distant points of a ruled sur 
face the latter has the character of a developable surface As 
another consequence of (78) we have that, for the points of a 
generator the curvature is greatest in absolute value at the cen 
tral point, and that at points equally distant from the latter it 
has the same value 

When the linear element is m the form (76), the Gauss equation 
of geodesics (VI, 56) has the form 

V(U — a)* + ff*d0 + (u — a) dv l = 0 


An immediate consequence is the theorem of Bonnet 
If a curie upon a ruled surface hat two of the following properties , 
it has the third also, namely that it cut the generators under constant 
angle, that it be a geodesic and that it be the line of stnction 


A surface of this kind is formed by the family of straight Itnes 
which cut a twisted curve under constant angle and are perpen 
dicular to its principal normals A particular case is the surface 
formed of the bmormals of a curve It is readily shown from (78) 
that the parameter of distribution of this surface is equal to the 
radius of torsion of the curve 


107. Asymptotic lines. Orthogonal parametric systems. The gen- 
erators are necessarily asymptotic lines on a ruled surface We 
consider now the other family of these lines From (51) and (68) 
-efind .. . .. , <+ r« ' 


K si z 'J 


J D"» 


*» +r ; , j 

} y, + m"u m y a +w« 

, z!l -V vJ'u. « 2*4 »’« l 


Hence the differential equation of the other family of asymp- 
totic lines is of the form 
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where L, M, K are functions of v. As this is an equation of the 
Riccati type, we have, from § 14, the theorem of Serret: 

The four points in which each generator of a ruled surface is cut 
ly four curved asymptotic lines are in constant cross-ratio. 

From § 14 it follows also that when one of these asymptotic 
lines is known the others can be found by quadratures. 

When tho surface is referred to an orthogonal system and the linear element is 
in the form (70), written 

(81) ds 2 = du 2 + a- [(u - a) 2 + pfi] do 2 , 

the expressions (80) can be given a simpler form. 

From (73) and (81) we have 

ff=a[(u-a ) 2 + /S 2 ]*, ■»'=—• 

From the equations 2xjl = 0, 2xo 2 — 1, 22 2 = 1, 

and (64) we obtain, by differentiation, 

2xS^' = 0, 211' =0, 2 xi'l--b, 

21T' = oa', 211" = -a 2 , 2l’xi’ = b'-t, 
where t is defined by 21"xo = t. 

If the expression for J>" in (80) be multiplied by the determinant of the right- 
hand member of (73), and the result be divided by its equal, — a 2 / 9, we have, in 
consequence of the above identities, 

JD" = — [«* (ta 2 - aa'b) + u(2tb- aa' - bb') + t - 6']. 

If equations (74) be solved for a and 6 as functions of a and p, and the resulting 
expressions be substituted in this equation, we have 

D" = ~^ {r[(u - a) 2 + T] + P’{u ~ a) + pa'}, 

where tho primes indicate differentiation with respect to n, t given by (76), and r 
is defined bv n > 

a?pr = £ — — 6. 
a 

From the above equations it follows that the mean curvature (cf. § 62) is express- 
ible in the form 

(82) 1 + 1 _ _ r[(u - <t) 2 + pT-] + P'(u - a) 4 pa' 

Pi [(,, _ a)- + p 2 ]! 


EXAMPLES 


1. When the linear element of a ruled surface is in the form (70), the direction- 
codnes of the limiting position of the common perpendicular to two generators are 
given by *5 + «!' y' 0 + am' -f an' 
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2 Prove that the developable surfaces are the only ruled surfaces with real 
generators whose total curvature » constant 

3 Show that the perpendicular upon the a-aiis from any point of the cubic 
x = u, y =; u J , * = u 3 lies In the osculating plane at the point, and find the asymp- 
totic lines on the ruled surface generated by this perpendicular 

4 Determine the function 4> m the equations 

* = y = u\ t=4>{u), 

so that the osculating plane at any point M of this curve shall pass through the 
piojection P of M on the y aria Find the asymptotic lines on the surface gener 
ated by the line HP 

5 Show that the equations 

* ss usme coa<f, y « u sine sin if, s=o + ucos «, 
where 9 and f are functions of e, define the most general ruled surface with a rec 
tllinear directrix, and prose that the equation of asymptotic lines can be integrated 
by two quadratures Discuss the case where 6 la constant 

6 Concerning the curved asymptotic lines on a ruled surface the following are 
to be proved 

(a) If one of them is an orthogonal trajectory of the generators, the determina- 
tion of the rest reduces to quadratures, 

(ft) If two of them are orthogonal trajectories, they are curves of Bertrand , 

(C) if all of them are orthogonal trajectories, the surface is a right helicoid 

7 Determine the condition that the line of stnction be an asymptotic line, and 
show that in this case the other curved asymptottc lines can be found by quadratures 

8 Find a ruled surface of the fourth degree which is generated by a line pass- 
ing through the tw o 1 mes * = 0, y = 0 , t = 0,i+v + 2 = l Show that these lines 
ana the line s = t>, x + y + s= lare double lines Find the line of stnction 

0 The right helicoid is the only ruled surface each of whose lines of curvature 
cuts the geneiators under constant angle, however, on any other ruled surface 
there are In general four lines of curvature which have this property 

108. Minimal surfaces. In 1760 Lagrange extended to double 
integrals the Euler theorems about simple integrals in the calculus 
of vacations, and as an example he proposed the following problem*: 

Given a closed curve C and a connected surface S bounded by the 
curve; to determine S to that the inclosed area shall be a minimum . 


If the surface be defined by the equation 

*“/(*. v). 

the problem requires the determination of f(x, y) so that the inte- 
gral (cf. Ex. 1, p 77) /y» 

J J Vl cfdxdy 


(Euvrei de Lagrange, Yot I, pp 354-357 Pans, 1867 
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extended over the portion of the surface bounded by C 'shall be a 
minimum. As shown by Lagrange, the condition for this is 



or, in other form, 

(84) (1 + q*)r— 2pqs 4- (l+jt) 2 )t = 0. 


Lagrange left the solution of the problem in this form, and 
Meusnier,* sixteen years later, proved that this equation is 
equivalent to the vanishing of the mean curvature (§ 52), thus 
showing that the surfaces furnishing the solution of Lagrange’s 
problem are characterized by the geometrical property which now 
is usually taken as the definition of minimal surfaces; however, the 
name indicates the connection with the definition of Lagrange.f 

In what follows we purpose giving a discussion of minimal sur- 
faces from the standpoint of their definition as the surfaces whose 
mean curvature is zero at all the points. At each point of such a 
surface the principal radii differ only in sign, and so every point 
is a hyperbolic point and its Dupin indicatrix is an equilateral 
hyperbola. Consequently minimal surfaces are characterized by 
the property that their asymptotic lines form an orthogonal sys- 
tem. Moreover, the tangents to the two asymptotic lines at a 
point bisect the angles between the lines of curvature at the point, 
and vice versa. 

We recall the formulas giving the relations between the funda- 
mental quantities of a surface and its spherical representation 
(IV, 70): 

(85) A' m X> — Kli, £ = K n D'-KF, £ = K m D" — KG. 

From these we have at once the theorem : 

The necessary and sufficient condition that the spherical represen- 
tation of a surface he conformal is that it he minimal or a sphere. 

* Mcmolrc 5tir la conrbure des surface?, Mtmoires des Savants <ftrangeri, Vol. X 

(17W), p. 477. 

t for a historical sketch of the development of the theory of minimal surfaces and a 
complete dUeu««ion of them the reader is referred to the I^\ons of Darbour (Vol. I, pp. 

et The question* in the calculus of variations involved in the study of mini- 
mal surfaces are treated hy Riemann, Gfiammclte UVrAr, p. 2S7 (Leipzig, 1S7G); and by 
Schwarz, Crscvnmeltv Abhamthihgen % Vol. I, pp. iTO (Rerliu, 181*)). 
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Hence isothermal orthogonal systems on the surface are repre- 
sented hy similar systems on the sphere, and conversely All the 
isothermal orthogonal systems on the sphere are known (§§ 35 40) 
Suppose that one of these systems is parametric and that the linear 
element u a + dif) 

From the general condition for minimal surfaces (IV, 77), namely 

(86) £D" + - 2 = 0, 

it follows that in this case a 


In consequence of this the Codazzi equations (V, 27) are reducible to 


(87) 


ID ijy 

8v du ’ do 


By eliminating D or V we find that both D and D' are integrals 
of the equation 

S? + i>? = 0 


Hence the most general form of D' is 

(88) J)’s=tf>(u + tv)+yy(u — it>), 

where <p and ^ are arbitrary functions Then from (87) we have 

(89) + 

where c is the constant of integration To each pair of functions 
<£, ->{r there corresponds a minimal surface whose Cartesian coordi 
nates are given by the quadratures (V, 26), namely 



and similar expressions in y and z Evidently the surface is real 
only when <$> and -jr aie conjugate functions 

In obtaining the preceding results we have tacitly assumed that 
neither D nor If is zero We notice that either may be zero and 
then foe other is a constant, which is zero only lor the p'mit 
These results may be stated thus 

-Every t sothermal system on the sphere t * the representation of the 
fine* of ctt nature of a unique minimal surface and of the asymptotic 
lines of another minimal surface 



lines of curvature AND ASYMPTOTIC LINES 253 


The converse also is true, namely: 

The spherical representations of the lines of curvature and of the 
asymptotic lines of a minimal surface are isothermal systems. 

For, if the lines of curvature are parametric, equation (8G) may 
be replaced by D _ p ^ D « = _ p g 

where p is equal to either principal radius to within its algebraic 
sign. When these values and D' = ^= 0 are substituted in the 
Codazzi equations (V, 27), we obtain 

~ ( P <o) = 0, A(p^)=0, 

ov cu 

so that S/f — U/V, which proves the first part of the theorem (§ 41). 

When the asymptotic lines are parametric, we have 
and equations (V, 27) reduce to 



from which it follows that <S/f = U/V. 

109. Lines of curvature and asymptotic lines. Adjoint minimal 
surfaces. Wo return to the consideration of equations (87) and 
investigate first the minimal surface with its lines of curvature 
represented by an isothermal system. Without loss of generality,* 
we may take 

(9i) d =— d"=i, jy=o. 

From (IV, 77) it follows that 


where 


1 

PiPt 


- 2 = -\ 2 , E=G = p, 

Vl/hH/4 


Hence we have the theorem : 


The parameters of the lines of curvature of a minimal surface may 
he so chosen that the. linear elcjncnts of the surface and of its spher- 
ical representation have the respective forms 

ds" — p(dtr-\- dr), (du s + dir), 

P 

where p is the absolute xmluc of each principal radius. 


* Any other value ol the constant leads to liomothctle surfaces. 
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la like manner we may take, for the solution of equations (87), 
(92) D=jy'= 0, 1 

Again we find - 1 

JLz*— A*, B = G = p, 

PtPt Pi 

so that we have a result similar to the above 

The parameter » of the asymptotic lines of a minimal surface may 
be to chosen that the linear elements of the surface and of its spherical 
representation have the respective forms 

de*~ p(d«*+ do*), d< r*= — (du’-f dv*), 

P 

where p t» the absolute value of each pnncipai radius 

From the symmetric form of equations (87) it follows that if 
(88) and (89) represent one set of solutions, another set is given by 
/>,*= — 1 >, = £ + — c 

These values are such that 

DD{+D } D V - 2 0'D[ =» 0, 

which is the condition that asymptotic lines on either surface cor 
respond to a conjugate system on the other (§ 56) When this 
condition is satisfied by two minimal surfaces, and the tangent 
planes at corresponding points are parallel, the two surfaces are 
said to be the adjomts of one another Hence a pair of functions 
<f>, ifr determines a pair of adjoint minimal surfaces When m par 
ticular, the asymptotic lines on one surface are parametric, the 
functions have the values (92), and on the other the values (91) 
It follows, then, from (90), that between the Cartesian coordinates 
of a minimal surface and its adjoint the following relations hold 


(93) 


dx x _ dx dx i dx 

8u 2v cv 2u ’ 


and similar expressions in the y's and zb, when the parametric 
curves are asymptotic on the locus ol (r, g, z) 


110. Minimal curves on a minimal surface The lines of length 


zero upon a minimal surface are of fundamental importance When 
they are taken for parametric curves, the equations of the surface 
take a simple form, which we shall now obtain 
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Since the lines of length zero, or minimal linefe, aTe parametric, 
we have 

(94) F = G — 0. 

From (85) it follows that the parametric lines on the sphere also are 
minimal lines, that is, the imaginary rectilinear generators. And 
from (8G) we find that D' is zero. Conversely, when the latter is 
zero, and the parametric lines are minimal curves, it follows from 
(IV, 33) that A"„, is equal to zero. Hence : 

A necessary and sufficient condition that a surface he minimal is 
that the lines of length zero form a conjugate system .* 

In consequence of (94) and (VI, 26) the point equation of a 
minimal surface, referred to its minimal lines, is 



du dv 


Hence the finite equations of the surface are of the form 

(95) *«=!!,+ y = If.+ K, z = U 3 +V 3 , 

where U v U„, U, are functions of u alone, and V v F„, V 3 are 
functions of v alone, satisfying the conditions 

(96) u[- + uf + vf = o, v;- + V!f + V'f = 0. 


From (95) it is seen that minimal surfaces are surfaces of trans- 
lation (§ 81), and from (9G) that the generators are minimal 
curves (§ 22). In consequence of the second theorem of § 81 we 
may state this result thus: 

A minimal surface is the locus of the mid-points of the joins of 
points on tiro minimal curres. 


In § 22 we found that the Cartesian coordinates of any minimal 
curve are expressible in the form 

(97) J (l- n") F(u) du, ij (1+ id) F(u) du, 2 Jit F(u) du. 


'•Tins folios also from the fact that an equilateral hyperbola is the only conic for 
vrhk'h the direction* with angular coefficients ± i are conjugate. 
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Hence by the above theorem the following equations, doe to 
Enneper *, define a nominal surface referred to its minimal lines 


(98) 


X = 1 f (l-u’)f(u)du + ij" 

y = | J (l + tt‘)F(u)du-lJ'p. + v , )<S‘(v)dt>, 
x= JuF{v)du+ Jv&(v)dv t 


where A and 4> are any analytic functions whatever Moreover, 
any minimal surface can be defined by equations of this form 
For, the only apparent lack of generality is due to the fact that 
the algebraic signs of the expressions (98) are not determined 
by equations (96), and consequently the signs preceding the 
terms in the nght-hand members of equations (98) could be 
positive or negative But it can be shown that by a suitable 
change of the parameters and of the functions F and <£ all of 
these cases reduce to (98) Thus, for example, we consider the 
surface defined by the equations which result when the second 
terms of the right-hand members of (98) are replaced by 


In order that the surface thus defined can be brought into coin- 
cidence, by a translation with the surface (98), we must have 
(I — vf)& l di l = (1 — r*) <I> di, (1 -f- 1 *) = — (1 + v 1 ) dv, 

v l <P l dv l = v<frdv 


Dividing these equations, member by member, we have 

I — 1 >* j -f y* v x 

l — v* l + v*~ v’ 

from which it follows that j 

1 v 


Substituting this value m the last of the above equations, we find 
<J>,(r,) = — i/3>(v). 


• Zt I*eJ rrftfar hSalhtmatik und I'hjsik Vol IX (18M) f MT 
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and this value satisfies the other equations. Similar results fol- 
low when another choice of signs is made. The reason for the 
particular choice made in (98) will be seen when we discuss the 
reality of the surfaces. 

Incidentally we have proved the theorem : 

When a minimal surface is defined by equations (98), the necessary 
and sufficient condition that the tivo generating curves be congruent 
is that 

m 

From (98) we obtain 

B= 0, 2?= i(l + Mv) 3 i^(«) <£(*’)> G = Q, 


so that the linear element is 


(100) dr = (1 + uv)'F(u) ( v ) dudv. 


We find for the expressions of the direction-cosines of the normal 


( 101 ) 


„ U + l> „ . V — « „ uv — 1 

A ~ _ , 1 = l 1 /j — — ? 

1 + ttP 1+ttV x + uv 


and the linear element of the sphere is 

, , A dudv 
a a — — • 

Also wo have ^ + ,u ) 

(102) D = -F(u), D' = 0, D"=-$>(v), 

so that the equations of the lines of curvature and of the asymp- 
totic lines are respectively 

(103) F(u) du : - <b(r)dr=0, 

(104) F{u)du‘-{-$>(v)dv'= 0. 


These equations are of such a form that we have the theorem : 

When a •minimal surface is referred to its minimal lines, the finite 
equations of the lines of curvature and asymptotic lines are given by 
quadratures, which are the same in both cases. 

In order that a surface be real its spherical representation must 
be real. Consequent!}' u and r must be conjugate imaginaries, as 
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is seen from (101) and § 13, and the functions F and «3> most be 
conjngite imaginary Hence if Jtff denotes the real part of a 
function 0, all real minimal surfaces are defined by 

* «■ Jl J*( 1 - «*) F(u) du, i/=fJ 1 (1 + « 3 ) F(u) du , 

z — uF(u) du, 

where F(u) is any function whatever of a complex variable w 
In like manner the equations of the lines of curvature may be 
written in the form 

(XOo) rJ' ^F{ u)du =* const , J>.f i Vi- («) du = const 

111 Double minimal surfaces It is n dural to inquire whethei 
the same minimal surface can be defined m more than one way by 
equations of the form (98) We assume that this is possible, and 
indicate by v >, and £*,(«,), 4>,(» ) the corresponding paiameters 
and functions As the parameters t>, refer to the lines of length 
zero on the surface, each is a function of either u or v In order to 
determine the forms of the latter we make use of the fact that the 
positive directions of the normal to the surface m the two forms of 
parametric representation may have the same or opposite senses 
When they have the same sense, the expressions (101) and similar 
ones in «, and t, must be equal respectively In this case 

(106) Uj=* u, v x = v 

If the senses are opposite, the respective expressions are equal to 
within algebraic signs From the resulting equations we find 

(107) 1, 

V U 

When we compare equations (98) with analogous equations in 
m, and v,, we find that for the case (106) we must have 

= F(u)n 3\( v l) = (»), 

and for the case (107) 

(«j) = ■ — v* 3>(p), < I > 1 (v,) = — u*F{u) 
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Hence we have the theorem : 


A necessary and sufficient condition that two minimal surfaces , deter- 
mined hy the pairs of functions F, and F v <J>,, be congruent is that 


( 108 , i*(-i). 

to the point («, v) on one surface corresponds the point — ~j 


on 


the other , and the normals at these points are parallel but of different 
sense. 


In general, the functions F and F t as given by (108) are not the 
same. If they are, so also are <I> and 4>,. In this case the right-hand 
members of equations (98) are unaltered when u and v are replaced 
by~l/t> and —1/u respectively. Hence the Cartesian coordinates 

of the points (u, v) and differ at most % constants. And 

so the regions of the surface about these points either coincide or 
can be brought into coincidence by a translation. In the latter case 
the surface is periodic and consequently transcendental. 

Suppose that it is not periodic, and consider a point I£(« 0 , v 0 ). As 
it varies continuously from v 0 to — l/r # , v varies from v 0 to —l/v 0 , 
and the point describes a closed curve on the surface by returning 
to F r But now the positive normal is on the other side of the sur- 
face. Hence these surfaces have the property that a point can pass 
continuously from one side to the other without going through the 
surface. On this account they were called double minimal surfaces 
by Lie/ who was the first to study them. 

From the third theorem of § 110 it follows that double minimal 
surfaces are characterized hy the property that the minimal curves 
in both systems are congruent. The equations of such a surface 
may be written 


7 = l [/,<#) +/,(«•)], y = h [/*(«) +/,(«)]. ^ = l [/,(«) +/,<»)]. 

The surface is consequently the locus of the mid-points of the 
chords of the curve 


V =/;(«). £=/„( «), 

which lies upon the surface and is the envelope of the parametric 
curves. 


* Math. Annalrn, Vo!. XIV (1S78), ]>p. 3I5-&0. 
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EXAMPLES 

1. The focal sheets of a minimal surface are applicable to one another and to 
the surface of revolution of the evoiute of the catenary about the axis of the latter 

2 Show that there are no minimal surfaces with the minimal lines In one 
family straight. 

3 If two minimal surfaces correspond with parallelism of tangent planes, the 
minimal curves on the two surfaces correspond 

4 If two minimal surfaces correspond with parallelism of tangent planes, and 
the joins of corresponding points be divided in the same ratio, the locus of the 
points of division is a minimal surface 

0 Show that the right helicoid m defined by F [u) = im / 2 u 1 , where m is a real 
constant 

2 

6 The surface for which f(u) = is called the surface of Scherk Findils 

1 — ti 4 

equation in the Monge form * =/[*, y) Show that it is doubly periodic and that 
It is a surface of translation with real generators which are in perpendicular planes 

7. By definition a meridian curve on a surface is one whose spherical representa- 
tion is a great circle on the unit sphere Show that the surface of Scherk possesses 
two families of plane mendian curves. 


112. Algebraic minimal surfaces. Weiers trass * remarked that 
formulas (98) can be put in a form free of all quadratures. This 
is done by replacing A’(w) and <E>(v) by /'"(u) and where 

the accents indicate differentiation, and then integrating by 
parts. This gives 


(109) 


* p + »/'(“)-/(»> + i-jp $"{») + «£'W - Hi 

y = • — *“/'(«) + if («) — i Vif ) + WM 

2 = uf"(u) -/'(«) + «"£’'(») - . 


It is clear that the surface bo defined is real when / and <f> are 
conjugate imaginary functions. In this case the above formulas 
may be written: 

f * = 22 [(1 - «*)/"(«) + 2 Uf'(u) - 2 /(«)], 

(110) j y = 22*1(1+ 2 «/'(«) + 2/(«)], 


1 ifonatsbenchte der Berliner Akadenuc (1866), p 619 
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However, it is not necessary, ns Darboux * has pointed out, that 
/ and £ be conjugate imuginaries in order that the surface be real. 
For, equations (109) are unaltered if/ and $ be replaced by 

/,(«) «/(«) + A (1 — w 3 ) + Bi (1 + u") + 2 Cm, 

4>(v)— A(1 — v 1 ) + Bi(l + v‘)— 2 Cv , 

where A, B, C are any constants whatever. Evidently, if / and <j> 
are conjugate imaginaries, the same is not true, in general of /, 
and cf), ; but the surface was real for the former and consequently 
is real for the latter also. It is readity found that / and </q 
are conjugate imaginary functions only in case A, B, C are pure 
imaginaries. 

Formulas (109) are of particular value in the study of algebraic 
surfaces. Thus, it is evident that the surface is algebraic when/ 
and $ are algebraic. Conversely, every algebraic minimal surface 
is determined by algebraic functions /and <f>- In proving this we 
follow the method suggested by Weierstrass.f 

We establish first the following lemma: 

Given a function d> (£ + it)) and let T r (£, 77) denote the real part 
°f < S > / f in « certain domain an algebraic relation exists between T, 
£, and t), ( I> is an algebraic function of £ + iy. 

If the point £ = 0, 77 = 0 does not lie within the domain under 
consideration, this can be effected by a change of variables without 
vitinting the argument. Assuming that this has been done, we 
develop the function <3> in a power series, thus : 

* = a« + H 0 + (a, + iby) (£ + it)) + (a„+ ib„) (£ + {,,)*+ 
where tho a’s and b's are real constants. Evidently T is given by 
^ = « # + h(<h + ib t ) (£ + iv) + + { h) (f + iv)-+ • • • 

h( a i~ ib i) (? - ir l) + 1 (a i - ib„) (£ — i v )-+ .... 

Let !=*('?, £, f) — 0 denote a rational integral relation between T, 
V' and 77 . When T has been replaced by the above value, and the 
resulting expression is arranged in powers of £ and 77 , the coeffi- 
cient of every term is identically zero. They will continue to be 
zero when £ and 77 have been replaced by two complex quantities 

* Vot. I, p. 293. f ifonaluberie'ite tier Berliner Akadcmic (18G7), pp. 511-518. 
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a and 0, provided that the development remains convergent The 
condition for the latter is that the moduli of a and 0 be each oae 
half the modulus of f + *?• This condition is satisfied if we take 




0 — 




Now we have 
so that 


¥(«, ft - * <».- A) + 1 ® (f + ■'?). 


/•[¥(«, ft, ft = *•, [<!>({ + f + .,]=0, 


which proves the lemma 

In applying this lemma to real minimal surfaces we note from 
(101) that _ iL = i i -v. 

l-Z^ 2 ’ 1~Z 2 1 ’ 


consequently the leftrhand members of these equations are equd 
to «, and v, respectively, where it =* «,+ uf x When the surface » 
algebraic there exists an algebraic relation between the functions 

" - » g au d each of the Cartesian coordinates.* Since, then, 

theie is an algebraic relation between w,, r t , and each of the 
coordinates given by (110), it follows from the lemma that each 
of the three expressions 

£.(“) “ (1 ~ “*)/"(«) + 2 uf(u) - 2/(w), 

<f> t {u) ~t(l + «*)/"(«) — 2 mf\u) + 2 if(u), 

£*(“) =* 2 tf"(u) — 2f (u) 

are algebraic functions of u, and so also is/(w) ; for, 

/<“) = \ 0 ‘ 5 ~ 1 ) & («) — | («*+ 1 ) <f> s (u) — ^ utf>, (u). 


Hence we have demonstrated the theorem of W eierstrass : 

The necessary and sufficient condition that equation (110) define an 
algebraic surface is ihatf{u) be algebraic. 

• For, It the surface is defined by F(z, y, i) = 0, the direttion-eosinea of the normal 
are Innctions ot a, y, x Eliminating two ot the latter between - ^ y » T“TV * a4 
P(z, y, t ) = 0, we have a relation ot the kind described 1 — z “ 
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113. Associate surfaces. When the equations of a minimal 
surface A are written in the abbreviated form (95), the linear 

element is ds"=2(dUflV i + dU„dV t + dU z dV z ). 

This is the linear element also of a surface defined by 

(111) x a — c' a TJ X + c~ <a V v y a — e ia U z + tr u F„, z a ~ e’ v U a + c~^V v 

where ct is any constant. There are an infinity of such surfaces, 
called associate minimal surfaces. It is readily found that the direc- 
tion-cosines of the normal to any one have the values (101). Hence 
any two associate minimal surfaces defined by (111) have their tan- 
gent planes at corresponding points parallel, and are applicable. 

Of particular interest is the surface A, for which a = m/2. Its 
equations are 

x i=bf ( 1 “ «*) F («) du v ""> ® O') dv ’ ' 

(112) • = (1 + u") F{u) du - 1 J (l + w)<&(v)dv, 

z l = ij' uF(u) du — i J' I'd 3 (v) dv. 

In order to show that A, is the adjoint (§ 109) of A, we have only 
to prove that the asymptotic lines on either surface correspond to 
the lines of curvature on the other. For A, the equations of the 
lines of curvature and asymptotic lines are 

iF(u) du 2 + id 3 ( v ) dv" = 0, 
iF(u)du" — id 3 (i>) dir = 0, 

respectively. Comparing these with (103) and (104), we see that 
the desired condition is satisfied. 

From (98) and (112) we obtain the identities 


(113) 


j dif+ dz" = dx? + dy "- -f 
dydy l + dzdz 1 = 0. 


Hie latter has the following interpretation: 

On tiro adjoint- minimal surfaces at points corresponding with par- 
allelism of tangent planes the tangents to corresponding curves arc 
perpendicular. 
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From (105) it follons that if we pat 


^ tV ~S 


the curves u = const and 5 = const on the surface are its lines of 
curvature Moreover, for an associate surface the liues of cum 
ture are given by 


or 


R[e* (u + tv)] = const , 


R [te * (u + tv)] *a const , 

— a . - a 

u Bin - v cos - *= const. 


From this result follows the theorem 

The lines of curvature on a minimal surface associate to a surface 
S correspond to the curves on S which cut its lines of curvature under 
the constant angle a/2 


Since equations (111) may be written 


(114) 


' = * cos a + a:, sin a, 

y cos a + y t sin a, 
. z a = z cos a + a, sm <r. 


the plane determined by the ongin of coordinates, a point P on a 
minimal surface and the corresponding point on its adjoint, con 
tains the point P a corresponding to P on every associate minimal 
surface Moreover, the locus of these points P a is an ellipse with its 
center at the origin Combining this result and the first one of 
this section, we have 


A minimal surface admits of a continuous deformation into a senes 
of minimal surfaces, and each point of the surface describes an ellipse 
whose plane passes through a fixed point which is the center of the 
ellipse 

114. Formulas of Schwarz. Since the tangentplanes to a minimal 
mtfcyyt «A vts. 'pt/nfA wrtyarrihW., base 

X dr, + Ydg t + Zdz t =0 


From this and the second of (113) we obtain the proportion 

dx t dy, dg, 

Z dj — 1 h \dz~Zdx } dr—X dy 
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In consequence of the first of (113) the sums of the squares of the 
numerators and of the denominators are equal. And so the com- 
mon ratio is +1 or —1. If the expressions for the various quanti- 
ties be substituted from (98), (101), and (112), it is found that the 
value is— 1. Hence me have 

(115) c?Tj = Y dz — Z dy, dy x = Z dx — Xdz, dz x = Xdy — Tdx. 
From these equations and the formulas (95), (112) me have 



2 U x = x — ix x = x 4- i 
o 

f Zdy-Ydz, 

(116) 

2*7 .= y —iy x - y + * 

f' Xdz-Zdx, 


2 17, = z — iz 1 = z 4- i I 

C Ydx-Xdy , 

and 

. J 



2 V x — x -f- ix x = x—ij 

f'zdy — Y dz, 

(117) 

2 r : -y-hiy t -y — i 

fxdz-Zdx, 


2r s =z + tz 1 = c-i J 

r\ 

Y dx — A' dy. 


These equations are known as the formulas of Schtvarz .* Their 
importance is due to their ready applicability to the solution of 
the problem : 

To determine a minimal surface passing through a given curve 
and admitting at each point of the curve a given tangent plane.] 

In solving this problem we let C be a curve whose coordinates 

y, z are analytic functions of a parameter f, and let A', T, Z be 
analytic functions of t satisfying the conditions 

A' s -M' s -f Z" = l, Xdx+Ydy + Zdz = 0. 

♦ Crclle, Vol. I .XXX (1ST:.), p. 291. 

f This problem Is a special case of the more general one solred by Cauchy: To deter- 
,n:n ' an integral turf ace of a inferential equation parsing through a curve anil admitting 
at each point of the curve a given tangent plane. For minimal surfaces the equation is 
(SI). Canchy showed that snch a surface exists in general, and that it is unique unless the 
curre is a characteristic for the equation. His researches are inserted in Vols. XIV, XV 
o' the Camples Rcnrhis. The reader may consult also Kowalewsly , Theorie der particllen 
Pifrerentialgleiehungen, Crelte, Vol. LXXX (1S75), p. 1 ; and Gonrsat, Court d' Analyse 
StathSnctiqur, Vol. II, pp. HSWCT (Paris. 1905). 
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If *„! y., z. denote the values of x, y, z when t is replaced by a 
complex variable «, and x„ y„ z t the values when t is replaced 
by t», the equations 


(118) 


x-Vt+r^S^+iJjzdy-YJ,), 
s - f r,+ r,= &±2= + i J\x d* - zfc), 

i = 0,+ r, = i±i + i J'lYdi-Xdy) 


define a minimal surface which passes through C and admits at 
each point foi tangent plane the plane through the point with 
direction-cosines X, Y, Z. For, when u and u are replaced by (, 
these equations define C. And the conditions (96) and 


0, 5jxiP,.= 0 

are satisfied. Furthermore, the surface defined by (118) affords 
the unique solution, as is seen from (116) and (117) 

When, in parti culai, C and t are real, the equations of the real 
minimal surface, satisfying the conditions of the problem, may be 
put in the form r 1 

x = R \* + i (Zdy-Ydz) , 


y = R^/ + iJ'(Xdz-Zdx)^, 

z = R + ij^“ (Ydz — Xdy) j. 


As an application of these formulas, we consider minimal surfaces containing & 
straight line If we take the latter for the z-axis, and let $ denote the angle which 
the normal to the surface at a point of the line makes with the i-ails, we have 
= 0, z=rf, -3T=coa$ t 7 = sin^, Z = 0 

Hence the equations of the surface are 

a = — ffij*sln JsJJlJ^cos <pit, * = 

Here ^ is an analytic function of t, whose form determines the character of the 
surface For two points corresponding to conjugate values of «, the ^-coordinates 
are equal, and the 2- and v-coOrdlnates diSer In sign Hence 

Every straight line upon a minimal surface Is on azis of symmetry. 
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EXAMPLES 


1. The tangents to corresponding curves on two associate minimal surf aces mate 
a constant anglo. 

2. If corresponding directions on two applicable surfaces make a constant 
angle, the latter arc associate minimal surfaces. 

3. Show that the catenoid and the right helicoid are adjoint surfaces and deter- 
mine the function F(u ) which defines the former. 


4. let C he a geodesic on a minimal surface S. Show that 
(a) the equations of the surface may be put in tlio form 


: = If jf + t J'xdsJ, y = LJ ^ + ij’/ids , z = + tj*»’ds , 


where ij, f are the coordinates of a point on C, and X, p, v the direction-cosines 
of its binomial ; 

(6) if C' denotes tlio curve on the adjoint S t corresponding to C, the radii of first 
and second curvature of C' are the radii of second and first curvature of C ; 

(c) if C is a plane curve, the surface is symmetric with respect to its plane. 


6. The surface for which F(u) = 1 is called the surface of Hennebcrg; it is 

a double algebraic surface of tho fifteenth order and fifth class. 


GENERAL EXAMPLES 

1. Tho edge of regression of the developable surface circumscribed to two con- 
focal quadrics has for projections on the three principal planes the evolutes of tho 
focal conics. 

2. By definition a tetrahedral surface is one whoso equations are of tho form 
x = A(\i — a) n {v ~ a)", y = B(u — b) m (r — b)”, z = C(u — c) m (u — c)", 

where A, II, C, m, n are any constants. Show that the parametric curves are con- 
jugate, and that the asymptotic lines can be found by quadratures ; also that when 
m = n, the equation of tire surface is 

“ c) + (|) r " (c “ “) + (0" (a -*>) = <«-&)(*- c) (<* - c). 

3. Determine the tetrahedral surfaces, defined as in Ex. 2, upon which the 
parametric curves are the lines of curvature. 

4. Find the surfaces normal to the tangents to a family of umbilical geodesics 
on an elliptic paraboloid, and find tho complementary surface. 

5. At every point of a geodesic circle with center at 3ii umbilical point on tho 

ellipsoid (10) abe _ p!lr2 ( a + c _ ^ 

where r is the radius vector of the point (cf. § 102). 

0. The tangent plane to the director-cone of a ruled surface along a generator 
is parallel to the tangent piano to the surface at the infinitely distant point on the 
corresponding generator. 
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7 Upon the hyperboloid of one sheet and likewise upon the hyperbolic parab 
oloid, find the two lines of striction 

8 The line of striction of a ru ed surface is an orthogonal trajectory of the 
generators only m case the latter are the bmonnals o! a curve or the surface is a 
right conoid 

8 Determine for a geodesic on a developable surface the relation existing 
between tho curvature, torsion and angle of inclination of the geodesic with the 
genentore 

10 If A denotes the shortest distance and a the angle between two tine3 ij and 
l j, and the latter revolves about the former with a helicoidal motion of parameter a 
(cf § 6^} the locus of l t is a developable surface if a = A cot « If a = A tan a the 
surface is tli ■ locus of the binormals of a circular helix 

11 If the \1ne9 of curvature in one family upon a ruled surface are such that 
the segments of the generators between two curves of the family are of the same 
length, the parameter of distribution is constant and the line of striction is a line 
of curvature 

12 If two ruled surfaces meet one another in a generator they are tangent to 
one another at two points of the generator or at every point in the latter case the 
central point for the common generator is the same and the parameter of distrlbu 
tion has the same value 

13 If tangents be drawn to a ruled surface at points of the line of striction 
and in directions perpendicular to the generators these tangents form the corfu 
gale ruled surface It has the same line of stnction as the given surface More 
over, a generator of the given surface the normal to the surface at the central 
point C oi this generator, and the generator of the con ugate surface through C 
are parallel to the tangent, principal normal, and binormal of a twisted curve 

14 Let C be a curve on a surface S, and Z the ruled surface formed by the 
normals to S along C Derive the following results 

(а) the distance between near by generators of 2 is of the first order unless C is 
a line of curvature , 

(б) if r denotes the distance from the central point of a generator to the point of 

intersection -with S, rZ _ _ s ^x j 

(c) the tangent to C at a point if is conjugate to the tangent to the surface at Ai 
parallel to the line of shortest distance , 

(d) the maximum and minimum values of r are the principal radii of S, pi and 
j> lt and the above equation maybe written r = piBin 5 ^ + pjeos 1 ^, where ^ is the 
angle which the corresponding line of shortest distance makes with the tangent to 
the line of curvature corresponding to pi 

15 If C and C are two orthogonal curves on a surface, then at the point of 

intersection (cf Ex. 14) 1111 

rR + r'A? = f? + p| 

16 If C and C are two conjugate curves on a surface, then at the point of 

intersection (cf Ex 14) j j _ j i r _ R 

?~BT 
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17. It two surfaces are applicable, and the radii of first and second curvature 
of every geodesic on one surface are equal to the radii of second and first curvature 
of the corresponding geodesic on the other, the surfaces are minimal. 

18. The surface for which F in (08) is constant, say 3, is called the minimal sur- 
face of Enncpcr; it possesses the following properties : 

(а) it is an algebraic surface of the ninth degree whose equation is unaltered 
when x, y, r are replaced by y, x, —z respectively ; 

(б) it meets the plane z — 0 in two orthogonal straight lines ; 

(c) if we put u = a — ip, the equations of the surfaco arc 

x = 3 a + 3 crfP — o: 3 , y = 3 p -j- 3 a-p — /9 3 , z = 3 a- — 3 fP, 

and the curves a — const., p = const, are the lines of curvature; 

(cl) the lines of curvature are rectifiable unicursal curves of the third order and 
they are plane curves, the equations of the planes being 

s + az — 3cr — 2a 3 = 0, y - §z - 3/3 - 2 /3 3 = 0 ; 

(c) the lines of curvature are represented on the unit sphere by a double family 
of circles whose planes form two pencils with perpendicular axes which are tangent 
to the sphere at the same point; 

(/) the asymptotic lines arc twisted cubics ; 

(p) the sections of the surface by the planes x = 0 and y = 0 are cubics, which 
arc double curves on the surface and the locus of the double points of the lines of 
curvature ; 

(A) the associate minimal surfaces are positions of the original surfaco rotated 
through the angle — <r/2 about the z-axis, where a has the same meaning as in § 113 ^ 

(i) the surface is the envelope of the piano normal, at the mid-point, to the join 
of any two points, one on each of the focal parabolas 

£ = d <r, y=z 0, z = 2o 2 — 1; x = 0, y — 4p, z = l — 2pr-, 

the planes normal to the two parabolas at the extremities of the join are the planes 
of tho lines of curvature through the point of contact of the first plane. 

19. Find the equations of Schwarz of a minimal surface when tho given curve 
is an asymptotic line. 

20. Let 5 and S' be two surfaces, and let tho points at which the normals are 
parallel correspond ; for convenience let S and S' be referred to their common con- 
jugate system. Show that if the correspondence is conformal, either S and S' are 
liomothetic ; or both arc minimnl surfaces ; or tho parametric curves are the lines of 
curvature on both surfaces, and form an isothermal system. 

21. Find tho coBrdinates of the surface which corresponds to the ellipsoid after 
the manner of Ex. 20. Show that the surface is periodic, and investigate the points 
corresponding to the umbilical points on the ellipsoid. 

22. When tho equations of an ellipsoid are in the form (11), the curves u + r = 
const, lie on spheres whose centers coincide with the origin ; and at all points of 
such a curve tho product plF is constant (§ 102). 
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SURFACES OF CONSTANT TOTAL CURVATURE W-SURTACES 
SURFACES WITH PLANE OR SPHERICAL LINES OF CURVATURE 


115 Spherical surfaces of revolution Surfaces whose total cur 
vature A is the 6ame at all points are called aurfacea of constant 
curvature When this constant value is zero the surface is dev el 
opable (§ 64) The nondevelopabla surfaces of this kind are called 
aphencal or paeudoaphtncal, according as A is positive or negative 
We consider these two kinds and begin our study of them with 
the determination of surfaces of revolution of constant curvature 
When upon a surface of revolution the curves v « const are 
the meridians and u = const the parallels, the linear element is 
reducible to the form 


<1) d>*=du'+Gdi?, 

where G is a function of u alone (§ 4b) 
sion for the total curvature (V, 12) is 

1 8*Vg 

Vg a>* 


<*> 


In this case the exprea- 


Forsphencal surfaces we have AT=l/a*, where a is a real constant 
Substituting this value m equation (2) and integrating we have 

(3) Vg = c cos 4- 

where 5 and c are constants of integration From (1) it is seen 
that a change in b means simply a different choice of the parallel 
u = 0 If we take b = 0, the linear element is 
0) da 1 = du * + c* cos* ^ dv* 


From (III, 99, 100) it follows that the equations of the mendian 


curve are 

< 5 ) 




2"0 


r = cco3-» 
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and that v measures the angle between the meridian planes. 
There are three cases to be considered, according as c is equal 
to, greater than, or less than, a. 

Case I. c = a. Now 

u . u 

r — a cos-i 2 = asm-i 
a a 

and consequently the surface is a sphere. 

Case II. c > a. From the expression 

* 71 

for 2 it follows that sin 2 - < 1 and con- 

a 

sequently r > 0. Hence the surface is 
made up of zones bounded by minimum 
parallels whose radii are equal to the 

minimum value of cos - » and the greatest parallel of each zone is 
a 

of radius c; as in fig. 26, where the curves represent geodesics. 



Case III. c < a. Now r varies from 0 to c, the former correspond- 
ing to the value u — mair/2, where m is any odd integer. At these 
points on the axis the meridians meet the latter under the angle 
£ 

sin -1 -. Hence the surface is made up of a series of spindles 
(fig. 27). For the cases II and III the expression for z can be 
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integrated in terms of elliptic functions.* 

It is readily found that these two surfaces are 
applicable to the sphere with the meridians and 
parallels of each in correspondence. Thus, if we 
write the linear element of the sphere in the form 

cfs 2 = du 3 - f a 2 cos 2 - dr 2 , 
a 

it follows from (4) that the equations 

_ c 

it — «, v = — v 
a 

determine the correspondence desired. 


It is evident that for values of b other than zero we should be 


brought to the same results. However, for the sake of future 


•Cf. BiancUi, Vol. I, p. 233. 
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reference we write down the expressions for the linear element 
when b — ~ ir/2 and — w/4 together with (4), thus 

f (i) dt 7 = du 7 + c* cos 2 - dv 7 . 


( 6 ) 


(u) d» 7 = dtt* + c* sin* - dv 1 , 

(m) dt 7 — du‘ + c* cos* d& 


Let S be a surface with the linear element (6, i) and consider 
the zone between the parallels « 0 = const and it } — const A point 
of the zone is determined by values of u and v such that 
« t — 2 7TS vz 0 


The parametric values of the corresponding point on the sphere 
are such that 2 ttc 

W2= «,,, iniO 


Hence when e < a, the given zone on S does not cover the zone 
on the sphere between the parallels u 4 = const and u t = const , 
but when c > a it not only covers it, but there is an overlapping 
116 Pseudosphencal surfaces of revolution In order to find the 
pseudosphencal surfaces of revolution we replace K in (2) by —1/a* 
and integrate This gives 

Vo — c, cosh — + e.sinh-» 
a a 


where c, and c % are constants of integration We consider firat 
the particular forms of the linear element arising when either of 
these constants is zero or both are equal They may be written 


0 ) 


(i) d» 7 = du 7 + c* cosh* - dv 1 , 
(u) d^= du*+ e*8inh J ^dr’ 1 
[(m) ds 7 = du 7 + <?e ° dv 1 


Any case other than these may be obtained by taking for Vo either 
of the values cosh or smh^— + where b is a constant 
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By a change of the parameter u the corresponding linear elements 
are reducible to (i) or (ii). Hence the forms (7) are the most general. 
The corresponding meridian curves are defined by 


(i) r = c eosli — > 
a 

Z =J' -^1— sinlr ^ du; 

(ii) r = csinh-> 
a 

2 = fJl-4cosh^u; 
J N a- a 

SlO ^ 

CA 

II 

z=f^l-^e~dn. 


We consider these three cases in detail. 

7f 

Case I. The maximum and minimum values of sinlr - are a"/c" 

a 

and 0. Hence the maximum and minimum values of r are V<r+ c s 
and c. At points of a maximum parallel the tangents to the merid- 
ians are perpendicular to the axis, and at 
points of a minimum parallel they are par- 
allel to the axis. Hence the former is a cus- 
pidal edge, and the latter a circle of gorge, 
so that the surface is made up of spool-like 
sections. It is represented by fig. 28, upon 
which the closed curves are geodesic circles 
and the other curves are geodesics. These 
pseudospherical surfaces are said to be of 
the hyperbolic type.* 

Case II. In order that the surface he real 
c* cannot he greater than a~, a restriction 
not necessary in either of the other cases. 

If wo put c — a sin or, j the maximum and 

minimum values of cosh* - are cosec-n and 1, and the correspond- 
ing values of r are a cos a and 0. The tangents to the meridians 
at points of the former circle are perpendicular to the axis, and at 
the points for which r is zero they meet the axis under the angle a. 
Hence the surface is made .up of a series of parts similar in shape 



* Cf. 11 i. inchi, Vol. I, p. 2CS. 


t Cf. Btanclif, Vo], I f p. 226. 
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to hour glasses Fig 29 represents one half of such a part, one of 
the curves is an asj mptotic line and the others are parallel geodesics 
The surface is called a pseudosphencal surface of the elliptic type 

Case III In the preceding cases the 
equations of the meridian curve can 
be expressed without the quadrature 
sign by means of elliptic functions * 
In this case the same can be done by 
means of trigonometric functions For, 
if we put c ■ 

8m^ = - e", 

equations (m) of (8) become 
Fw 20 (9) r = a Bin <f>, z = «(log tan^ + cos#) 

We find that <#> is the angle which the tangent to a meridian at a 
point makes with the axis Hence the axis is an asymptote to the 
curve Since the length of the segment of a tangent between tho 
pornt of contact and the intersection with the axis is r cosec <f> 
or a, the length of the segment is independent of the point of 
contact Therefore the meridian curve is a tractnx The surface 
of revolution of a tractnx about its asymptote is called tho pseudo- 
sphere, or the pseudosphencal surface of the 
parabolic type The surface is shown in 
fig 30, which also pictures a family of 
parallel geodesics and an asymptotic line 
If the integral (8) be wntten in the form 

V5=e.cos- + c 1 sm-i 

1 a a 

the cases (i), (n), (in) of (6) are seen to 
correspond to the similar cases of (7) W e 
shall find other marks of smulanty between 
these cases, but now we desire to call at- 
tention to differences 

Each of the three forms (7) determines a particular kind of 
pseudosphencal surface of revolution, and c is restncted in value 




■ Cf Bits chi \ot I pp 235-228 
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only for the second case. On the contrary each of the three forms 
(6) serves to define any of the three types of spherical surfaces of 
revolution according to the magnitude of c. 

From (IV, 51) we find that the geodesic curvature of the par- 
allels on the surfaces with the linear elements (7) is measured by 
the expressions 1 1 1 

-tanh-j -coth-i 

a a a a a 

Since no two of these expressions can be transformed into the 
other if u be replaced by u plus a real constant, it follows that two 
pseudospherical surfaces of revolution of different types are not 
applicable to one another with meridians in correspondence. 

117. Geodesic parametric systems. Applicability. Now we shall 
show that in corresponding cases of (6) and (7) the parametric 
geodesic systems are of the same kind, and then we shall prove 
that when such a geodesic system is chosen for any surface 
of constant curvature, not necessarily one of revolution, the 
linear element can be brought to the corresponding form of (6) 
or (7). 

In the first place we recall that when on any surface the curves 
v — const, are geodesics, and it = const, their orthogonal trajectories, 
the linear element is reducible to the form (1), where G is, in 
general, a function of both n and v; and the geodesic curvature 
of tire curves u — const, is given by (IV, 51), namely 

( 10 ) 1 = 1 

P„ VAV? cu 

When, in particular, the curvature of the surface is constant, Vff 
is given by equation (2) in which K may by replaced by ±1 /a". 
Hence, for spherical surfaces, the general form of Vff is 

(11) Vis = <£ (r) cos - + i/r(r)sin-, 

a a 

and for pseudospherical surfaces 

02) VG = <£(t')eosh--f -<Wr)sinh — > 

a a 

where <f> and arc, at most, functions of r. We consider now the 
three cares of (G) and (7). 
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Case I From the forms (i) of (6) and (7), and from (10), it 
follows that the curve « = 0 is a geodesic and that its arc is 
measured by ev Moreover, a necessary and sufficient condition 
that the curve «=0 on any suiface with the linear element (1) 
satisfy these conditions is 



Applying these conditions to (11) and (12), we are brought to the 
forma (i) of (6) and (7) respectively 

Case II The forms (u) of (6) and (7) satisfy the conditions 



which are necessary and sufficient that the parametric system be 
geodesic polar, in which cv measuies angles, (cf VI, 54) When 
these conditions are applied to (11) and (12), we obtain (n) of (6) 
and of (7) respectively 

Case III For (m) of (6) the curve u = 0 has constant geodesic 
cuivature 1/a, and for (m) of (7) all of the curves u = cons* 
have the same geodesic curvature 1 )a Conversely, we find from 
(11) and (12) that when this condition is satisfied on any sur 
face of constant curvature the linear element is reducible to 
one of the forms (m) We gather these results together into 
the theorem 

The linear element of any surface of constant curvature i« reducible 
to the forms (i), (it), (in) of (6) or (7) according as the parametric 
geodesics are orthogonal to a geodesic , pass through a point, or are 
orthogonal to a curve of constant geodesic curvature 

When the linear element of a surface of constant curvature is 
in one of the forms (i), (n), (ui) of (6) and (7) it is said to he of 
the hyperbolic , elliptic, or parabolic type accordingly 

The above theorem may be stated as follows 

Any spherical surface of curvature 1/a 1 ts applicable to a sphere 
of radius a tn such a way that to a family of great circles with 
the same diameter there correspond the geodesics orthogon rl to a 



APPLICABILITY 


277 


given geodesic on the surface, or all the geodesics through any 
point of it, or those which are orthogonal to a curve of geodesic 
curvature 1/a. 

Any pseudospherical surface of curvature — 1/ar is applicable to a 
pseud osphcrical surface of revolution of any of the three types; 
according as the latter surface is of the hyperbolic, elliptic, or par- 
abolic type, to its meridians correspond on the given surface geodesics 
which are orthogonal to a geodesic , or pass through a point, or are 
orthogonal to a curve of geodesic curvature 1/a. 

In the case of spherical surfaces one system of geodesics can 
satisfy all three conditions ; for in the case of the sphere the great 
circles with the same diameter are orthogonal to the equator, pass 
through both poles, and are orthogonal to two small circles of 
radius a/V 2, whose geodesic curvature is 1/a. But on a pseudo- 
spherical surface a geodesic system can satisfy only one of these 
conditions. Otherwise it would be possible to apply two surfaces 
of revolution of different types in such a way that meridians and 
parallels correspond. 

From the foregoing theorems it follows that, in order to carry 
out the applicability of a surface of constant curvature upon any 
one of the surfaces of revolution, it is only necessary to find the 
geodesics on the given surface. The nature of this problem is 
set forth in the theorem : 

The determination of the geodesic lines on a surface of constant 
curvature requires the solution of a Riccati equation. 

In proving this theorem we consider first a spherical surface 
defined in terms of any parametric system. It is applicable to 
a sphere of the same curvature with center at the origin. 
The coordinates of this sphere, expressed as functions of the 
parameters v, v. can be found by the solution of a Riccati equa- 
tion (§ G5). To great circles on the sphere correspond geodesic 
lines on the spherical surface ; hence the finite equation of 
the geodesics is ax + by + cz = 0, where a, b, c are arbitrary 
constants. 

^ hen the surface is pseudospherical we use an imaginary 
sphere of the same curvature, and the analysis is similar. 
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118, Transformation, of Hazzidakis. Let a spherical surface of 
curvature 1/a* be defined in terms of isothermal-conjugate parame- 
ters. Then * 


(13) 


II H a' 


and the Codazzi equations (V, 13') reduce to 

(14) 


-^ + 2 ^ 0 , 


dG a dF 


= 0 . 


From these equations and §§ 77, 82 follows the theorem: 

The lines of curvature of a spherical surface form an isothermal- 
conjugate system. 

For, a solution of these equations is 

E—G = const, F=0. 

When this constant is zero the surface is a sphere because of (13). 
Excluding this case, we replace the above by 

(15) E = a* cosh* to, F = 0, G = a* sinh* to. 

Now 

(16) D — D" = a sinh a> cosh to. 

When these values are substituted in the Gauss equation (V, 12), 
namely 

1 [ g [2 g F 1 dE F dE~\ 8 T F dE 1 3g]j_ 1 
( <) 2H\dv[lI9u H dv HE Buy SulHE dv H du}\ a*' 
it is found that to must satisfy the equation 

(18) 4- + sinh to cosh to = 0. 

v ' gw* gir 


Conversely, for each solution of this equation the quantities (15) 
and (16) determine a spherical surface. 

If equations (14) be differentiated with respect to u and v respec- 
tively, and the resulting equations be added, we have 


(19) 


g *E t?E_ c*G { g 2 G 
gw* dv 1 git* tnf 


* The ambiguity of algo may be neglected, as a change of sign gives a surface sym- 
metrical with respect t« the origin 
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In consequence of (14) equation (17) is reducible to 

,o 0 ) J-UTf— Y+f— T1+ 2-f!"— — — — — 1 

{ } 41H LW WJ La» cv cv du\ 


+ G 


mm] 


1 (cfG 
2 H 2 \dir 


+ f?V=i 

dv ) a" 


Equations (14) are unaltered if E and G be interchanged and the 
sign of F be changed. The same is true of (17) because of (19) 
and (20). Hence we have : 

If the linear dement of a spherical surface referred to an isothermal- 
conjugate system of parameters be 

ds" = E dir +2F dttdv + G dir , 


there exists a second spherical surface of the same curvature referred 
to a similar parametric system with the linear clement 
ds f = G dir — 2 F dudv -f E dv r, 

and with the same second quadratic form as the given surface; 
moreover, the lines of curvature correspond on the two surfaces. 


The latter fact is evident from the equation of the lines of curva- 
ture (IV, 2G), which reduces to Fdu 2 +(G —E)dudv—F dv"= 0. 
From (IV, 69) it is seen that the linear elements of the spherical 
representation of the respective surfaces are 

dcr = ~ (G dir — 2 F dudv + E dv"), 
a* 

dcr • = i (E dir +2 F dudv -f- G dr). 


In particular we have the theorem : 

Each solution co of equation (IS) determines two spherical surfaces 
of curvature 1 fa~ ; the linear elements of the surfaces arc 
dr = a" (cosir co dir + sinlrw dv"), 
ds; = fl’(sinh'ct) dir 4- cosir <u dv"), 
and of their spherical representations 

f dcr — sinlrw dir + cosir « dv ", 

| da coslrw dir -r sinlr co dv" ; 
moreover, their principal radii arc respectively 

Pi = a cotli a, p. = a tanh co, 

p[ — a tanh co, pi = a coth co. 
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Bianchi* has given the name Hazzidakis transformation to the 
relation between these two surfaces It is evident that the former 
theorem defines this transformation in a more general way 
119 Transformation of Bianchi We consider now a pseudo* 
Bpherical surface of curvature —1/a*, defined in terms of isothermal 
conjugite parameters We have 

if if a’ 1 
and the Codazzt equations reduce to 

eu on dv do 8v “ cu 


These equations are satisfied by the values (cf §§ 77 82) 

(22) J?=a*cos*o) /’= 0, £r = a*8in*<D, 

where o> is ft function which, because of the Gauss equation (V, 12), 

must satisfy the equation 

.no, to o' to 

<23) 


Conversely, every solution of this equation determines a pseudo- 
spherical surface whose fundamental quantities are given by 
) (22) and by 

(24) = *-!>" = — a Bin ucosu 
Moreover, the linear element of the spherical representation is 

(25) da 3 — sin*o)tf«*+ cos*w dtf 

There is not a transformation for pseudosphericil suffices sim 
ilar to the Hazzidakis transformation of spherical surfaces but 
there are transformations of other kinds which are of great im 
portance One of these is involved m the following theorem of 
Hibaucour 

Jfui the tangent planes to a pseudosphencal surface of cun at u re 
— 1/a' circles of radius a he desert! ed with centers at the / omts of 
contact, these circles are the orthogonal trajectories of an infinity of 
surfaces of cun ature — 1/t r* 


M*1 II p 137 

t TliU choice of ilgo is made so that the following form alls may bare the custom 
ary form. 
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In proving this theorem we imagine the given surface S referred 
to its lines of curvature, and we associate with it the moving trihe- 
dral whose axes are tangent to the parametric lines. From (22) 
and (V, 75, 76) it follows that 

n dco da) 

p = 0, 2h — cos Q — sm «, q , = t), r — — , r, = — , 

CV vlt 

£ = a cos a), Vi = a sin w > — V — 0. 


In the tangent ry-plnne we draw from the origin Jl a segment 
of length a, and let 0 denote its angle of inclination with the r-axis. 
The coordinates of the other extremity M x with respect to these 
axes are a cos 6 , a sin 6 , 0, and the projections upon these axes of 
a displacement of Jl/, as Jl moves over S are, by (V, 51), 


a — sin 6 <J0 + cos ccdu — ( — du + *^-dv |sin 6 I, 
L \cv cu j J 

flj^cos 6 d6 -f sin a dv +^r* du 4- discos dj, 


a [cos a) sin 6 dv — sin a cos 0 du]. 


We seek now the conditions which 0 must satisfy in order that the 
line JIM X he tangent to the locus of Jl /, denoted by S v and that the 
tangent plane to .S', at J/, be perpendicular to the tangent plane to 
6' at J/. Under these conditions the direction-cosines of the tangent 
plane to S, with reference to the moving trihedral are 

(26) sin 0, — cos 0, 0, 

and since the tangent to the above displacement must be in this 
plane, we have 

(27) d6 4 - (— — sin 0 cos co'j du -f ^ + cos 0 sin coj dv = 0. 


As this equation must hold for all displacements of Jl, it is 
equivalent to r 


(28) 


cco 

dv 

do) 


= cos a) sin 0, 


cu 

C0 , vu. . n 

— - + — = — sin o) cos a. 
dv cu 


These equations satisfy the condition of integrability in conse- 
quence of (23). Moreover, 0 is a solution of equation (23), as is 
seen by differentiating equations (28) with respect to u and v 
respectively and subtracting. 
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By means of (28) the above expressions for the projections of a 
displacement of 3I t can be put in the form 

a cos 0(cos <» cos 0 du 4- sin o> sin 0 dv), 
a sin 0(cos ft) cos 6 du - f sin ct> sin 9 dv), 
a (cos ft> sin 6 dv — sin &> cos 9 du) 

From these it follows th it the linear element of S t is 
dsf — a (los 0 du 1 + sin* 0 dv 1 ) 

In order to prove that is a psendosphencal surface referred to 
its lines of curvature, it remains foi us to show that the spherical 
representation of these curves forms an orthogonal system We 
obtain this representation with the aid of a trihedral whose vertex 
is fixed, and which rotates so that its axes are always parallel to 
the corresponding axes of the trihedral for S The point whose 
coordinates with reference to the new trihedral are given by (26) 
serves for the spherical representation of S t The projections upon 
these axes of a displacement of this point are reducible, by means 
of (28), to cos q ( cos w sm 0 du — sin w cos 0 dv), 
sin 0(cos ft> sin 0 du — sm a cos 0 dv), 

~ sin <u sm 0 du — cos o> cos 0 dv, 
from which it follows that the linear element is 
da* = sm* 9 du 1 + cos* 0 dv* 

Since 6 is a solution of (23), the surface S 1 is pseudosphencal, of 
curvature — 1/fl’, and the lines of curvature are parametric To 
each solution 0 of equations (28) there corresponds a surface S t 
Darboux * has called this process of finding 5, the transfoi motion 
of Bianchi As the complete integral of equations (28) involves an 
arbitrary constant, tbeie are an infinity of surfaces S x , as remarked 
by Ribaucour Moreover, if we put 

(29) * = tan|, 

these equations are of the Riccati type m <j> Hence, by § 14, 

TFAen one transform of Btanchi of a pseudosphencal surface is 
known, the determination of the others requires only quadratures 


Vol III p 422 



TRANSFORMATION OF BIANCHI 283 

From (III, 24) it follows that the differential equation of the 
curves to which the lines joining corresponding points on S and 
.S', are tangent is 

(30) cos as sin 8 du — sin co cos 6dv — 0. 

Hence, along such a curve, equation (27) reduces to 

d6 + — du + ^ dv = 0. 
dv ou 

But from (VI, 56) it is seen that this is the Gauss equation of 
geodesics upon a surface whose first fundamental coefficients 
have the values (22). Hence : 

The curves on S to which the lines joining corresponding points on 
S and S l are tangent arc geodesics. 


Tlio orthogonal trajectories of the curves (80) are defined by 
(31) cosucosfldu + sinusinddu = 0. 


In consequence of (28) the left-hand member of this equation is an exact differential. 


If wo put 


df = — a (cos u cos Bdu + sin « sine dr). 


the quantity c~t /a is an integrating factor of the left-hand member of (30). Conse- 
quently we may define a function t} thus: 


dr] = ac~t/ a (cos v sin 0dti — sin w cos Bdn). 


In terms of { and 17 the linear element of S is expressible in tho parabolic form (7), 
(32) ds- = dC- + cn/"dT-. 


Equation (31) defines also the orthogonal trajectories of the curves on S, to 
which the lines 3f.lfi nro tangent, and the equation of tho latter curves is 

sinucosedit — cosusinSdr = 0. 


Tho quantity <f ,a is an integrating factor of this equation, and if we put accordingly 
df = arf /a (sin u cosgdit — cosu sinCdc), 
the linear clement of Si may be expressed in the parabolic form 
(S3) di- = dr- + c-‘^ a d^. 

•As the expressions (32) and (33) are of the form of the linear element of a surface of 
revolution, the finite equations of the geodesics can bo found by quadratures. Hence : 

11 ‘hrn a Sian chi transform at bn is in men for a surface , the finite equation of its 
geodesies can be found by quadratures. 

This follows also from the preceding theorem and the last one of § 1 17. 
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120 Transformation of Backlund The transformation of Biancln 
is only i particular case of a transformation discovered by Backlund,* 
by means of which from one pseudospherical surface S another S x 
of the same curvature, can be found Moreover, on these two sur 
faces the lines of curvature coirespond, the join of corresponding 
points is tangent at these points to the surfaces and is of constant 
length, and the tangent planes at corresponding points meet umlei 
constant angle 

We refer 5 to the same moving trihedral as m the preceding 
case, and let X and 6 denote the length of MM X and the angle 
which the latter makes with the a^avis The coordinates of V, aie 
X cos 9 , X sin 9, 0, and the projections of a displacement of M x axe 


(34) 


— X Bin 6 d0 +• a cos a>du — X Bin 6 (— du + — doY 
\dv du ) 

Xcosddfi + asmwrfr + \co3d(^du-f 

\£i> du ) 

X(cos o» sin Odv — s in w cos 9du) 


If <x denotes the constant angle between the tangent planes to 
S and S x at M and M x respectively, since these planes are to inter 
sect in MM V the direction cosines of the normal to S x are 
sin tr 8 in d, — sin <r cos 0, cos a- 


Hence 9 must satisfy the condition 

X sin i rd9 — a sin <r(co9ft>sinddtf — Bin «o cos 9 dv) 

4- X sin <r (~ du + ~ dt>) 
du ) 

+ X cos <r(stn to cos 9du — cos to sin 6dv) = 0 

Since this condition must be satisfied for every displacement, it is 
equivalent to 

Vm-i 4- — Cfta.*u.«unj2 — }»cna,<r <y n.'O. catA, 

\du dv) 

X sm a 4- ^ | = — a sin a sra <» cos 9 + X cos a cos w sin 0 
\dv du) 

•Om ytor med konst ant negativ krokning Lunds Unn'ertitels Arukr\ft Vol XIX 
(1883) An English translation ol this memoir has been made by Miss Emily Coddlogtoo. 
of New York and primely printed 
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If these equations he differentiated -with respect to v and u respect- 
ively, and the resulting equations he subtracted, we have 

arsirra- — \"=0, 

on the assumption that A is a constant. Without loss of gen- 
erality we take X — a sin <r. If this value he substituted in the 
above equations, we have 


(35) 


/ dO ?to\ . a a . 

Sin a ( 1 1 = sin 6 cos w — cos cr cos 6' sm to, 

\ou cv/ 


sm c- 


\8v cu) 


■ cos 9 sin co 4- cos o- sin 8 cos w, 


and these equations satisfy the condition of integrability. If they 
be differentiated with respect to u and v respectively, and the 
resulting equations be subtracted, it is found that 6 is a solution 
of (23). 

In consequence of (35) the expressions (34) reduce to 

a cos 6 (cos «u cos 6 4- cos c sin to sin 6) du 

-f a sin d(sin co cos 6 — cos a cos m sin 6) dv, 
a cos d(cos w sin 6 — cos cr sin co cos 8) du 

4- a sin d(sin co sin 6 + cos <r cos w cos 8) dv, 
a sin cr (cos to sin drfr — sin w cosOdu), 
and the linear element of S 1 is 

def = cr (cos : 8 d ir 4- sin 1 9 dv"). 

In a manner similar to that of § 119 it can he shown that the 
spherical representation of the parametric curves is orthogonal, 
and consequently these curves are the lines of curvature on S r 
Equations (35) are reducible to the Riccati form by the change 
of variable (29). Moreover, the general solution of these equations 
involves two constants, namely cr and the constant of integration. 
Hence we have the theorem: 

By the integration of a Iiiccati equation a double infinity of pseudo- 
tpherical turf ace* can be obtained from a given surface of this kind. 

We refer to this as the transformation of Backlund , and indicate 
it by 11 c , thus putting in evidence the constant cr. 
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121. Theorem of permutabllity. Let S, be a tiausform of 5 by 
means of the functions (0,, <r,) Since conversely S is a transform 
of S t , and the equations for the latter similar to (35) are reducible 
to the Riccati type, all the transforms of S, can be found by quad 
ratures But even these quadratures can be dispensed with because 
of the following theorem of permutability due to BunoUi* 

Tf S, an l S t are transform* of Shy mean* of the respective pairs 
of functions (0,, cr,) and (0. cr.), a function $ can be found without 
quadratures which is such that by means of the pairs (^> er t ) and 
(tf>, cr,) the surjaces S, and S, respectively are transformable into a 
pseudosphencal surface S' 


(S6) 


By hypothesis ^ is t solution of the equations 
(SS d8.\ 

cr,i — ■+• — ‘ 1 1= sin tf> cos 0, — cos cr, cos <f) sin 0,, 


/BA cB.\ 

sin <rJ— -t — i )«c — cos A sm 8, + cos a, sin <& cos 8 
*\oV ouj -r 1 * -r 


and also of the equations 


(87) 



= sin tf> cos 0,— cos tr, cos <f> sm 0„ 

~ — cos <f> sm 0, + cos tr, sm *f> cos 8 t 


The projections of the line 2f,M' on the tangents to the lines of 
curvatuie of S, and on its normal, where M, and M' are correspond 
ing points on S, and S', are 
(38) asmcr t cos<£, a sm <r, sin tf>, 0 

The direction-cosines of the tangents to the lines of curvature 
of S, with respect to the line MM,, the line MQ, perpendicular to 
the latter and m the tangent plane at M, and the normal to jS are 


cos o>, — cos tr, sin a, ~ sm cr, sm to, 

sm to, cos <r, cos to, sm tr, cos to 

From these and (38) it follows that the coordinates of 3f with 
respect to MM,, MQ ,, and the normal to S are 

a [8\n cr, + sin cr, cos (<£ — ©)] a [sm <r, cos cr, sm {tf> — ©)]» 

a [am cr, sm cr, sm {tf> — to)] 


' Vol II p 418 
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Hence the coordinates of M' with respect to the axes of the moving 
trihedral for S are 

t 

— = COS #1 sin cr 1 + cos sin a„ cos (<p — co) 

a . . , 

— sin Pj sin cos sm (ip — co), 

y 1 

— = si n 8 sin <r, + sin 8 X sin c r s cos (cp — co) 

Cl 

+ cos dj sin o'; cos cr t sin (<p — co), 

z' . 

— s= sin o-j sin c„ sin (<£ — &>). 

rt 

If S„ be transformed by means of a x and the same function <p, 
the coordinates x", y", z" of the resulting surface can be obtained 
from (39) by interchanging the subscripts 1 and 2. Evidently z' 
and z" are equal. A necessary and sufficient condition that a/, y' 
be equal to y" respectively is 

cos 6 1 (x , —x") 4- sin B^y'—y") = 0, 
cos 8„(x’~ x”) + sin 8„(y'— y") = 0. 

If the above values be substituted in these equations, we obtain 

[sin tr, cos (ft, — — sin <r.] cos (<p — co) 

— sin cr l cos <r 2 sin (6 Z — 0 t ) sin (tp — co) = sin cr l — sin tr„ cos (0„ — 0j), 

[sin <r : cos (0„ — #,) — sin <Tj]cos (</> — co) 

+ sin cr 5 cos <Tj sin (B.~ d?,)si i\(<p — co) = sin o-„ — sin c, cos (0„~ 6,). 



Solving these equations with respect to sin (<p — co) and cos (cp — co), 
"WC cct 

b . , (cos cr„ — cos cr,)sin(8„— 8,) 

sin (<p — co) = — r = — — = 1 > 

sin cr sin o-„ cos (p„ — Pj) -f cos Cj cos cr„ — 1 


cos (6 — co) = 


sin o-j sin <r ; + (cos cr, cos — 1 ) cos (8„ — 8, ) 
sin <x l sin cr. cos (8„— 8,)+ cos <r, cos <r„ — 1 


These two expressions satisfy the condition that the sum of their 
squares be unity, and the function <p satisfies equations (86) and 
(37). Hence our hypotheses are consistent and the theorem of 
permutability is demonstrated. 

We may replace the above equations by 
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The preceding result may be expressed in the following form 
When the transforms of a gnen pseudospherical surface are "known 
all the transformations of the former can be effected by aljebrau. 
processes and differentiation 

Thus, suppose that the complete integral of equations (S5) is 

(41) $ =/(«,», «r, c), 

and that a particular integral is 

B l ~f{u, l, <Tj, c,), 

corresponding to particular values of the constants, and let S, 
denote the tiansform of S by means of 6 X and cr l All the trans 
formations of S x are determined bj the functions $ and <r, where 



Exceptional cases arise when <r has the value <r t For all values 
of <? other than c, formula (42) gives <f> = to -f mir, where m is an 
odd integer When this is substituted in equations (36) they re- 
duce to (35) In this case S coincides with S 

We consider now the remaining case where c has the value e,, 
whereupon the right-hand member of (42) 13 indeterminate In 
order to handle this case we consider c ra (41) to be a function of 
tr, reducing to c x for a — a x If we apply the ordinary methods to 


the function 


which becomes indeterminate 


for <r = <r t , differentiating numerator and denominator with respect 

to .,„eKve M-jA « 

V 2 / dcdffh-n 

or 

ta n(fc^)=, m .,(g + e'£___ 


where c' is an arbitrary constant It is necessaiy to verify that this 
value of <p satisfies the equations (30) n hich is easily done * 


cr B anew \o! II p 418 
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122. Transformation of Lie. Another transformation of pseudo- 
spherical surfaces which, however, is analytical in character was 
discovered by Lie.* It is immediate when the surface is referred 
to its asymptotic lines, or to any isothermal-conjugate system 
of lines. 

Since the parameters in terms of which the surface is defined in 
§ 119 are isothermal-conjugate, the parameters of the asymptotic 
lines may be given by 

(13) it + t’ = 2«, m — i> = 2/3. 

In terms of these curvilinear coordinates the linear elements of the 
surface and its spherical representation have the forms 

ds 1 = a' (da" + 2 cos 2 co dad/3 + d/3 ; ), 
da" = da 2 — 2 cos 2 a> dad/3 d/3 2 , 
and equation (23) takes the form 

CTCO 

— — = sin co cos co. 
caofi 


From the form of this equation it is evident that if w = <f>(a, /3) be 
a solution, so also is ta l =^i(a»i, /8/m), where m is any constant. 
Hence from one pseudospherical surface we can obtain an infinity 
of others by the transformation of Lie. It should be remarked, 
however, that only the fundamental quantities of the new surfaces 
are thus given, and that the determination of the coordinates re- 
quires the solution of a Riccati equation which may be different 
from that for the given surface. 

Lie has called attention to the fact that every Biicklund trans- 
formation is a combination of transformations of Lie and Bianchi.f 
In order to prove this we effect the change of parameters (43) upon 
equations (35) and obtain 


( 44 ) 


0 ,a . x 1 + cos a „ 

— (v -f- w) = : sin (8 — co), 

ca sin a ' 

? , a 1 — cos a . 

— - (8 — co) = ; sin (a -f co). 

cp sill a ' 


• Archh- for MathtmMU og Xaturrhlenilcab, Vol. IV (I STD), p, 150. 
} cr. Winchi, Vo!. II, p. uu ; IJarlKuix, Vol. Ill, p. -in-’. 
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In particular, for a transformation of Biancbi we have 

ft>) = 8in(0— to), ~ (0 ~~ to) = sin (0 + to) 

oa op 


Suppose that we have a pair of functions 6 and to satisfying 
the&e equations, and that we effect upon them the Lie transforma- 
tion for which m has the value (1 + cos o-)/sin a. This gives 


g/l + COST.. 


1~CQ3<T 

smo- 
1 — cos <r 
sin a 


4 

fl ) 


As these functions satisfy (44), they determine a transformation 
B t But 0 X may he obtained from <•>, by effecting upon the latter 
*m inverse Lie transformation, denoted bj L„\ upon this result a 
Bianclu transformation, B mn , and then a direct Lie transformation, 
L , Hence we may write eymbolically 

B.=L 9 'B w/t L„ 
which may he expressed thus 

A Backlund transformation B, is the transform of a Biancht 
transformation hj means of a Lie transformation L „ * 


EXAMPLES 


1 The asymptotic lines on a pseudospherical surface are curves of constant 
torsion 

2 Fvery surface whose asymptotic lines are of the same length as their spherical 
images is a pseudospherical surface of curvature — 1 


3 ^liow that on the psen lospl ere defined by (9) the curves 


hcos£c?£ + 8in s 0Vfl s sin*0 — b*dv = 0, 

where 6 is a constant are geodesics and find the radius of cunature of these curves 
4 hen the linear element of a pseudospherical surface is in the parabolic 
form (m) of (7) the surface defined by 

r= t -.a 

?u cu in 

is pseudospherical (cf 5 70) , it is a Bianclii transform of the given surface 


* Spherical s irfaces admit of transformations similar to those of Lie and Backlund 
The latter are imaginary but such comb nations of them can be made that the resulting 
surface is real For a complete discussion of these the reader Is referred to chap v o! 
the Lettont of Blanchi 



5. The helicoids 
x~u cos u, 


y = u ein r, 


z = f -J * ^ - 1 

Va — fc-u- u- 
where a, Jfc are constants, are spherical surfaces. 

6. The helicoid whose meridian curve is the trnctrix is called the surface of Dini. 
Find its equations when sino- denotes the helicoidal parameter and costr the con- 
stant length of the segment of the tangent between the curve and its axis. Show 
that the surface is pseudospherical. 

7. The curves tangent to the joins of corresponding points on a pseudospherical 
surface and on a Backlund transform are geodesics only when <r—t r/2. 

8. let S be a pseudospherical surface and Si a Bianchi transform by means of 
a function 0 (§ 110). Show that 

XJ = cosw(cosff Xi -f sine A';) — sin uJ, 

A'J = sin « (cost) X\ + sinfiX;) + cos u A', 

X' = sindXi — cos0X«, 

where Xi, X», A' are direction-cosines, with respect to the z-axis, of the tangents 
to tho lines of curvature on S and of the normal to S, and XJ, X«, X' are the 
similar functions for Sj. 

123. W-surfaces. Fundamental quantities. Minimal surfaces 
and surfaces of constant curvature possess, in common with a 
great man}’ other surfaces, the property that each of the prin- 
cipal radii is a function of the other. Surfaces of this kind were 
first studied in detail by Weingarten,* and, in consequence, are 
called Weingarten surfaces, or simply W-surfaccs. Since the prin- 
cipal radii of surfaces of revolution and of the general helicoids 
are functions of a single parameter (§§ 46, 62), these are TF-surfaces. 
We shall find other surfaces of this kind, but now we consider 
the properties which are common to If-surfaces. 

When a surface S is referred to its lines of curvature, the 
Codazzi equations may be given the form 

(45) SlogV^ _ 1 ££, ^ Slog _ 1 dpj 

cv p„— p! dv du p,— p„ 8u 

If a relation exists between p t and p z , as 

( 4G ) /(PnP;)= 0 ^ 

the integration of equations (45) is reducible to quadratures, thus : 

V<f = Ue J P! -Pl , Vf/ =Vc- >p '~ 

• Crclle, Vol. I -XII (lStJS), pp. 160-173. 
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where U and V are functions of u and v respectively Without 
changing the parametric lines the parameters can be so chosen 
that the above ezpiessions reduce to 

(47) 

Thus € and £ are expressible as functions of or p v and conse- 
quently they are functions of one another This relation becomes 
more clear when we introduce an additional parameter tt defined by 

(48) K = e^ f h 


By the elimination of p t from this equation and (46) we have a 
relation of the form , . . 


When this value is substituted in (48) we obtain 
/»*«£<*)-*£(*) 

where the accent indicates differentiation with respect to k From 


(47) it follows that 


v?=i, V?. 


1 


When these values are substituted in the Gauss equation for 
the sphere (V, 24), the latter becomes 

9 M" d L = n 

Bu) BvXtc 1 op) K<f>' 


This equation places a restriction upon the forms of k and 4>(k) 
but it is the only restriction for the Codazzi equations (45) are 
satisfied Hence we have the theorem of Wemgaiten * 

11 / 1 n one has an orthogonal system on the unit sphere for which 
the linear element is reducible to the form 


(49) 


<?<r s = 


du } dv’ 
* ' 


there exists a TF surface whose lines of cunature are represented by 
this system and whose principal radii are expressed by 

(50) *=*{*), P =$(«)- k4>'(«) 


•1c 


p ICS 
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If tiie coordinates of the sphere, namely X, Y, Z, are known 
functions of u and v, the determination of the IF-surface with this 
representation reduces to quadratures. For, from the formulas 
of Rodrigues (IV, 32) we have 


x 

V 

z 


r 0A' , 8X, 

— + '’' 8 ?*’ 

r ar, , ar, 

= — Pi-x- ** + /»- — «». 
J 8u ov 

r dZ , , 3.Z , 

= — / P,— a!t + p„ — aa. 

J ri * Sr 


The right-hand members of these equations are exact differentials, 
since the Codazzi equations (45) have been satisfied. If A', T", 
Z are not known, their determination requires the solution of a 
Iticcati equation. The relation between the radii of the form (46) 
is obtained by eliminating k from equations (50). 

We find readily that the fundamental quantities for the sur- 
face have the values 



And from (48), (50), and (51) we obtain 
(52) = Vg = pj 


Consider the quadratic form 

(53) ~ [{ED’— FD) dir + (ED"— GD) dudv + (FD"—GD’) da 2 ], 


which when equated to zero defines the lines of curvature. When 

these lines are parametric, this quadratic form is reducible by 

means of (IV, 74) to . — 

V ' V&?(p- Pi )dudv. 


Rut in consequence of (47) this is further reducible for JF-surfaces to 
dudv. Since the curvature of this latter form is zero, the curvature 
of (53) also is zero, and consequently (§ 135) the form (53) is redu- 
cible by quadratures to dudv. Hence we have the theorem of Lie: 

The lines of curvature of a W-xurfacc can he found by quadratures. 
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124 Evolute of a W-surface The evolute of a TF-surface pos 
Besses several properties which are characteristic Referring to the 
results of § 75, we see that by means of (52) the linear elements of 
the sheets of the evolute of a IF surface are reducible to the form 


(54) 

or, in terms of k , 
(65) 


f ds* = dp* + e ^ dv\ 
[ d»l — dpi + Pl du\ 
(da^p’dK'+Sdi?, 

| d** = K<f>" 2 did 4- did 


From these results and the remarks of § 46 we obtain at once 
the following theorem of W emgarten 

Each surface of center of a IF surface is applicable to a surface of 
revolution whose meridian curve is determined by the relation between 
the radu of the given surface 


We have also the converse theorem, likewise due to Weingarten 
If a surface S t be applicable to a surface of reiolution the tan 
gents to the geodesics on S t corresponding to the meridians of the 
surface of revolution are normal to a family of parallel If surfaces , 
if S t be deformed in any manner whatever , the relation between the 
radii of these IF surfaces is unaltered 


In proving this theorem we apply the results of § 76 If the 
linear element of S x he 

ds?= du i + U*dv\ 

the principal radu of S are given hy 

(66) ft”", 

Since both are functions of a single parameter, a relation exists 
between them which depends upon U alone., and consequently is 
unaltered in the deformation of S l 

From (V, 99) the projections upon the moving trihedral for S t 
of a displacement of a point on the complementary surface S t are 
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In consequence of formulas (Y, 48, 75) the expression U ( q du + qffiiv) 
is an exact differential, which will be denoted by div. Hence the 


linear element of S t is 
(57) 


from which it follows that S 2 also is applicable to a surface of 
revolution.* 

The last theorem of § 75 may he stated thus : 

A necessary and sufficient condition that the asymptotic lines on 
the surfaces of center S v S 2 of a surface S correspond is that S be 
a If -surface; in this case to every conjugate system on S l or S„ there 
corresponds a conjugate system on the other. 


From (V, 98, 98') it follows that when S is a 7F-surface, and 
only in this case, we have 

< 58 > 


Hence at corresponding points the curvature is of the same kind. 

An exceptional form of equation (46) is afforded by the case where 
one or both of the principal radii is constant. For the plane both 
radii are infinite ; for a circular cylinder one is infinite and the other 
has a finite constant value. The sphere is the only surface with both 
radii finite and constant. For, if p l and p„ are different constants, 
from (45) it follows that € and i? are functions of u and v respec- 
tively, which is impossible for the sphere. When one of the 
radii is infinite, the surface is developable. There remains the case 
where one has a finite constant value; then S is a canal surface (§ 29). 

In considering the last case we take 


a; 

then, from (48), we have 

v ' p x =fc + a, 

and the linear element of the sphere is 


da- = ~+ dv\ 

K‘ 


Conversely, when the linear element of the sphere is reducible to 
this form, the curves on the sphere represent the lines of curvature 
on an infinity of parallel canal surfaces. 


• Cf. Darboux, Vol. Ill, p. 320. 
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125. Surfaces of constant mean curvature. For surfaces of con 
tant total curvature the relation (46) may be written 


where c denotes a constant When this value is substituted in (48) 
we have, by integration, 


(59) 
so tha 

(60) 


so that the linear element of the sphere is 
du > + (**+ c)di? 
«* 


da 1 * 


Conversely, when we have an orthogonal system on the sphere for 
which the linear element is reducible to the form (60), it serves for 
the representation of the lines of curvature of a surface of constant 
curvature, and of an infinity of parallel surfaces 

When c is positive, two of these parallel surfaces have constant 
mean curvature, as follows from the theorem of Bonnet (§ 73) In 
fact, the radii of these surfaces are 

(61) Pl =V?+c±VJ, e ^. ' ±y T' 

** T C 

If we put 

(62) f = a ! , k = a csch a>, 

and replace u by aw, the linear element (60) becomes 
da 3 = sinh*ci> du 1 + cosh* « dv* 


In like manner, if we replace w by tan, v by tr, and take 
(63) c = ed, k = ai sech w, 

the hnear element of the sphere is 

da*= cosh*a» du*+ 8inh*G> dv * 


For the values (62) we have, from (61), 


(64) 


_ ag*“ 
suih w 


cosh a 


and the linear elements of the corresponding surfaces are 
(65) <&*=<*****“ (<2tt*+dt J ) 
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Moreover, for the values (63) the radii have the values 


(GG) 


Pi = ± 


ae* u 
cosh to 


/>= = 


ge*“ 
sinh o> 


but the linear elements are the same (65). In each case the mean 
curvature is ± 1/a. We state these results in the following form: 

The lines of curvature upon a surface of constant mean curvature 
form an isothermic system., the parameters of which can he chosen 
so that the linear element has one of the forms (65), where co is a 
solution of the equation 

(67) — + 2-^ + sinh <B cosh w = 0. 

' ' dir dv 2 


Conversely , each solution of this equation determines two pairs of 
applicable surfaces of constant mean curvature ±1 /a, whose lines 
of curvature correspond, and for which the radii p v p„ of one surface 
are equal to the radii of p„, p, of the applicable surface. 

It can be shown that if m = <£ (u, v) is a solution of equation (67), 
so also is 

(68) w, = <j> (it cos a — v sin a, u sin a -f- v cos a), 

where cr is any constant whatever. Hence there exists for spherical 
surfaces a transformation analogous to the Lie transformation of 
pseudospherical surfaces. This transformation can be given a geo- 
metrical interpretation if it is considered in connection with the sur- 
faces of constant mean curvature parallel to the spherical surfaces. 
Let S 1 denote the surface with the linear element 

(69) = are-* 1 (did + dv"). 

If we put 

(70) «, = u cos cr~v sin er, v, = u sin a + v cos <r, 
the solution (68) becomes aj,=i £(«,, i\), and (69) reduces to 

<?«*= a?e"“'(du?+ dv-). 

Hence if we make a point («, v) on S with the linear element (65), 
in which the positive sign is taken, correspond to the point («,, r ) 
on S t , the surfaces are applicable, and to the lines of curvature 
« = const., r = const, on S correspond on S i the curves 

it cos <r — t> sin cr = const., u sin cr -f- v cos c = const. 
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But the latter cut the lines of curvature u = const., t> = const, on 
S t under the angle a. Moreover, the corresponding principal radii 
of S and S v are equal at corresponding points. Hence we have the 
following theorem of Bonnet:* 

A surface of constant mean curvature admits an infinity of appli- 
cable surfaces of the same kind with preservation of the principal 
radii at corresponding points, and the lines of curvature on one 
surface correspond to lines on the other which cut the lines of 
curvature under constant angle. 


Weingarten has considered the IF-eurfacea whose lines of 
curvature are represented ou the Bphere by geodesic ellipses 
and hyperbolas. In this case the linear element of the sphere 
is reducible to the form (§ 90) 





Comparing this with (49), we have 

* = 8in|, 0'=cos|. 

from which it follows that 

, to + sin to 
* = — 4 

Hence 


(H) 


and th© relation between the radii ia found, by the elimination 
of w, to be 

(72) 2&>i-ft)=™2(ft+ft).t 


•Mfmoirs sur la tWorie des surfaces ftppllcables sur one surface donn£e, Journal de 
I'Ecolc Polytechniqve, CahJer 42 (1867), pp 72 et itq In this memoir Bonnet solves com 
pletely the problem o! finding applicable surfaces with corresponding principal radii equal 
When a surface possesses an Infinity of applicable surfaces of this kind, its lines of curv- 
ature form an Isothermal system 

tDarboox (Vol III, p 373) proves that these surfaces may be generated as follows 
Let C and Ci be two curves of constant torsion, differing only in sign The locus of the 
mid points it of the join of any points P and P\nt these curves Isa surface of translation 
If a line be drawn through M patallel to the intersection of the osculating planes of C and 
Cl at Pand Pi, thia line is norma! to a IP surface of the above type for all positions of if 



RULED TF-SUREACES 


299 


126. Ruled TF-surfaces. We conclude the present study of 
JF-surfaces with tlie solution of the problem: 

To determine the W-turfacea which are ruled. 

This problem was proposed and solved simultaneously by 
Beltrami * and Dini.f We follow the method of the latter. 

In §§ 106, 107 we found that when the linear element of a 
Tuled surface is in the form 

ds” = did + [(« — a)' + /S°] dtr, 
the expressions for the total and mean curvatures are 
T , J3 1 yy rf+j3'(u-a) + /3a' 

Ji. = — — ri ^ — 9 

9 1 " f 

where r is a function of v at roost, and 

/ = (« — af + p 1 . 


In order that a relation exist between the principal radii it is 
necessary and sufficient that the equation 



6 „ 8 ,, n 

— A •— -A = 0 
8v ou 


bo satisfied identically. If the above values be substituted, the 
resulting equation reduces to 

2 (u — c) 8 rg" 4- &(u — c) + ySa'I 

P . 9 3 J 

— [r/+ 2ff'(u — g)+ 8 g 1 n 

I ? 


As this is an identical equation, it is true when u = a , in which 

case it reduces to /S'= 0. Hence /? is a constant and the above 

equation becomes , „ , „ „ 

/(« — of -f r f? + /S«" = 0. 


Since this equation must be true independently of the value of u, 
both r f and a" are zero. Therefore we have 


(13) <r =» cv + d, = c, r = 

where c, d, e, J; are constants. 

The linear clement is 


dr = did-f [(« — cv — d) 3 + r] dp 3 . 

* -Irmali, Vol. Til (1BG5), pp, 130-150. f Annali, V©1. VII (1865), pp. 205-210. 
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In order to interpret this result we calculate the expression 
for the tangent of the angle which the generators v = const, 
make with the line of stnction 

tt — cv — d = 0. 

From (III, 24) we have 

tan B = -‘ t 
c 

consequently the angle is constant. Conversely, if Q and the param- 
eter of distribution /9 be constant, a has the form (73). Hence we 
have the theorem; 

A necessary and sufficient condition that a ruled surface be a 
W-surface is that the parameter of distribution be constant and that 
the generators be inclined at a constant angle to the line of stnc- 
tion, which consequently is a geodesic, 

EXAMPLES 

1. Show that the heJicoids are IF surface* 

2 Find the form of equation (40), when the surface is minimal, and show that 
each conformal representation of the Bphere upon the plane determines a minimal 
surface 

3 Show that the tangents to the curves v = const, on a spherical surface with 
the linear element (i) of (0) are normal to a JF-earface for which 

Pl -P, = ocotfl. 

4 The helicoids are the only IF-surfaces which are such that the curves 
pi = const meet the lines of curvature under constant angle (cf Ex 23, p 188) 

fl The asymptotic lines on the surfaces of center of a surface for which 
ft + pi ~ const correspond to the minimal lines on the spherical representation 
of the surface, and, when p x — p t = const., to a rectangular system on the sphere 

127. Spherical representation of surfaces with plane lines of 
curvature in both systems. Surfaces whose lines of curvature m 
one or both systems, are finite cukvpa ha.va been. an. oluprA of. study 
by many geometers. Since the tangents to a line of curvature and 
to its spherical representation at corresponding points are parallel, 
a plane line of curvature is represented on the sphere by a plane 
curve, that is, a circle ; and conversely, a line of curvature is plane 
when its spherical representation is a circle. 
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We consider first the determination of surfaces with plane 
lines of curvature in both systems from the point of view of 
(heir spherical representation.* To this end we must find orthog- 
onal systems of circles on the sphere. If two circles cut one 
another orthogonally, the plane of each must pass through the 
pole of the plane of the other. Hence the planes of the circles 
of one system pass through a point in the plane of each circle 
of the second system, and consequently the planes of each family 
form a pencil, the two axes being polar reciprocal with respect to 
the sphere.f 

We consider separately the two cases : I, when one axis is tan- 
gent to the sphere, and therefore the other is tangent at the same 
point and perpendicular to it ; II, when neither is tangent. 


Case I. We take the center of the unit sphere for origin 0 , the 
t- and y-axes parallel to the axes of the pencils, and let the coor- 
dinates of the point of contact be (0, 0, 1). The equations of the 
pencils of planes maj 1 - be put in the form 


(14) z + u(z — 1)= 0, y-ft>(z — 1) = 0, 


where u and v are the parameters of the respective families. 
If these equations be solved simultaneously with the equation 
of the sphere, and, as usual, X, Y, Z denote coordinates of the 
latter, we have 


(75) X- 


\u 


u” 4- v 2 + 1 


r= 


E V 




« s + r 2 — 1 
\r+v 2 +l 


Now the linear element of the sphere is 

(76) da "-^l< dut +J/A. 

(ir+w-fl ) 2 

Case II. As in the preceding case, we take for the z-axis the 
common perpendicular to the axes of the pencils, and for the x- 
and y-axes we take lines through 0 parallel to the axes of the 
pencils. The coordinates of the points of meeting of the latter 
with the z-axis are of the form (0, 0, a), (0, 0, 1/a). The equa- 
tions oE the two pencils of planes could be written in forms 

’ Bianolii, Veil. It, p. 250; Parboux, Vol. I, r- 12S, and Vol. IV, p. ISO. 
t Ikmnet, Journal <Ie I’Ecole Poly technique, Vol. XX (1853), pp. 130, 137. 



302 SURFACES WITH PLANE LINES OF CURVATURE 


similar to (74) but the expressions for X Y, Z will be found 
to be of a more suitable form if the equations of the families 
of planes be written 


tan u . . A 

z— - — — . (z — a) — 0 


atanhu/ 1\ _ 

'-^(-ST 0 


Proceeding as in Case I, we find 

Vi — a 3 sin u 


<77) 


cosh v + a cos u 
V l^ldsinhv 
cosh v + a cos u 
_ cos u + a cosh v 
cosh v + a cos v 


and the linear element is 
(78) = 


(1 — a 1 ) {du a + dv*) 
(cosh v + o cos «)* 


From the preceding discussion we have tacitly excluded the sys 
tem of mendtana and parallels As before the planes of the two 
families of circles form pencils, but now the axis of one pencil 
passes through the center of the sphere and the other is at infinity 
Hence this case corresponds to the value zero for a m Case II In 
fact if we put a = 0 m (77) the resulting equations define a sphere 
referred to a system of meridians and parallels namely 

(79) r 

cosh v cosh v cosh v 


Since the planes of the lines of curva ure on a surface are parallel 
to the planes of their sphencal images the curves v — const on a 
surface with the representation (79) lie m parallel planes and the 
planes of the curves u = const envelop a cylinder These sm faces 
are called the molding twfaeet * We shall consider them later 

VlfL ^ooa Voas, vunsftuw. ’iftA.h 535 stem 

By a suitable choice of coordinate axes and parameters the 
expressions for the direction cosines of the normal to a surface 
with plane lines of curvature in both systems can be given one 

* These surfaces were first studied by Monge Jpp {cation do L Analyse a la Qtomt 
trio } IT Paris 1819 
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of the forms (75) or (77). For the complete determination of all 
surfaces of this kind it remains then for us to find the expres- 
sion for the other tangential coordinate IF, that is, the distance 
from the origin to the tangent plane. The linear element of 
the sphere in both cases is of the form 


where X is such that 
(80) 


dt r 2 = 


du?+ dir 
X 5 




g°X 
ou cv 


0 . 


From (VI, 39) we see that the equation satisfied by IF is 

1L. + ?£ + d JL - 0 

dudv cv du du- cv 


In consequence of (80), if we change the unknown function in 
accordance with 0, = Xd, the equation in is of .the form (80). 
Hence the most general value for IF is 


IF 


U + V 
— : — > 


where U and F are arbitrary functions of u and v respectively. 

Hence any surface with plane lines of curvature in both systems 
is the envelope of a family of planes whose equation is of the form 

(81) 2 iix -f- 2 vy -f- (id+ V— l)z = 2(U+ F), 
or 

(82) VfT a 3 sin ux — Vl — a" sinh vy + (cos u + a cosh v) z . 

= {U+ F) Vl — ar. 

The expressions for the Cartesian coordinates of these surfaces 
can be found without quadrature by the methods of § 67. Thus, 
for the surface envelope of (81) we have to solve for x, y, z equa- 
tion (81) and its derivatives with respect to u and v. The latter are 

(S3) i-riiz = U\ y + v z = V\ 

where the accents indicate differentiation. We shall not cany out 
this solution, but remark that as each of these equations contains 
a single parameter they define the planes of the lines of curvature. 
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From the form of (83) it is seen that these planes in each sys- 
tem envelop ti cylinder, and that the axes of these two cylin- 
ders are perpendiculai This fact was remarked by Darboux, 
who also observed that equation (81) defines the radical plane 
of the two (spheres 


f 3T + y*+ z*+ 2 ux 4- (w*— z *= 2 17, 

( !’+/+*’- 2 ty-(tr'-J)z=- 2 F 


These are the equations of two one-parameter families of spheres, 
whose centers lie on the focal parabolas 


(85) 


*,=». y,=». 


and whose radii are determined by the arbitrary functions V and 1 
The characteristics of each family are defined b) its equation and 
the corresponding equation of the pair (83) Consequently the ong 
inal surface is the locus of the point of intersection of the planes 
of these characteristics and the radical planes of the spheres 
Similar results follow for the equation (82), which defines the 
radical planes of two families of spheres whose centers are on the 
focal ellipse and hyperbola 

(86) y,«0, z t =£cosu, 

( x % = 0, y, = ^Vl — a* sinhi, z, = — ^ a cosh t> 


When in particular a — 0, these curves of center aie a circle and 
its axis 

Fiom the foregoing result* it follows that these surfaces maybe 
generited by the follow mg geometrical method due to Darboux * 

Exery turf ace vntk plane lines of cunalure in two systems can be 
obtained from two singly infinite families of spheres whose centers he 
on focal conics and whose radii i ary according to an arbitrary law 
The surface is the enielope of the radical plane of two spheres S and 2, 
belonging to tioo different families If one associate with S and 2 two 
infinitely near spheres S' and S', the radical center of these four 
spheres describes the surface , and the radical planes of S and S' and 
of 2 and 2' are the planes of the lines of curvature 


Vol I p 132 
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129. Surfaces with plane lines of curvature in one system. 
Surfaces of Monge. When the lines of curvature in one system 
are plane, the curves on the sphere are a family of circles and 
their orthogonal trajectories; and conversely. Every system of 
this kind may be obtained from a system of circles and their 
orthogonal trajectories in a plane by a stereographic projection. 
The determination of such a system in the plane reduces to the 
integration of a Riccati equation (Ex. 11, p. 50). Since the circles 
are curves of constant geodesic curvature we have, in consequence 
of the first theorem of § 84, the theorem : 

The determination of all the surfaces with plane lines of curva- 
ture in one system requires the solution of a Riccati equation and 
quadratures. 


We shall discuss at length several kinds of surfaces with plane 
lines of curvature in one system, and begin with the case wheie 
these curves are geodesics. They are consequently normal sections 
of the surface. Their planes envelop a developable surface, called 
the director-developable, and the lines of curvature in the other sys- 
tem are the orthogonal trajectories of these planes. Conversely, 
the locus of any simple infinity of the orthogonal trajectories of a 
one-parameter system of planes is a surface of the kind sought. 
For, the planes cut the surface orthogonally, and consequently 
they are lines of curvature and geodesics (§ 59). Since these 
planes are the osculating planps of the edge of regression of 
the developable, the orthogonal trajectories can be found by 
quadratures (§ 17). 

Suppose that we have such a surface, and that C denotes one of 
the orthogonal trajectories of the family of plane lines of curvature. 
Let the coordinates of C be expressed in terms of the arc of the 
curve from a point of it, which will be denoted by t\ As the 
plane of each plane line of curvature F is normal to C at its point 
of meeting with the latter, the coordinates of a point P of T with 
reference to the moving trihedral of C are 0, tj, £ Since P describes 
an orthogonal trajectory of the planes, we must have (I, 82) 
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where t denotes the radius of torsion of C If we change the 
parameter of C in accordance with the equation 


(87, 

the above equations become 


f-+t=o, 

rft>. 


dr, 


The general integral of these equations is 
(88) 77 = If, cos f>, — U t am £= If, sin », + U t cos v„ 

nhere V x and U t are functions of the parameter u of points of V 
When v *= 0 we have v, = 0, and so the curve T m the plane through 
the point v = 0 of C has the equations 77 = U,, f = U t Hence the 
character of the functions If, and If, is determined by the form of 
the curve , and conversely, the functions U, and If, determine the 
character of the curve 

By definition (87) the function v, measures the angle swept 
out m the plane normal to 17 by the binormal of the latter, as this 
plane moves from v = 0 to any other point Hence equations (88) 
define the same curve, in this moving plane, for each value of v, 
but it is defined with respect to axes which have rotated through 
the angle v. Hence we have the theorem 

Any surface whose lines of curvature in one system are geodesics 
can he generated by a plane curve whose plane rolls, without slipping , 
over a developable surface 


These surfaces are called the surfaces of Monge , by whom they 
were first studied He proposed the problem of finding a surface 
with one sheet of the evolute a developable It is evident that the 
above surfaces satisfy this condition Moreover, they furnish the 
only solution For, the tangents to a developable along an ele- 
ment lie in the plane tangent along this element, and if these 
tangents are mxrmate to a surface, the tetter is eat normally !>/ 
this plane, and consequently the curve of intersection is a line of 
curvature In particular, a molding surface (§ 127) is a surface 
of Monge with a cylindrical director-developable 

Since every curie m the moving plane of the lines of curva 
ture generates a surf ice of Monge, a stiaight line m this plane 



MOLDING SURFACES 


307 


generates a developable surface of Monge. For, all the normals 
to the surface along a generator lie in a plane (§ 25). Hence : 

A necessary and sufficient condition that a curve F in a plane 
normal to a curve C at a point Q generate a surface of Monge as 
the plane moves , remaining normal to the curve, is that the line 
joining a point of Y to Q generate a developable. 


130. Molding surfaces. When the orthogonal trajectory C is a 
plane curve, the planes of the curves T are perpendicular to the 
plane of C, and consequently the director-developable is a cylinder 
whose right section is the plane evolute of C. The surface is a 
molding surface (§ 127), and all the lines of curvature of the sec- 
ond system are plane curves, — involutes of the right section of 
the cylinder. Hence a molding surface may be generated by a 
plane curve whose plane rolls without slipping over a cylinder. 
We shall apply the preceding formulas to this particular case. 

Since 1/r is equal to zero, it follows from (88) that g and f are 
functions of u alone. If u be taken as a measure of the arc of the 
curve F, we have, in all generality, 

g = U, ?= J Vl-U'-du, 

where the function V determines the form of I\ If we take the 
plane of the curve C for z = 0, and z 0 , y a denote the coordinates 
of a point of C, the equations of the surface may be written 


z — z 0 +U cos v, y — ?/„ -f U sin t>, z =^JVl — U'- du, 

where v denotes the angle which the principal normal to C makes with 
the a--axis. Since ^ 


• = sin v - 

ds. ds„ 


■■ — cos V, 


if r denote the radius of curvature of C, then ds 0 = Vdv, and the 
equations of the surface can be put in the following form, given by 
Darboux * : i ^ 

x=U cost’-f I T'sinrdt’, 


(89) 


y = U sin r 


= J Vl - U' : du. 
* Vol. I, p. IOj. 


cos edv, 
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The equations of the right section of the cylinder are 
x = + V cos t —J' V cos v dv, 
y—y 9 + V sm t = J V sin r dv 

In passing, we remark that surfaces of revolution are molding sur 
faces, whose director-cylinder is a line , this corresponds to the 
case J’ — ■ 0 

EXAMPLES 

1 When the spherical representation of the lines of curvature of a surface Is 
Isothermal and the curves in one family on the sphere are circles the curves In the 
Other family also are circtes 

2 If the lines of curvature In one system on a minimal surface are plane those 
In the other system also are plane 

3 Show that the surface 

x = au + sin u cosh a, y = a + acosuslnhs z=V 1 - o*cosu coshv 
Is minimal and that Its lines of curvature are plane Find the spherical representa- 
tion of these curves and determine the form of the curves 

4 Show that the surface of Fz 3 and the Fnneper surface (I z 18 p 200) are 
the only minimal surfaces with plane lines of curvature 

5 V. hen the lines of curvature In one system lie In parallel planes the auTfaee 
is of tie molding type 

6 A necessary and sufficient condition that the lines of curvature In one system 
on n surface be represented on the unit sphere by great circles is that it be a sur 
face of Mongo 

7 Derive the ezpressions for the point coordinates of a molding surface by the 
method of 5 07 

131. Surfaces of Joachlmsthal. Another interesting class of 
surf ices with plane lines of curvature in one sjstem are those for 
which all the planes pass through a straight line Let one of these 
lines of curvature he denoted b} T, and one of the other sjstem 
li) C The developable enveloping the Burfice along the latter has 
foi \te cVms-v.to vVa VMvgwAs, to Wft t’irits V t»V toevs f/avvAa, c£ 
intersection with C Since these elements lie in the planes of the 
curves T, the developable n> a cone with its vertex on the line D, 
through which all these planes pass This cone is tangent to the 
surface along C, and its elements are orthogonal to the latter Con 
sequentlj C is the intersection of the surface and a sphere with 
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center at the vertex of the cone which cuts the surface orthogo- 
nally. Hence we have the following result, due to Joachimsthal*: 

When the lines of curvature in one system lie in planes passiny 
through a line D, the lines of curvature in the second system lie on 
spheres whose centers arc on D and which cut the surface orthogonally. 

Such surfaces are called surfaces of Joachimsthal. Each of the 
curves of the first system is an orthogonal trajectory of the circles 
in which the spheres are cut by its plane. Therefore, in order to 
derive the equations of such a surface, we consider first the orthog- 
onal trajectories of a family of circles whose centers are on a line. 
If the latter be taken for the ij-axis, the circles are defined by 

f = rsind, 77 = rcos0 + «, 

where r denotes the radius, 6 the angle which the latter makes 
with the » 7 -axis, and u the distance of the center from the origin. 
Now r is a function of u, and 6 is independent of u. In order that 
these same equations may define an orthogonal trajectory of the 
circles, 0 must be such a function of u that 


cos 6 — — sin 0 — = 0, 
du du 


or 


By integration we have 
(90) 



— sin 6 = 0. 




where V denotes the constant of integration. 

Since each section of a surface of Joachimsthal by a plane 
through its axis is an orthogonal trajectory of a family of circles 
whose centers are on this axis, the equations of the most general 
surface of this kind are of the form 

x—r sin 0 cos r, y — rs'md sin e, z = u + r cos 0, 

where v denotes the angle which the plane through a point and 
the axis makes with the plane ?/=0. and 6 is given by (90), in 
which now I" is a function of v. 


* Crdte, Vol. LTV (1857), pp. 1S1-1D2. 
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When V is constant 6 is a function of u alone, and the surface 
is one of revolution For other forms of V the geometrical genera- 
tion of the suif ices is given by the theorem 

Given the orthogonal trajectories of a family of circles whose cen- 
ters he on a right line D , \f they be rotated about D through dif- 
ferent angles, according to a given law, the locus of the curve* t8 a 
surface of Joachimsthal 

132 Surfaces -with circular lines of curvature We consider 
next surfaces whose lines of curvature in one sj stem are circles 
Let <r denote the constant angle between the plane of the circle 
C and the tangent planes to the surface along C (cf § 59), p the 
radius of normal curvature in the direction of C, and r the radius 
of the latter Now equation (IV, 17) may be written 

(91) r = p sin <r 

As an immediate consequence we have the theorem 

A necessary and sufficient condition that a plane line of curvature 
be a circle is that the normal curvature of the surface in its direction 
be the same at all of its points 

Since the normals to the surface along C are inclined to its plane 
under constant angle, they form a right circular cone whose vertex 
is on the axis of C Moreover, the cone cuts the surface at right 
angles, and consequently the sphere of radius p and center at the 
vertex of the cone is tangent to the surface along C Hence the 
suiface is the envelope of a family of spheres of variable or con 
stant radius, whose centers lie on a curve 

Conversely, we have seen in §29 that the characteristics of 
the family of Bpheres 

(A -*) ! + {Y-yf+(Z- z)'=R\ 

where x , y, z are the coordinates of a curve expressed m terms of its 
arc, and R is a function of the same parameter, are circles of radius 

(92) r = ^(l-S w )‘, 

whose axes are tangent to the cuive of centers and whose centers 
have the coordinates 

(93) x^x—aRR\ y 1= y - 0RR , z^z-yRR', 
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where a, 0, 7 are the direction-cosines of the axis, and the accent 
indicates differentiation. The normals to the envelope along a 
characteristic form a cone, and consequently these circles are lines 
of curvature upon it. Hence : 

A necessary and sufficient condition that the lines of curvature in 
one family he circles is that the surface he the envelope of a single 
infinity of spheres , the locus of whose centers is a curve , the radii 
being determined hy an arbitrary law. 

From equations (91), (92) it follows that R' = cos<r. Hence the 
circles are geodesics only when R is constant, that is, for canal 
surfaces (§ 29). In this case, as is seen from (92), all the circles 
aTe equal. 

The circles are likewise of equal radius a when 
R~ = (8 + c)'+ 

where s is the arc of the curve of centers and c is a constant of 
integration. Now equations (93) become 

Xl -r~(s+ c)a. y x = y~(s + c)0, z, = z — (8 + 0 ) 7 , 

which are the equations also of an involute of the curve of centers 
(§ 21). This result may he stated thus* : 

If a string he unwound from a curve in such a way that its moving 
extremity JT generates an involute of the curve, and if at M a circle 
he constructed whose center is Jf and whose plane is normal to the 
string, thru as the string is unwound this circle generates a surface 
with a family of equal circles for lines of curvature. 

The locus of the centers of the spheres enveloped hy a surface is 
evidently one sheet of the evolute of the surface, and the radius 
of the sphere is the radius of normal curvature in the direction 
of the circle. Consequently this radius is a function of the 
parameter of the spheres. Conversely, from § 75, we have that 
when .S’, is a curve JL = 0, and consequently 


Cf. Bianclii, Vot. II, p. 272. 
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Excluding the case of the sphere, we have that p t 19 a function of 
u alone From the formulas of Rodrigues (IV, 32), 

Sx $x ay = _ dY ££ 

dv Pt dv ’ dv Pt dv’ dv Pi dv' 
we have, by integration, 

x~- Pt X+V v y=>~P i Y+U i , z=- Pi Z+U t 
Hence the points of the surface lie on the spheres 
(x- V t )*+ (y - U t )' + (z-V t )*= pi 
and the spheres are tangent to the surface 

Since the normals to a surface along a circular lme of curvature 
form a cone of revolution, the second sheet of the evolute is the 
envelope of a family of such cones The characteristics of such a 
family are conics Hence we have the theorem 

A necessary and sufficient condition that one sheet of the evolute of 
a surface he a curve t* that the surface be the envelope of a single infinity 
of spheres , the second focal sheet is the locus of a family of conics 
133 Cyclides of Dupin From the preceding theorem it results 
that if also the second sheet of the evolute of a surface be a curie, 
it is a conic, and then the first sheet also is a conic Moreover, these 
conics are so placed that the cone formed by joining any point on 
one conic to all the points of the other is a cone of revolution 
A pair of focal conics is characterized by this pioperty And so 
we have the theorem 

A necessary and sufficient condition that the lines of cunature m 
both families be circles is that the sheets of the evolute be a pair of 
focal conics * 

These surfaces are called the cyclides of Dupm They are the 
envelopes of two one parameter families of spheres, and all such 
envelopes are cyclides of Dupin A sphere of one family touches 
each sphere of the other family Consequently the spheres of which 
the cy elide is the envelaqa are tangent to three spheres. 

We shall prove the converse theorem of Dupin f 
The envelope of a family of spheres tangent to three fixed spheres 
1 * a cy elide 

•Ct Ex 19 p 188 

1 Appltailioru dt geomCtrie et de michanigue pp 200-210 Parla 1822 
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The plane determined by the centers of the three spheres cuts 
the latter in three circles. If any point on the circumference C, 
orthogonal to these circles, he taken for the pole of a transforma- 
tion hy reciprocal radii (cf. § 80), C is transformed into a straight 
line L. Since angles are preserved in this transformation, the three 
fixed spheres are changed into three spheres whose centers are on L. 
Evidently the envelope of a family of spheres tangent to these three 
spheres is a tore with L as axis. Hence the given envelope is trans- 
formed into a tore. However, the latter surface is the envelope of 
a second family of spheres whose centers lie on L. Therefore, if 
the above transformation be reversed, we have a second family of 
spheres tangent to the envelope, and so the latter is a cyclide of 
Dupin. We shall now find the equations of these surfaces. 

Let (a*,, y v z,) and (a-„, y„, z„) denote the coordinates of the points 
on the focal conics which are the curves of centers of the spheres, 
and ll v the radii of the spheres. The condition of tangency is 

(94 ) (a- - * 2 ) 2 + <y x - y s )« + (z, - zj- = (S t + -K 2 ) 2 . 

We consider first the case where the evolute curves are the focal 
parabolas defined by (85). Now equation (94) reduces to 

i(»*+*+ 1 ) *=(J? l +.R.)* 


Since Ji l and JL are functions of u and v respectively, this equation 
is equivalent to 


(95) i? * BS I( ,l * + | + a )' ■ R = == |( 1 , 5 + l _a )’ 


where a is an arbitrary constant whose variation gives parallel 
surfaces. 

By the method of § 132 we find that the coordinates (f, tj, f) of 
the centers of the circular lines of curvature u — const, and the 
radius p are r i 

f “scT^r + 2 + "- 2<1+ “ S) J' 

V = o, 

f [*"(«’ + 1 + *) ■ - (**- 1) a + «•>] . 

p = ^ (u 3 + i + «) a -t- u"r *. 
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Hence if P be a point on the circle and 9 denote the angle which 
the radius to P makes with the positive direction of the normal to 
the parabola (85), the coordinates of P are 

x = £ + — ^ -- cos 6, y = p sin 6, z — f — - .S—-. cos 8. 


This surface is algebraic and of the third order 

If the evolute curves are the focal ellipse and hyperbola (86), we have 

(96) Jf,= “(ocos»4-*), P s = ^(coshw — *), 


where tc is an arbitrary constant whose variation gives parallel surfaces 
This cyolide of Dupm is of the fourth degree When in particular 
the constant a is zero, the surface is the ordinary tore, or anchor Ting * 
134 Surfaces with spherical lines of curvature in one system 
Surfaces with circular lines of curvature in one system belong evi 
dently to the general class of surfaces with spherical lines of curva- 
ture in one system We consider now surfaces of the latter kind 
Let S be such a surface referred to its lines of curvature, and 
m particular let the lines v =* const be spherical The coordinates 
of the centers of the spheres as well as their radii are functions of 
v alone They will he denoted hj (f\, F s , V t ) and R By Joachims 
thal’s theorem (§ 59) each sphere cuts the surface under the same 
angle at all its points Hence for the family of spheres the expres- 
sion for the angle is a function of v alone , we call it V 

Since the direction-cosmes of the tangent to a curve v = const are 
1 8A 1 dY 1 ZZ 
V# to ' to ’ y/7> di ' 

when the linear element of the spherical representation is written 
da 3 = S' du 3 + g dv 3 , the coordinates of S are of the form 


(97) 


R sin V dX , T , 

x = r,H — + XR cosF, 

to 

_ R sin V8Y , __ 

y = V.-\ — + YR cos F, 

vg/ ov 

T , JRsmF0Z „ 
z — V,-i -j=- — + YR cos V. 

'J-g °v 


* Fox other geometrical constructions of the eycUde* o{ Dnprn. the reader la referred 
to the article in the Fncyklopudie dsr Math B ustnschaften Vol III 3 p 390 
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By hypothesis X, 1', Z are the direction-cosines of the normal to S ; 
consequently we must have 

Vx|2 = 0, Vxp=o. 

*4 d\l *4 dv 

If the values of the derivatives obtained from (97) be reduced by 
means of (V, 22), and the results substituted in the above equa- 
tions, the first vanishes identically and the second reduces to 

(98) XV[ + rP' + ZV' t + (if cos V)'-R sin FV?= 0, 

where the primes indicate differentiation with respect to v. Con- 
versely, when this condition is satisfied, equations (97) define a 
surface on which the curves v — const, are spherical. Hence : 

A necessary and sufficient condition that the curves v = const, of an 
orthogonal system on the unit sphere represent spherical lines of cur- 
vature upon a surface is that five functions of v, namely V s . V v F„, 
R, F, can be found which satisfy the corresponding equation (98). 

We note that F,, V„, F„ and It cos F are determined by (98) 
only to within additive constants. A change of these constants 
for the first three gives a translation of the surface. If R cos F be 
increased by a constant, we have a new surface parallel to the 
other one. Hence * : 

If the lines of curvature in one system upon a surface be spherical, 
the same is true of the corresponding system on each parallel surface. 

Since equation (98) is homogeneous in the quantities F(, Vi, F„\ 
(R cos I')', R sin F, the latter are determined only to within a factor 
which may be a function of v. This function ma} r be chosen so 
that all the spheres pass through a point. From these results we 
have the theorem of Dobriner f : 

With each surface with spherical lines of curvature in one system 
there is associated an infinity of nonparallcl surfaces of the same 
kind with the same spherical representation of these lines of curvature. 
Among these surfaces there is at least one for which all the spheres 
pass through a point. At corresponding points of the loci of the cen- 
ters of spheres of tico surfaces of the family the tangents are parallel. 

* Cf. nilKchl, Vol. II. p. SOX 


t CrcUe, Vol. XCIV ( 1 SS 3 ), pp. US, 125. 
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If the values of x, y, z fiom (97) be substituted jn the formulas 
of Rodrigues (IV, 32), 

8x dX dx dX 
<98) Yu~ P 'tm' lv~ e 'dv’ 

and similarly for y and e, we obtain by means of (V, 22), 

„ Tr Asm Vd'/W 
— o, = RcosV+—=: » 

1 o" 


-p % —R cos V + 


(IZ sm V)‘ 

v? 




.,dx 


Conversely, when for i surface referred to its lines of curvature 
the principal radius p x is of the form 

(100, -'■=*■«+*§ 

where <f> l and <f> s are any functions whatever of v, the curies 
v = const are spherical For, by (V, 22), 

a / l a\\ l dVg dx 

du\Vg dv) CV du 

Consequently, from the first of (99), in which pj is given the above 
value, we obtain by integration 

where F, is a function of v alone Similar results follow for y and z 
As these expressions are of the form (97), we have the theorem 
A necessary and sufficient condition that the lines of cunature 
t»=s const be spherical ts that p, be qf the form (100) 


EXAMPLES 

1 It the lines of curvature 5n one system are plane and one is a circle, all 
are circles 

2 When the lines of curvature in one family on a surface are circles, their 
spherical images are circles whose spherical centers constitute the sphencat mdi 
catnx of the tangents to the curve of centers of the spheres which are enveloped 
by the given surface Show also that each one parameter system of circles on the 
unit sphere represents tlie circular lines of curvature on an infinity of surfaces, 
for one of which the circles are equal 
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3, If the lines of curvature of a surface are. parametric, and the curves v = const, 

are spherical, vre have 1 j cotF 

Aw Ii sin F Pi 

where pi, Ji denote the radii of geodesic curvature and normal curvature in the 
direction » — const and of the sphere respectively, and F denotes the anglo under 
xvhich the sphere cuts the surface. 

4. When a line of curvature is spherical, the developable circumscribing the 
surface along this line of curvature also circumscribes a sphere ; and conversely, 
if such a developable circumscribes a sphere, the line of curvature lies on a sphere 
concentric with the latter (cf. Ex. 7, p. 140). 


5. Let S be a pseudospherical surface with the spherical representation (25) of 
its lines of curvature. Show that a necessary and sufficient condition that the curves 
e — const, be plane is 0 

Pti 



show also that in this enso u is given by 

V - V 


COS a = 


U- - F* - 1 ’ 


where U and F nre functions of u and v respectively, which satisfy the conditions 
U'- = U* + (« - 2) U* + 6, F' 2 = F< + a V"- + (a + 6 - 1), 

a and b being constants, and the accent indicating differentiation, unless V or 
V' is *ero. 


G. When tlio lines of curvature o = const, upon a pseudospherical surface are 
plane, the linear element is reducible to the form 


rfs= = 


a 4 tanh- (u + t>) du- 


a- sech 2 (u + r) dv- 


C — A cosh 2 u + JB sinh 2 k C + A cosh 2 v + Ji sinh 2 r — 1 ’ 


where A, If, C arc constants. Find the expressions for the principal radii. 


7. When the lines of curvature v = const, on a spherical surface are plane, the 
linear element is reducible to 

_ a ! cot ! (u 4- v)du- a- esc -(u -f r) dv- 

A sin 2 ti -f If — I A sin 2 v — Ji 

where A and R are constants. The surfaces of Exs. C and 0 are called the surfaces 
of Enncpcr of constant curvature. 


GENERAL EXAMPLES 

1. The lines of curvature and the asymptotic lines on a surface of constant 
curvature can be found by quadratures. 

2, When the linear element of a pseudospherical surface is in the form (iii) of (7), 

the equations * = «■, y = ac~° determine a conformal representation of the surface 
upon the plane, which is such that any geodesic on the surface is represented on 
the plane by a circle with its center on the ir-axis, or by a line perpendicular to 
this axK 
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S When the linear elements of a developable surface, a spherical surface, and 
a pseudosphertcal surface are in the respective forms 

da 1 = du* -f u*d#*, da 1 a J (du* + sin’ude*), da 1 ^ a’(du* + sinh* uds*), 
the finite equations of the geodesics are respectively 

^ucosB + Buslno + CssO, A tauucose + Btanusino4-C=0, 

A tauhttcosu + BtanUueino + C = 0, 

where A, B, C are constants , If the coefficients of A and B are In any case equated 
to * and v, the resulting equations defi ne a correspondence between the surface and 
the plane such that geodesics on the former correspond to straight lines on the latter 
Find the expression for each linear element in terms of x and y as parameters 

4 Eacheurfaceof centecof apseudosphencaUurfacelaappUcable tnthecatenoid 

5 The asymptotic lines on the surfaces of center of a surface of constant mean 
curvature correspond to the minimal lines on the latter 

6 Surfaces of constant mean curvature are characterized by the property that 
if u = const , v — const are the minimal curves, then Dbt function of u alone 
and D" of t alone 


1 Equation (23) admits the solution u =s 0, in which case the surface degen- 
erates into a curve Show that the general integral of the corresponding equations 
(35) is tan 8/2 = Ce , take for 8 the line * = 0, y = 0, t = au and derive 
the equations of the transforms of S, show that the latter are surfaces of Din! 
(Ex. 6, 1 122), or & pseudosphere 

* Show that the DScklond transforms of the surfaces of Dim and of the pseudo- 
sphere can be found without Integration, and that if the pseudosphere be trans- 
formed by the transformation of Blanehi, the resulting surface may be defined by 


2 a cosh u . . . 2 a cosh u . 

= — rr -(sine — t cose), y= — — -(cose 4 

cosh«u + e* coBh*u4-e* 

x — a ( v 2 smh u cosh u\ 

\ cosh’u 4- «* / 


Show that the lines of curvature e = const he in planes through the s-axis 

8 The tangents to a family of geodesics of the elliptic or hyperbolic type on a 
pseudosphencal surface are normal to a TT-surtace , the relations between the radu 
are respectively p, + c p. + c 

Pi — Pz = « tanh — , p t — p, = o cotli — • 


where a and c are constants (cf $ 70) 

XO Show that the linear elements of the second surfaces of center of the 
Jf-surfaces of Ex 9 are reducible to the respective forms 

ds } — tanh 4 — du* + eech*-de*, da* ~ coth* -du* + csch’-de*, 


and that consequently these surfaces are applicable to surfaces of revolution 
whose meridians are defined by 

i(log tan| + cos 0^ , 

{ log tan^ -f- cos $j. 


where * denotes a constant. 
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IX. Determine the particular form of the linear element (40), and the nature 
of the curves upon the surface to which the asymptotic lines on the sheets of 
the evolute correspond, when 

la) — = const; (b) i-i = const. 

' Pz Pi Pi 

12. When a W-surface is of the type (72), the surfaces of center are applicable 
to one another and to an imaginary paraboloid of revolution. 

13. When a If'-surfacc is of the type (72) and the linear element of the sphere 
has the form (VI, CO), the curves u + v = const, and u — v = const, on tho spherical 
representation are geodesic parallels whose orthogonal trajectories correspond to 
the asymptotic lines on the surfaces of center; hence on each sheet there is a family 
of geodesics such that the tangents at their points of meeting with an asymptotic 
lino are parallel to a plane, which varies in general with the asymptotic line. 

14. Show that the equations 

x=aV cos-+ fPstn-dn, ynraffsin-— (Vcos-tfu, 
a J a a J a 

* —f - a-U'-du, 

whore a denotes an arbitrary constant, define a family of applicable moldingsurfaces. 

16. When the lines of curvature in one system on a surface are plane, and tho 
lines of the second system lie on spheres which cut the surface orthogonally, the 
latter Is a surface of Joacliimsthnl. 

16. The spherical lines of curvature on a surface of .Toachimsthal have constant 
geodesic curvature, the radius of geodesic curvature being the radius of the sphere 
on which a curve lies. 

17. When tho lines of curvature in one system on a surface lie on concentric 
spheres, it is a surface of Mongo, whose director-developable is a cone with its 
vertex at the center of the spheres; and conversely. 

18. The sheets of the evolute of a surface of Monge are the director-developable 
and a second surface of Monge, which has the same director-developable and whore 
generating curve is the evolute of the generating curve of the given surface. 

19. If the lines of curvature in one system on a surface are plane, and two in 
the second system are plane, then all in the latter system are plane. 

20. A snrfacc with plane lines of curvature in both system?., in one of which 
they are circles, Is 

(a) A surface of .Toachimsthal. 

(b) The locus of the orthogonal trajectories of a family of spheres, with centers 
on a straight line, which pass through a circle on one of the spheres. 

(r) The envelope of a family of spheres whore centers lie on a plane curve C, 
and whose radii are proportional to the distances of there centers from a straight 
line fixed in the plane of C. 

21. If an arbitrary curve C be drawn in a plane, and the plane bo made to move 
in such a way that a fixed linn of it envelop an arbitrary space curve r, and at the 
same time the plane be always normal to the principal normal to r, the curve C 
describes a surface of Monge. 
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22. If all the Buutchf transforms of a pseudospherical surface S ate surfaces of 
Enneper (cf Ex 6, § 134), 5 is ft surface of revolution 

23 When v has the value in Ex 6, § 134, the surfaces with the spherical 
representation (26), and with the linear element 

til* = (ih cos U + + of sin*« de*. 

where Hi is an arbitrary function of u, are surfaces of Joachimsthal 

24 If the lines of curvature in both systems be plane for a surface S with the 
same spherical representation of its lines of curvature as for a pseudosphencal 
surface, S Is a molding surface 

25 If S la a. psaudoephetical surface with the spherical teprese.uta.tiou (25) of 
its lines of curvature, and the curves v = const, are plane, the function 0, given by 

. . Aa 2u 2u lu 

sin9 1- cos# 4- Sinw — = 0, 

to 3 £u t: iv 

determines & transformation of Bianchl of S into a surface Si for which the tines 
of curvature v = const are plane 

20 A necessary and sufficient condition that the lines of curvature v - const 
on a pseudospherical surface with the representation (25) of Us lines of curvature 
he spherical is that y 

cot w = ! r i + - — — , 


where V and 7) are functions of e alone Show that when u Is a solution of (23) 
ando! _l_a» IM l-\ 

sin*w£u ?v\sina ?v/ 

a / i a* / l a«\ “ D * 

cu \ sin^w iu) au* \sin u ce) 

the curves o = const, are plane or spherical, and tiiat in the latter case V and Vi 
can be found directly 

27. Show that when u is a solution of (21) and of 

?u Vu a*« , a«/a*i \»_ 0 


and ■ 


£e Suae* co J cm in ?u \?vj 

0, the lines of curvature u = const, a 


spherical surface with the spherical representation (25) , and that when u 
a function, upon the surfaces with the linear element 


ace 
son t 

das =r* du* + ^ 
*. = (., „„ + r|)'d 


the pseudo- 
such 


>~“V _£L. 


« + V'+V— dv\ 


where 7 is a function of v alone, the curves v =s const are epberical, in the former 
case the spheres cut the surface orthogonally 
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135. Problem of Minding. Surfaces of constant curvature. Ac- 
cording to § 43 two surfaces are applicable when a one-to-one 
correspondence can be established between them which is of 
such a nature that in the neighborhood of corresponding points 
corresponding figures are congruent or symmetric. It was seen 
that two surfaces wdth the same linear element are applicable, 
the parametric curves on the two surfaces being in eorrespon- 
dene'e. But the fact that the linear elements of two surfaces are 
unlike is not a sufficient condition that they are not applicable ; 
in evidence of this we have merely to recall the effect of a change 
of parameters, to say nothing of a change of parametric lines. 
Hence we are brought to the following problem, first proposed 
by Minding : * 

To find a necessary and sufficient condition that two surfaces be 
applicable. 

From the second theorem of § G4 it follows that a necessary 
condition is that the total curvature of the two surfaces at corre- 
sponding points be the same. We shall show that this condition 
is sufficient for surfaces of constant curvature. 

In § 64 we found that when K is zero at all points of a surface, 
the surface is applicable to the plane. If the plane be referred to 
the system of straight lines parallel to the rectangular axes, its 
linear element is 

ds * = dr~ dip. 

Hence the analytical problem of the application of a developable 
surface upon the plane reduces to the determination of orthogonal 
systems of geodesics such that when these curves are parametric 
the linear element takes the above form. 


* Crfitf, Voi. xix tuvsi). pp .-rri-asr. 
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Referring to the results of § 39, we see that in this case the 
factor tt, must equal unity Consequently we must find a function 
8 such that the left-hand members of the equations 

e a ^Vj5 du + dvj = d(x + ty), 

du + — <jf\ = d(x~ xy) 


are exact differentials, m which case these equations give * and y 
by quadratures Hence we must have 


i.(«VI)=l(>£±i£Y ± (e “VI)=tL »£rJgV 

' &u\ Ve } 2 m\ yJE ) 


which are equivalent to 

S0 _ l 8F F 8L 

8u = II 8u 2 EHdu 2 H ov' 


1 cG F dE 
dv' =S 2 H hi 2 EH Zv 


From (V, 12) it is seen that these equations are consistent when 
K= 0 In this case 6, and consequently x and y, can he found hy 
quadratures 

The additne constants of integration are of such a character 
that if x 0 , y„ are a particular set of solutions, the most general are 
x^x 9 cos a — sin a -f a , y = x„ sin tr + y 0 cos a -f b, 

where a, a t b are arbitrary constants 

In the above manner we can effect the isometric representation 
of any developable surface upon the plane, and consequently upon 
itself or any other developable These results may be stated thus 
A developable surface is applicable to itself or to any other deielop- 
able, in a triple infinity of nays, and the complete determination of 
the applicability requires quadratures only 


Incidentally we have the two theorems 

The geodesics upon o developable surface can be found by quadratures 
If the total curvature of a quadratic form be zero , the quadratic 
form 1 8 reducible by quadratures to dadB 
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Suppose now that the total curvature of two surfaces S, is 
1/a 2 , where a is a real constant. Let P and JJ be points on S 
and S 1 respectively, C and C 1 geodesics through these respective 
points, and take P and P 1 for the poles and C and C, for the 
curves v = 0 of a polar geodesic system on these surfaces. The 
linear elements are accordingly (VIII, 6) 

els' 1 s= du" + sin 2 — dv\ dsr = d?q 2 + sin 2 — dv*. 

a a 

Hence the equations u _ ^ v t = ±v 

determine an isometric representation of one surface upon the 
other, in which P and C correspond to P 1 and C 1 respectively. 
According as the upper or lower sign in the second equation 
is used, corresponding figures are equal or symmetric. Similar 
results obtain for pseudospherical surfaces. Hence we have: 

Any tico surfaces of constant curvature , different from zero , arc in 
two ways applicable so that a given point and geodesic through it on one 
surface correspond to a given point and geodesic through it on the other. 

In particular, a surface of constant curvature can be applied to 
itself so that a given point shall go into any other point and a 
geodesic through the former into one through the latter. Combin- 
ing these results with the last theorem of § 117, we have: 

A nondcvclopablc surface of constant curvature can be applied to 
itself or to any surface of the same curvature , in a triple infinity of 
ways , and the complete realization of the applicability requires the 
solution of a Riccati equation. 

136. Solution of the problem of Minding. We proceed to the 
determination of a necessary and sufficient condition that two sur- 
faces S, S' of variable curvature be applicable. Let their linear 
elements be 

ds- = Rdir + 2 Fdudv + G dif ds n = A” du'- + 2 P' du'dv' + G' dv n . 

Ry definition A and S' are applicable if there exist two independ- 
ent equations 

(1) 6 {it, r) = 4>'(u', v'), (ji, r) = v’), 

establishing a one-to-one correspondence between the surfaces of 
such a nature that by means of (1) either of the above quadratic 
forms can be transformed into the other. 
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It is evident that if the two surfaces are applicable, the differen- 
tial parameters formed with respect to the two linear elements are 
equal Hence a necessary condition is 
{2) = A$\ Aj{(£, — =A^', 

where the primes mdtcate functions pertaining to S' These con- 
ditions are likewise sufficient that the transformation (1) change 
eithei of the above quadratic forms into the other For, if the 
curves <f> = const , if- = const , <p' = const , \jr' = const he taken for 
the parametric curves on S and S' respectively, the respective 
lineal elements maybe written (cf §37) 

_ A d<f >* — 2 A,(<f>, d$difr +A ,<f> 

A,<£ Aj^r — A*(<£, l/r) 

, n A [yfr'd ^) a — 2 yy) d<f>' dyfr 1 -j- dyjr n 

Aj^ AJ^r* — A[ J (£', ^r') 

Hence when equations (I) and (2) hold, the surfaces are applicable. 

The next step is the determination of equations of the form (1) 
Since the curvature of two applicable surfaces at corresponding points 
is the same, one such equation is afforded by the necessary condition 
<3) K(u, v)=K'(u\ v') 

The first of equations (2) is 

(4) A 1 At=A(A / 

Both members of this equation cannot vanish identically For, in 
this case the curves K = const and K'=- const would be minimal 
{§ 37), and consequently imaginary If these two equations are 
independent of one another, that is, 

A t K*f{K), a;a'V/(k'), 

they establish a correspondence, and the condition that it be iso- 
metric is, as seen from (2), 

A, (A', AjAT) =* A [{K\ A' A"), A,A,A = AjAjAT'. 

If, however, 

(5) \K=f(K), A[A'=f(K% 

we may take for the qf ->nd of (1) 

(G) 

unless ^ 

<7) A „K=<f>(K). A 
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If this condition be not satisfied, the conditions that (3), (6) define 
an isometric correspondence are 

A ,(A, AJv) = A'(A", A'A'), A,A ,K = A'Af/C'.* 

Finally, we consider the case where both (5) and (7) hold. Since 
the ratio of Ajv and A.K is a function of K, the curves A' = const, 
and their orthogonal trajectories t — const, form an isothermal sys- 
tem of lines on S (§ II). Moreover, the function t can be found 
by quadratures, and the linear element is reducible to 

<8) ds- = -~{dK' 2 +e' J ^ at*). 

J v / 

When in particular A.K = 0, the linear element is 
ds*=j~(dK*+dt*). 

In like manner the linear element of S' is reducible to 

1 „ r oom 

ds r - = (dK r - -f c'3 f(K ' ) dt n ), 

or, in the particular case AlK 1 = 0, to 

*"“ab idK ' ,+il " ) - 

In either case the equations 

K=K\ t=?±t'+a, 

where a is an arbitrary constant, define the applicability of the 
surfaces. 

We have thus treated all possible cases and found that it can 
be determined without quadrature whether two surfaces are appli- 
cable. Moreover, in the first two cases the equations defining the 
correspondence follow directly, but in the last case the determina- 
tion requires a quadrature. The last case differs also in this respect : 
the application can be effected in an infinity of ways, whereas in 
the first two cases it is unique. 

* 1( the surface he referred to the curves c — const, and their orthogonal trajectories, 

/ (I fC 

< equation (fi) may he replaced hv and it can he shown 

v/(A„) 

that A,(<r, = Aioq Is a consequence of the other conditions. Cf. Darboux, 

Voi. tn, 
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Furthermore, we notice from (8) that m the third case the sor 
face S is applicable to a surface of revolution, the parallels of the 
latter corresponding to the curves K = const, of the former Con 
versely, the linear element of every surface applicable to a surface 
of revolution can he put in the form (8) For, a necessary and 
sufficient condition that a surface be applicable to a surface of 
revolution is that its linear element be reducible to 

ds* = da* + U* dv\ 

where U is a function of « alone (§ 46) Now 



From the second it follows that u = i 1 ’(A'), and consequently 


/ 


du 


equations, we have, in consequence of Ex 5, p 91, 
(9) A.A- =/(*), A,A = <M*) 

Hence we have the theorem 


Equations (9) constitute a necessary and sufficient condition that a 
surface fie applicable to a surface of reiolution 

The equations 

K = K', t = ±t’+a 

define an isometric representation of a surface with the linear ele 
ment (8) upon itself Therefore we have 

Every surface applicable to a surface of resolution admits of a 
continuous deformation into itself in suck a nay that each c line 
K = const slides over itself 


Conversely, every surface applicable to itself m an infinity of 
ways is applicable to a surface of revolution For, if the curvature 
is constant, the surface is applicable to a surface of revolution 
(§ 135), and the only case in which two surfaces of variable curva- 
ture are applicable in an infinity of ways is that for which condx 
tions (5) and (7) are satisfied 
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137. Deformation of minimal surfaces. These results suggest a 
means of determining the minimal surfaces applicable to a surface 
of involution. In the first place we inquire under what conditions 
two minimal surfaces are applicable. The latter problem reduces 
to the determination of two pairs of parameters, u, v and u v v v and 
two pairs of functions, F(u), 4>(v)* and -F,(m,), <Iq(eq), which satisfy 
the condition 

(10) (1 + uv)-F(u) $>(v)dudv = (1 + <J>,(r ,)<&{,<&>,. 

From the nature of this equation it follows that the equations which 
serve to establish the correspondence between the two surfaces are 
cither of the form 


(11) 

«,= <£(«), 

iq=f(v). 

or 



(12) 

«i= 

h = yjr(u). 


If either set of values for «, and v t be substituted in (10), and if 
after removing the common factor dndv we take the logarithmic 
derivative with respect to u and v, we obtain 

<f>'f i 

(l-f-iqtqf (1 + wo) 5 

As this may be written 

,, o, du.dv, dudv 

(1«) <_ - i = , 

(1 -f iqv,) (1 + uvf 

the spherical images of corresponding parts on the two surfaces are 
equal or symmetric according as (11) or (12) obtains (§ 47). The 
latter case reduces to the former when the sense of the normal to 
either surface is changed. When this has been done, corresponding 
spherical images are equal and can be made to coincide by a rota- 
tion of the unit sphere about a diameter. Hence one surface can be 
so displaced in space that corresponding normals become parallel, 
m which caso the two surfaces have the same representation, that 
is, 11 , = a , v, = r. Now equation (10) is 

F(u)^(v) = F^i)4\{i% 
which is equivalent to 

/’,(»)= cF{u), dq(r)=Id>(r), 

* § no. 
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where c denotes a constant If the surfaces are real, c must be of 
the form e u Hence, in consequence of § 113, we have the theorem 
A mtmmal surface admits of a continuous deformation into an 
infinity of minimal surfaces , which are either associate to it or can 
he made such hy a suitable displacement 


We pass to the determination of a minimal surface which admits 
of a continuous deformation into itself and consequently is appli 
cable to a surface of revolution In consequence of the interpre 
tation of equation (13) it follows that if a minimal surface be 
deformed continuously into itself, a point p on the sphere tends to 
move in the direction of the small circle through p \\ hose axis is 
the momentary axis of rotation, and consequently each of these 
small circles moves over itself Fiom § 47 it follows that if the 
axis of rotation be taken for the Z'axis, these small circles are the 
curves uu =» const In the deformation each point of the surface 
moves along the curve A = const through it Hence A is a func 
tion of uv From (VII, 100, 102) we have 

(l + tn>) 4 jf'(w)4»(v)’ 

consequently A(u)<S>(u) must be a function of mu, and hence 
uF’(u) _ 

A(u) 4>(i>) 

The common value of these two terms is a constant If it be 
denoted by k, we have 


Z’(m) =j cm*, <t> (u) = cf , 

where c and c, are constants Hence from (VII, 98) we have 
Any minimal surface applicable to a surface of revolution can be 
defined by equations of the form 


(14) 


T ~ \ c jV — «*) «'<*» + 5 cj (1 — f 2 ) Vdv, 

y~7> c J ' — |c,J”(l + * !, )v*di>, 

z = cf u* + 'rfu + c,f v* * *du. 


where c, c„ and k are arbitrary constants 
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Since the curves K= const, are represented on the sphere by the 
small circles -whose axis is the 2 -axis, in each finite deformation of 
the surface into itself, as well as in a very small one, the unit sphere 
undergoes a rotation about this axis. In § 47 it -was seen that such 
a rotation is equivalent to replacing u , v by no 1 '", vc~ ia , where a 
denotes the angle of rotation. Hence the continuous deformation 
of a surface (14) is defined by the equations resulting from the 
substitution in (14) of ve~ ia for «, v respectively. 

An important property of the surfaces (14) is discovered when 
we submit such a surface to a rotation of angle a about the 
z-axis. Let S denote the surface in its new position, and write 
its equations in the form 


; = 1 J (1 — ir) F («) du + ^J (1 — v") q> (v) dv, 


and similarly for y and 2. Between the parameters u, v and it, v 
the following relations hold: 

u — uc <s , v = ve~ ia , 

and we have also 


2 = a:cos« — y sinar, y = a:sina-Fycosfl', z = z. 


Combining these equations with (14), we find 

F (if) = cu K e~ fa(< + O (v) = c,^" + =>. 


Hence, for the correspondence defined by u — u, v = v, the surface S 
is an associate of S, unless k 4- 2 = 0, in which case it is the same 
surface. 

We consider the latter case, and remark that its equations 
are (cf. § 110) 


T=Ji 



» =I Kr")]’ 



If a, r be replaced by vc u , re - ' 1 , and the resulting expressions be 
denoted by r v y v z,, we have 

(15) z-, = a:cosfr— ysirnr, y, = xsin(r-f y cosn, z t = z+ 2F(iac). 

Hence, in a continuous deformation, the surface slides over itself 
with a helicoidal motion. Consequently it is a helicoid. Moreover, 
it is the only minimal helicoid. For, every helicoid is applicable 
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to a surface of revolution, and each minimal surface applicable to 
a surface of revolution with the z-axis for the axis of revolution 
of the sphere is defined by (14). But only when * = — 2 will the 
substitution of tie", ve~ l “ give a set of equations such as (IS). 
Hence we have : 

The helicoidal minimal surfaces are defined by the Weierstrass 
formulas when F(it) = c/u 1 . 

And we may state the other results thus : 

If any nonhehcotdal minimal surface, which 1 8 applicable to a 
surface of revolution , be rotated through any angle about the axis of 
the unit sphere whose small circles represent the curves K = const. 
on the surface, and a correspondence with parallelism of tangent 
planes be established between the surfaces , they are associate; con- 
sequently the associates of such a minimal surface are superposalle 

EXAMPLES 

1 Find under what conditions the surfaces, whose equations are 

xs=rcos®, y = rslnr, * = /(*•), 

Xi = rcos?, yi^rslnp, *i = .F(r) + no, 
can be brought into a one-to-one correspondence, so that the total curvature at 
corresponding points is the same Determine under what condition the surfaces 
ate applicable 

2 If the tangent planes to two applicable surfaces at corresponding points are 
parallel, the surfaces are associate minimal surfaces 

3 Show that the equations 

* = «“«, y = e~*v, z = ae*u* + be~ m D*, 
where a la a real parameter, and a and b are constants, define a family of parab- 
oloids which have the same total curvature at points with the same curvilinear 
coordinates Are these surfaces applicable to one another ? 

4 Find the geodesics on a surface with the linear element 

» , dit* — 4n<fudn -+ 4 itde 3 

4{u - »*) 

Show that the surface is applicable to a surface of revolution, and determine the 
form of a meridian of. the latter 

5. Determine the values of the constants a and b in 

dr 1 = du* + [(« + as) 1 + 6*] ds 3 , 

so that a surface with this linear element shall be applicable to 
(a) the right helicoid 
{b) the ellipsoid of revolution. 
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6. A necessary and sufficient condition that a surfaco be applicable to a surface 
of revolution is that each curve of a family of geodesic parallels have constant 
geodesic curvature. 

7. Show that the hclicoidal minimal surfaces are applicable to the eatenoid and 
to the right helicoid. 

138. Second general problem of deformation. We have seen that 
it can always be determined whether or not two given surfaces are 
applicable to one another. The solution of this problem was an 
important contribution to the theory of deformation. An equally 
important problem, but a more difficult one, is the following : 

To determine all the surface* applicable to a given one. 

This .problem was proposed by the French Academy in 1859, and 
has been studied by the most distinguished geometers ever since. 
Although ithasnotbeensolved in thegeneral case, its profound study 
has led to many interesting results, some of which we shall derive. 

If the linear element of the given surface be 
ds" — Edu" + 2 F dudv + G dv", 

ever)* surface applicable to it is determined by this form and by a 
second, namely Edu~+ 2 D'dttdv + JD"dv\ whose coefficients satisfy 
the Gauss and Codazzi equations (§ 64). Conversely, even' set of 
solutions D, D\ D" of these equations defines a surface applicable 
to the given one, and the determination of the Cartesian coordinates 
of the corresponding surface requires the solution of a Riccali equa- 
tion. But neither the Codazzi equations, nor a Riccati equation, can 
be integrated in the general case with our present knowledge of 
differential equations. Later we shall make use of this method in 
the stud}' of particular cases, but for the present we proceed to 
the exposition of another means of attacking the general problem. 

When the values of J>, 7)', D'' obtained from the Gauss equations 
(V, 7) are substituted in the equation E'K=J)E"—D n , the result- 
ing equation is reducible, in consequence of the identity =1— A' 2 
(cf. Ex. 6, p. 120), to 
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This equation, which is satisfied also bj y and z, involves only 
A, F, G and their derivatives and consequently its integration 
will give the complete solution of the problem It is linear m 
[~ ox tfx / tfx \*1 Px ox crx 

LSh 1 cv 2 \cu 3v/ J * <3w* audit du* 
studied by Arap&re Hence we have the theorem 


and therefore is of the form 


The determination of all turf aces applicable to a gn en one requires 
the integration of a partial differential equation of the second order 
of the Ampere type 


In consequence of (16) and (V, 86) we have that the coordinates 
of a surface with the linear element 

(17) ds 1 = L du*+ 2 Fdudv -f Gdv 1 
are integrals of 

(18) A„fl = (l — A,0)A, 

the differential parameters being formed with respect to (17) We 
shall find that when one of these coordinates is known the other 
two can be found by quadratui es 

Our general problem may be stated thus 

Guen three functions E, A, (? of u and v, to find all functions 
x, y z of u and v which satisfy the equ itton 

df+ dz t =Fdn i + 2/ dudv + Gdv 1 , 
where du and dv may be chosen arbitranl j 

Darboux * observed that as the equation may be written 

(19) di?+ dif*=Ldu*+ ZFdudv + Gdi 1 — dz\ 

whose left-hand member is the linear element of the plane or of a 
developable surface, the total curvature of the quadratic form 

(20) 

must be zero (§ 64) 

In order to find the condition for this, we assume that s is 
known, and take for parametric lines the curves i — const and their 


‘ L e Yol m p 2. 1 
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orthogonal trajectories for v = const. With this choice of parame- 
ters the right-hand member of (19) reduces to (E-~l)dz' 1 + Gdv", 
The condition that the curvature of this form be zero is 



where K denotes the curvature of the surface. But this is the 
condition also that z be a solution of (18) when the differential 
parameters are formed with respect to Erfz'-rG <lv\ However, the 
members of equation (18) are differential parameters ; consequently 
z is a solution of this equation whatever be the parametric curves. 

By reversing the above steps we prove the theorem : 

T17/c;i 2 is any integral of the equation (18), the quadratic form (20) 
has zero curvature. 


When such a solution is known we can find by quadratures 
(cf. § 135) two functions x. y such that the quadratic form (20) is 
equal to dxr+ df, provided that 




that is. A s z < 1. Hence we have the theorem : 

If £ he a solution of A„„# = (1 — A,0) If such that A t z <1, it is one 
of the rectangular coordinates of a surface with the given linear ele- 
ment, and the other tiro coordinates can he obtained by quadratures. 


139. Deformations which change a curve on the surface into a 
given curve in space. We consider the problem : 

Can a surface be deformed in such a manner that a given curve C 
upon it comes into coincidence with a given curve F in space? 

Let the surface be referred to a family of curves orthogonal to C 
and to their orthogonal trajectories, C being the curve v = 0, and 
its arc being the parameter it, so that E = 1 for v = 0. The same 
conditions hold for T on the deform. 
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Since the geodesic curvature of C is unaltered m the deformation 
(§58), it follows from the equation (IV, 47) for the new surface, 
namely 

(21) P — Pt sin 3, 

that the deformation is impossible, if the curvature of T at any 
point is less than the geodesic curvature of C at the corresponding 
point Since both p and p g are known, equation (21) determines 
w, and consequently the direction of the normal to the new surface 
along r is fixed This being the case, the direction of the tangents 
to the curves « = const on the new Burface at points of T can be 
found, and so we have the values of -7— — for v = 0, 

dx dv tz ' JQZV d ° ^° CV 

as well as — » — for v = 0, the- latter being the direction-cosines 

du du du 

of the tangent to T If these expressions be differentiated with 

respect to it, we obtain the values of ^ 

du dur bit du dv dudv Suet 
lot v=0 Since F=* 0 and £«= 1 for t>=a0, the Gauss equations 
(V, 7) for v = 0 are 


<?x 

du* 


1 dEdx A 
" 20 it ii~ +DX ' 


(22) 


<?x lebii 1 eg ex 

du 3v 2 8u 2 G du dv * ' 


. JLiOdx t"t 

Sr 2 2 au0v' 1 "2G Si cv 


All the terms of the first two equations have been determined 
except D and D , hence the latter are given by these equations 
Since the total curvature K is unalteied by the deformation, it is 
known at all points of T, consequently I>" is given by H*K = 
DD"—!?*, unless D is zero, m which case T is an asymptotic line 

0*3: 

and c — p„ When iJ'is found we can obtain the value of — ; from 

r * W 

the last of equations (22) From the method of derivation of equa 
tion (16) it follows that the above process is equivalent to finding 
the value of from equation (16), which is possible unless JD = 0 
Excluding this exceptional case, we remark that if equations (22) 
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"be differentiated with respect to u, we obtain the values of all the 

derivatives of x of the third order for v = 0 except — • The latter 

ov 

may be obtained from the equation which results from the differ- 
entiation of equation (16) with respect to v. By continuing this 
process we obtain the values for v = 0 of the derivatives of x of all 
orders, and likewise of y and 2 . If we indicate by subscript null 
the values of functions, when u = u 0 , v = 0, the expansions 


(23) x = 



and similar expansions for y and 2 , are convergent in general, as 
Cauchy has shown,* and x, y, 2 thus defined are the solutions of 
equation (16) which for v = 0 satisfy the given conditions. Hence : 

A surface S can be deformed in such a manner that a curve C upon 
it comes into coincidence with a given curve T, provided that the 
curvature of F at each point is greater than the geodesic curvature 
of C at the corresponding point. 


There remains the exceptional case p = p 0 . If the desired def- 
ormation is possible, F is an asymptotic line on the deform, and 
consequently, by Enneper's theorem (§ 59), its radius of torsion 
must satisfy the condition t 5 = — 1/K. Hence when C is given, F 
is determined, if it is to be an asymptotic line. 

If T satisfies these conditions, the value of D” for v = 0 is arbi- 
trary, as we have seen. But when it has been chosen, the further 
determination of the values of the derivatives of x, y, 2 of higher 
order for v — 0 is unique, it being the same as that pursued in 
the general case. Hence equation (16) admits as solution a family 
of these surfaces, depending upon an arbitrary function. For all 
of these surfaces the directions of the tangent planes at each 
point of T are the same. Hence we have the theorem : 

Given a curve C upon a surface S ; there exists in space a unique 
curve F with which C can he brought into coincidence by a deforma- 
tion of S in an infinity of ways ; moreover , all the new surfaces are 
tangent to one another along T. 


* Cf. Gounat, lsron*mr Vinteqration des equations auz dS rivets parti'llei tiu second 
order, chap. ii. Paris 1S33. 
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If <7 is an asymptotic line on S, it may be taken for T; hence: 

A surface may be subjected to a continuous deformation during 
which a giien asymptotic line ts unaltered \n form and continues to 
be an asymptotic line on each deform. 

This result suggests the problem : 

Can a surface be subjected to a continuous deformation in which a 
curie other than an asymptotic line is unaltered ? 

By hypothesis the curvature is not changed and the geodesic 
curvature is necessarily invariant, hence from (21) we have that 
sin 5 musthaie the Bame value for all the surfaces. If s is the 
same for all surfaces, the tangent plane is the same, and consequently 
the expansions (23) are the same. Hence all the surfaces coincide 
in this case. However, there are always two values of as for which 
sins has the same value, unless S is a right angle. Hence it is 
possible to have two applicable surfaces passing through a curve 
whose points are self-correspondent, but not an niBnity of such 
surfaces. Therefore: 

An asymptotic line is the only curie on a surface which can remain 
unaltered in a continuous deformation 

140. Lines of curvature in correspondence. We inquire whether 
a surface S can he deformed in such a manner that a given curve 
C upon it may become a line of curvature on the new surface. 
Suppose it is possible, and let T denote this line of curvature. 
The radii of curvature and torsion of T must satisfy (21) and 
1/r — cfw/rfs = 0 (cf § 59), where is the same for T as for C. If 
we choose for u any function whatever, the functions p and t are 
thus determined, and V n unique. Since 15 fixes the direction of the 
tangent plane to the new surface along T, there is only one deform 
of S of the kind desired for each choice of Z5 (cf. § 139). Hence : 

A surface can be deformed in an infinity of ways so that a given 
curve upon it becomes a line of curvature on the deform. 

This result suggests the following problem of Bonnet*: 

To determine the surfaces which can be deformed with preservation 
of their lines of curvature. 

* Memoirs gur la throne des surfaces spplicables gur tine surface donnee, Journal do 
l' Scale Polyttchnique, Catuer 42 (1867), p S8 
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We follow the method of Bonnet in making use of the funda- 
mental equations in the form (V, 48, 55). We assume that the lines 
of curvature are parametric. In this case these equations reduce to 


(24) 


op, _ 




dr 

du 

= ~9 r v 

dv 

= r Pv 

dv 


1 dVJj 


1 

sVg 

r = - 

Vff ov 

y 

r ’ Vp 

8 u 


£r, 


From these equations it follows that if S and S' are two applicable 
surfaces referred to corresponding lines of curvature, the functions 
r and r, have the same value for both surfaces, and consequently 
the same is true of the product qp v Hence our problem reduces 
to the determination of two sets of functions p v q ; p[, q\ satisfying 
the above equations. In consequence of the identity 

(25) pW=P& 

we have from the first two of (24) 


(26) 


on 


dp l 

nut- Pi to* 




y 


of which the integrals are p[ e —pf+f(v), q'~= q"+ </>(«), where /(r) 
and $( 11 ) are functions of v and u respectively. The parameters it, 
v may be chosen so that these functions become constants a, /8, 
and consequently 

(27) pi n -=p;+«, 


If these equations bo multiplied together, the resulting equation is 
reducible by means of (25) to either of the forms 

(28) p*fi +q- n + ai 3 = 0, p\ "ft + q n a — cr/9 = 0. 

From the first we see that a and /S cannot both be positive if S is real, 
and from the second that they cannot both be negative. We assume 
that or is negative and /3 positive, and without loss of generality write 

(29) P?=ti~ 1, f = 1- 


The first of (28) reduces to p; — q' = l. In conformity with this 
we introduce a function w, thus 

= cosh <o, q — sinh a>. 

Then equations (29) may l>e replaced by 

7 >[=sinh<D, q[ = cosh ca. 
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Moreover, the fundamental equations (24) reduce to 

da __ l sVe to l aVg 

Bv ~ V<? Sv * du~ l ~ Va du 

s?a> ft* . . 

— - -) = — sinn to cosh to 

Bu * Bv* 

Comparing these results with § 118, we see that the spherical 
representation of lines of curvature of the surfaces S and S' respec- 
tively is the same as of the lines of curvature of a spherical surface 
and of its Hazzidakts transform Conversely, we have that every 
surface of this kind admits of an applicable surface with lines of 
curvature m correspondence 

The preceding investigation rested on the hypothesis that neither 
the first nor second of equations (24) vanishes identically Suppose 
that the second vanishes , then q is a function of u alone, say <f>(u) 
Since the product p^q differs from the total curvature only by a 
factor (cf § 70), p x cannot he zero , therefore r = 0 and = $,(«) 
Equation (25) is now of the form prftu)** pfaiu) If p[ he elimi 
mated from this equation and the first of (27), it is found thatp x 
also is a function of n alone Hence the curves v = const on the 
sphere are great circles with a common diameter, and therefore S 
is a molding surface (§ 130) The parameter u may be chosen bo 
that we may take q = 1 a nd />,« U , then from (27) and (25) we 
find p[—y/U* + a, q 1 — U/Vl/*+a y where a is an arbitrary constant 
Hence we have the theorem 

A necessary and sufficient condition that a surface admit of an 
applicable surface mth lines of curvature in correspondence t s that 
the surface have the same spherical representation of its linen of air - 
vature as a spherical surface 2, or be a molding surface , in the first 
case there is one applicable surface , and the spherical representation 
of its lines of curvature is the same as of the Hazzidakit transform 
ofl, m the second case there is an infinity of applicable surfaces * 

141 Conjugate systems in correspondence. When two surfaces 
are applicable to one another, there is a system of corresponding 
lines which is conjugate for both surfaces (cf § 56) The results 
of § 140 show that for a given conjugate system on a surface S 


•Cl Ex 14 p 319 
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there is not in general a surface applicable to S "with the corre- 
sponding system conjugate. We inquire under what conditions a 
given conjugate system of S possesses this property. 

Let S be referred to the given conjugate system. If the corre- 
sponding system on an applicable surface <Sj is conjugate, we have 

D' = I)[ = 0, DjDj" = Z>Z>"; 


for the total curvature of the two surfaces is the same. Wo replace 
this equation by the two 

D, = tanh 6 ■ D, JD'j = coth 8 ■ D", 

thus defining a function 8. The Codazzi equations for S are 


oJ) 

3v 




Since these equations must be satisfied by J) 1 and D'j, we have 


« S-{ : 


2 in 


coth 8 . 


Tlie condition of integrability of (30) is reducible to 


+ 




As the two roots of this equation differ only in sign, and thus lead 
to symmetric surfaces, we need consider only one. If it be substi- 
tuted in (30), we obtain two conditions upon E, F, G; D, I)'', which 
are necessary in order that ^ admit of an applicable surface of the 
hind sought. Hence in general there is no solution of the problem. 
However, if the two expressions in the brackets of (31) vanish 
identically, the conditions of integrability of equations (30) are 
completely satisfied, and S admits of an infinity of applicable sur- 
faces upon which the coordinate curves form a conjugate system. 
Consequently we have the theorem : 

Jf a conjugate system on a surface S corresponds to a conjugate 
system on more than one surface applicable to S, it corresponds to a 
conjugate system on an infinity of surfaces applicable to S. 
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We shall give this result another interpretation by considering 
the spherical representation of S From (VI 38) we have 

<-> 

where the symbols are formed with respect to the linear ele 
ment of the spherical representation of S If we substitute these 
values in (30), we get 

^m’sothe, 

du i 2 J dv 1 1 J 


and the condition that these equations have an integral involving 
a parameter becomes 




The first of these equations is the condition that the curves 
upon the sphere represent the asymptotic lines upon a certain sur 
face 2 (cf § 78) Moreover, if A denotes the total curvature of 
2, and we put K=i — 1 /p\ we have 

«“> 

Now equations (33) are equivalent to (34), and 

01 log P | 3!ogp g log p _ Q 

Bu oi 8u dv ’ 

which reduces to — 0 As the general integral of this equation 
n p = + where <f> and are arbitrary functions of u aud 

v respective!), we have the following theorem due to Bianchi* 

A necessary and sufficient condition that a surface S admit a con 
turnout deformation in which a conjugate system remains conjugate 
is that the spherical representation of this system be that of the atymp 
totic lines of a surface whose total curvature , expressed in terms of 
parameters referring to these lines , is of the form 


[£(«)+ ’/'(»)]* 

• Annall Ser 2 Vol XV III (1890) p 320 also Lezlorn Vot II p 83 
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The pseudosphericai surfaces afford an example of surfaces with 
K of this form. In this case and s|r are constants, so that equa- 
fl 9 l' fl2V 

tions (34) reduce to | J “j = 0, which, in consequence of 
(32), are equivalent to = ^ese aro t ' ie condi- 


tions that the parametric curves on S be geodesics. A surface with 
a conjugate system of geodesics is called a surface of J r oss. We 
state these results thus : 


A surface of T r oss admits of a continuous deformation in which the 
geodesic conjugate system is preserved ; consequently all the new sur- 
faces are of the same kind. 


EXAMPLES 

1. Show that every integral of the equation A\0 = 1 is an integral of the funda- 
mental equation (18). 

2. On a right holicoid the helices are asymptotic lines. Find the surfaces appli- 
cable to tho helicoid in sucli a way that one of the helices is unaltered in form and 
continues to bo an asymptotic line. 

3. A surface applicable to a surface of revolution with tho lines of curvature 
on the two surfaces in correspondence is a surface of revolution. 

4. Show that tho equations 

z=rrcos-> y = xrsin^, Z= J Yl — du, 

define a family of applicable surfaces of revolution with lines of curvature in corre- 
spondence. Discuss the effect of a variation of the parameter k. 

8. Let S denote a surface parallel to a spherical surface S. Find tho surface 
applicable to S with preservation of the lines of curvature. 

6. If Si and Sj be applicable surfaces referred to the common conjugate sys- 
tem, their coordinates y u z t ; Zj, y : , z- are solutions of the same point equation 
(cl. VI, 20), and the function 4 y* + zf — (is + yd + z|) also is a solution. 

7. Show tliat the locus of a point which divides in constant ratio the join of 
corresponding points on the surfaces Si and S- of Ex. 0 is a surface upon which the 
parametric lines form a conjugate system. Under what condition is this surface 
applicable to S, and S, ? 

8. Tho tetrahedral surface 

: = .i(a-H()*(ii + i)i, y = 2?(& + u)*({> + r)*, z = C(c + u)*(c + c)*, 
admits of an infinity of deforms 

’> = + u)I( 0 i 4 r) J , y, = Bi(6i + u)*(&i + c)l, z t = C^e, + u)f(c, + v)l 

The curves u = r upon these surfaces are congruent, and consequently each is an 
asymptotic line on the surface through it. 
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9 II the equations ol a surface are of the form 

sssPiTi, V = <=7i, 

the equations 

Zi = >/U? + U* + A -lFi cos?, Vl =^U}+Vi + h-1 Y x sin $, 

where h denotes a constant, define a family of applicable surfaces upon which the 
parametric lines form a conjugate system 

10 Show that the equations of the quadrics can be put in the form of Ex 9, 
and apply the results to this case 

142. Asymptotic lines in correspondence. Deformation of a ruled 
surface. We have seen (§ 139) that a surface can be subjected to 
a continuous deformation in which an asymptotic line remains 
asymptotic. We ask whether two surfaces are applicable with 
the asymptotic lines in one system corresponding to asymptotic 
lines of the other. We assume that there are two such surfaces, S t 
/S„ and we take the corresponding asymptotic lines for the curves 
v = const, and their orthogonal trajectories for u = const. In con- 
sequence of this choice and the fact that the total curvature o! the 
two surfaces is the same, we have 
(36) 0, F- 0, D , =D' V 

The Codazzi equations (V, \V) for S Teduce to 

1 3 / -g \ ( alogg D' 1 dE E " _ 0 

du Veg 2 Gdv V^C ’ 

3 / -P" \ 3 I glogg D' alogVff Jf 

3u\Veg) 3v\>/eg) 3v y/~EG du -y/EG 

Because of (36) the Codazzi equation for S t analogous to the first 
of (37) will differ from the latter only in the last term. Hence we 
must have either or E =/(u). In the former case the sur- 
faces S and S i are congruent. Hence we are brought to the second, 
which is the condition that the curves v = const, be geodesics. As 
the latter are asymptotic lines also, they are straight, and conse- 
quently S must be a ruled surface. By changing the parameter v, 
we have 1, and equations (37) reduce to 

— (Vaztt-o, ±(E\ = 1(*L\ 

8*' ' 8»W 
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By a suitable choice of the parameter v the first of these equations 
may be replaced by D'=1 /Vg, and the second becomes 

where <f> is an arbitrary function. These results establish the fol- 
lowing theorem of Bonnet: 

A necessary and sufficient condition that a surface admit an 
applicable surface with the asymptotic lines in one system on each 
surface corresponding is that the surface be ruled; moreover , a 
ruled surface admits of a continuous deformation in which the 
generators remain straight. 

To this may be added the theorem : 

If two surfaces arc applicable and the asymptotic lines in both 
systems on each surface are in correspondence, the surfaces are con- 
gruent, or symmetric. 

This is readily proved -when the asymptotic lines are taken as 
parametric. 

We shall establish the second part of the above theorem in 
nnother manner. For this purpose we take the equations of the 
ruled surface in the form (§ 103) 

(88) x = x 0 +lu, y = y 0 +mu, z = z 0 +nu, 

where r 0 , t/ 0 , z 0 are the coordinates of the directrix C expressed as 
functions of its arc t», and l, m, n are the direction-cosines of the 
generators, also functions of v. They satisfy the conditions 

(39) 3f-fy' 2 + z; 2 :=l, 7n*+ n 2 = l, 

where the accents indicate differentiation with respect to v. 
Furthermore, the linear element is 

(4 0) ds" — dir -f 2 cos 0 o dudv -f ( aru " + 2 bu -fl)du 5 , 
where 

(41) f cr= l n + m' 2 -f n'\ b — Vxl+m'yl+n'zl, 
l cos d 0 = x'f + y[m + z' a n . 

Hence if we have a ruled surface with the linear element (40), the 
problem of finding a ruled surface applicable to it, with the gener- 
ators of the two surfaces corresponding, reduces to the determi- 
nation of six functions of v, namely x 0 , y 0 , z 0 ; l, m, n, satisfying 
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the five conditions (39), (41) From this it follows that there is an 
arbitrary function of v involved m the problem, and consequently 
theie is an infinity of ruled surfaces with the linear element (40) 
There are two general ways in which the choice of this arbi 
trary function may be made, — either as determining the form of 
the director-cone of the required surface, or by a property of the 
directrix We consider these two cases 

143 Method of Minding I he first case was studied by Mind 
mg * He took l m n in the form 

(42) l s=» cos <{> cos m = cos (f> sin ■$-, n = sin tf>, 

which evidently satisfy the second of (39) The first of (41) 
reduces to 

(43) <f> n + i/r * cos s ^ = a* 

If we solve equations (39) and (41) for x 0 ', y 0 ', z 0 ', the resulting 
expressions are reducible by means of (VII, 63) to 

(44) l cos B q + ~ [f'5 ±(mn'— m'n)^a t sin*0 o — 4*], 

and analogous expressions for y[ and z[ Hence, if <£ be an arbi 
trary function of v, and ^ be given by 



the functions x 0 , y 0 , z 0 , obtained from (44) by quadratures, together 
with /, to, n from (42), determine a ruled surface with the linear 
element (40) 

Each choice of tf> gives a different director-cone, which is deter 
mined by the curve in which the cone cuts the unit sphere, whose 
center is at the vertex of the cone Such a cui ve is defined by ft 
relation /($, i/r) = 0, so that instead of choosing <f> arbitrarily we 
may take f as arbitrary, for, by combining equations (43) and 
f(<f>, ■'!'■) = 0, we obtain the expressions foi <f> and ^ as functions 
of t Hence 

A ruled surface may be deformed in such a uay that the director- 
cone takes an arbitrary form 


1 CreUe Vol XVIII (1S38) pp *>97-303 
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When the given ruled surface is nondevelopable, the radicand 
in (44) is different from zero, and consequently there are two dif- 
ferent sets of functions r 0 , y 0 , z„. Hence there are two applicable 
ruled surfaces with the same director-eone. If the parameters of 
distribution of these two surfaces be calculated by (VII, 73), they 
are found to differ only in sign. Hence we have the theorem of 
Beltrami : * 

A ruled surface admits of an applicable nded surface such that 
corresponding generators are parallel , and the parameters of distri- 
bution differ only in sign. 

144. Particular deformations of ruled surfaces. By means of the 
preceding results we prove the theorem : 

A ruled surface may be deformed in an infinity of ways so that a 
given curve becomes plane. 

Let the given curve be taken for the directrix of the original 
surface. Assuming that a deform of the kind desired exists, we 
take its plane for the xy-plane. From (44) we have 

a’n cos 0 O + bn'±(lm'— I’m) V<r shrd 0 — b"= 0, 
which, in consequence of (42) and (43), reduces to 

b cos $ « s sin (f> cos 0 O ± cos < pVa s — < /> ,2 Va s sin = 6 0 — b~= 0. 

The integral of this equation involves an arbitrary constant, and 
thus the theorem is proved. 

The preceding example belongs to the class of problems whose 
general statement is as follows: 

To deform a ruled surface into a ruled surface in such a way that 
the deform of a given curve C on the original surface shall possess a 
certain property on the resulting surface. 

Wo consider this general problem. Let the deform of C be the 
directrix of the required surface, and let tr 0 , /3 0 , y 0 ; f 0 , m 0 , n 0 ; v 0 
denote the direction-cosines of its tangent, principal normal, and 
binormal. If <r denotes the angle between the osculating plane to 
the curve and the tangent plane to the surface, we have 

( 46 ) I = cos *o + sin (/, cos c -f- \ sin a), 

* Jnnati,Xo\. VU (1ST.-,), p . ns. 
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and Bimilar expressions for m and n When these values are sub- 
stituted in the first two of equations (41), the resulting equations 
are reducible, by means of the Frenet formulas (I, 50), to 


(47) 


[cos#. , . , Bino- sintfal* 

^ 2 + (cos <r sin 0 9 y H 2 J 


+ 1 (sm«r sin<£)'— - 


These are two equations of condition on «r, p, r, as functions of v 
Each set of solutions determines a solution of the problem, for, 
the directrix is determined by expressions for p and r, and equa- 
tions (46) give the due ction-cosmes of the generators 

We leave it to the reader to prove the above theorem by this 
means, and we proceed to the proof of the theorem 

A ruled surface may be deformed in such a manner that a gnen 
curve C becomes an asymptotic line on the new ruled surface 


On the deform we must have «r =* 0 or v = nr, so that from (47) 



the sign being fixed by the fact that p is necessarily positive The 
second of (47) reduces to 

1 _ Vq*8in*fl t — b* 

t ± sin*0 4 


If the curve with these intrinsic equations be constructed, and in 
the osculating plane at each point the line be drawn which makes 
the angle 0 a with the tangent, the locus of these lines is a ruled 
surface satisfying the given conditions 

When the curve C is an orthogonal trajectory of the generators, 
the Bame is true of its deform Hence 


A ruled surface may be deformed in such a way that all the gener- 
ators become the principal normals of the deform of any one of their 
orthogonal trajectories 

Having thus considered the deformation of ruled surfaces in 
which the generators remain straight, we inquire whether two 
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ruled surfaces are applicable with the generators of each corre- 
sponding to curves on the other. Assume that it is possible, and 
let v — const, be the generators of S and u = const, the curves 
on S corresponding to the generators of iq. From (V, 13') it 
follows that the conditions for this are respectively 

(48) £ log ,>=*{“}. llogf.-sft 2 }, 

where K= — l/p*. But equations (48) are the necessary and 
sufficient conditions that there be a surface 2 applicable to S 
and iSj, upon which the asymptotic lines are parametric (cf. VI, 3). 
But the curves t> = const, and u — const, are geodesics on S and 
and consequently on 2. Therefore 2 is doubly ruled. Hence: 

If two ruled surfaces S and S y are applicable to one another , the 
generators correspond unless the surfaces are applicable to a quadric 
with the generators of S and <S, corresponding to the two different 
systems of generators of the quadric. 


EXAMPLES 


1. A ruled surface can bo deformed into another ruled surface in such a way 
that a geodesic becomes a straight line. 

2. A ruled surface formed by the binormals of a curve C can bo deformed into 
a right conoid; tho latter is the right helicoid when the torsion of C is constant. 
Prove tho converse also. 


3. 


On tho hyperboloid of revolution, defined by 

x u » ,e y u . v 

- = — cos - + sin - , - = — sin — cos 

e a c c c a c 


u 
— » 
c 


z u 

d~T 


where A 5 = c 5 -f d 3 , the circle of gorge is a geodesic, which is met by the generators 
under the angle cos~ l c/A. 


4 . Show that the ruled surface which results from the deformation of the 
hyperboloid of Ei. 3, in which the circle of gorge becomes straight, is given by 


ud r ud . v 

x = — cos-. y — — sin-. 
Ad Ad 



v. 


6. Show that the ruled surface to which the hyperboloid of Ex. 8 is applicable 
with parallelism of corresponding generators is the helicoid 

— = — sin- — c '~^ ! 

C A c 


x u e c 2 — cf 1 . c 

- = -cos- + — -sin-, 

C A c c 5 + <P c 


„ - COS - 1 

c- + d 2 C 


z u , 2e 
d~ A + A?‘’’ 


and that the circle of gorge of the former corresponds to a helix upon the latter. 
C. When the directrix is a geodesic, equations (47) reduce to 

elnevS' + f^O, 
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7 When an hyperboloid of devolution of one sheet la deformed into another 
ruled surface, the circle of gorge becomes a Bertrand curve and the generators 
are parallel to the corresponding binomials of the conjugate Bertrand curve 

8 A ruled surface can be deformed in such a way that a given curve is made 
to he upon a sphere of arbitrary radius 

0 When a ruled surface admits a continuous deformation into itself the total 
curvature of the surface is constant along the line of stnction, the generators meet the 
latter under constant angle, and the parameter of distribution is constant (cf § 12C) 
10 Two applicable ruled surfaces whose corresponding generators are parallel 
cannot be obtained from one another by a continuous deformation 


GENERAL EXAMPLES 

1 Determine the systems of coordinate lines in the plane such that the linear 

element of the plane is t/ u 3 + dp 

where U and V are functions of u and v respectively 

2 Solve for the sphere the problem similar to Tic 1 

3 Determine the functions <p (h) and tp(u) so that the helicoids, defined by 

* = a Vl7 a — 6 J cos — , y = aVU 1 — r = 6o + f , 

shall be applicable to the surface whose equations are 

z = U cost, 2 / = L r sinp, 2 — j” Vl — U *du, 
where U Is any function of u 

4 Apply the method of Ex. 3 to find helicoids applicable to the pseudosphere , 
to the catenoid 

5 The equations 

x = oV2u — 2 cos-, y = bv/ 2u — 2sm^. r = |(u — 1) 
define a paraboloid of revolution Show that surfaces applicable to it ate defined by 

* = 7j-|V»0* — fvt>t + J' {fidfi —ftdfi) — J (<Pid<Pt — 

V = |/i*« — /i0l + J (/»d/i — /id/s) -J <0j fl0 t - 0id03)j, 

* = — JVito ~A$t + J (/id/* —fidfi) —J (<Pidi>i — ted$i)J 

where a is a real constant, and the / e and <p'B are functions of a parameter a and 
p respectively antfntnat 

/*+/?+/* = 1« 0* + ^* + ^*=!, +/t , h +/*£i — u 

6 Investigate the spe dal case of Ex. 6 for which a and p are conjugate 1 maginary 

functions, and 2 + o — 2a* 2 — a — 2« a 

/i=— — 7= — • it ~ i ~ — ~ — . ft s=<r, 

2V2« 2V2a 

and the <p’e are functions conjugate imaginary to the/’s. 
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7. Show that the surface of translation 

x = a(cosu + cos'r), y = a( sinu + sine), z = c(u + v) 
is applicable to a surface of revolution. 

8. Show that the minimal surfaces applicable to a spiral surface (Ex. 22, p. 1G1) 
are determined by the functions F(u) = cu m + 4>(t>) = c 1 v m ~' n , and that the asso- 
ciate surfaces are similar to the given one. 


9. If the coefficients E, F, G of the linear element of a surface are homogeneous 
functions of u and v of order — 2, the surface is applicable to a surface of revolution. 
10. If x, y, z are the coordinates of a surface S referred to a conjugate system. 


the equations 









?y' _ pSg 

— = p — i 

ex' _ 

Q— . 

By' 




cu Bu 

C U CU 

cu Bu 

Bv ~ 

Bv 

cv 


dv 

aro integrable if 

P and Q satisfy the conditions 






~ + (P - Q) 

cv 

j 12 =0, 

1 

2S + 

du 

(Q- 

P) l 

12 

2 

1=°’ 


dv Bv 


where the Christoffel symbols are formed with respect to the linear element of S. 
Show that on the surface S', whose coordinates are x', p', x', the parametric curves 
form a conjugate system, and that the normals to S and S' at corresponding points 
are parallel. 


11. Show that for the surface 

x = J Kfi(u)du + $>,(»), y =J X/;(u)du + z = J Vs (u)du + <t> s(r), 

where X is any function of u and v, and /i,/s,/s; 0i, <}>:, <pz are functions of u and 
r respectively, the parametric curves form a conjugate system. Apply the results 
of Ex. 10 to this surface, and discuss the case for which X is independent of r. 

12. If S and Si are two applicable surfaces, and SJ denotes the surface corre- 
sponding to in the same manner as S' to S in Ex. 10 and by means of the same 
functions P and Q, then S' and S{ are applicable surfaces. 

13. If x, v, z and x t , yi, Z\ are the coordinates of a pair of applicable surfaces 
S and Si, a second pair of applicable surfaces S' and S{ is defined by 

x' = x + h( z + Zi) - k(y + j/,), xj = ij - 7i(r + z,) + k(y + Vx), 

V- V + k(z + x,) - g(z + Zi), y{ = y x - k(x + x,) + g(z + zi), 

s' = : + <7(y + !/i)-A(x + Xi), zj = zi-ff(2/ + y,) + A(x + xi), 

where p, h, and k are constants. Show that the line segments joining correspond- 
ing points of S and S' are equal and parallel to those for Si and S [ ; that the lines 
joining corresponding points on S and Si meet the similar lines for S' and S { ; and 
that the common conjugate system on S and Si corresponds to the common conju- 
gate system on S' and SJ. 

14. Apply the results of Ex. 13 to the surfaces of translation 

x = u- — r 3 4- 2 ar, y — 2 u- + r 5 — 2 ats — 2 J Vf> 3 + 3u-du, z = 2 bu, 

Xi = u 5 -f 2 — 2 av - 2 J \/b= + 3u-di<, pi = — u 2 + c 5 + 2 J" Vb- -f 3u 3 du, 

Zi = 2 j" Va- — Sc-’ dr. 

Show that when p = h = 0, A- = — 1, tlie surface S' is an elliptic paraboloid. 
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18 Show that the equations 

x=f -^1- —do, y= J^l-a^V^du, * = ai7 + ~, 

where the accent indicates differentiation with respect to the argument, define a 
family of applicable surfaces of translation Apply the results of Ex. 12 to this case 
18 Show that when S and Si in Exs 12 and 13 are surfaces of translation, and 
their generating curves correspond, the aims is true of S and 51 

IT If lines be drawn through points of a Bertrand curve parallel to the blnor 
mals of the conjugate curve, their locus is applicable to a surface of revolution 

18 If a real ruled surface is applicable to a surface of revolution, it is applicable 
to the right helicoid or to a hyperboloid of revolution of one sheet (cf Ex 0, § 144) 

19 A ruled surface can be deformed in an infinity of ways so that a carve not 
orthogonal to the generators shall be a line of curvature on the new ruled surface, 
unless the given curve is a geodesic , in the latter case the deformation is unique 
and the ltne of curvature is plane 


20 Let P be any point of 
normal to C such that 

PMi=~PM t 


twisted curve C, and 3fi, 3/* points on the principal 

(/M 


where a, b are constants and p Is the radius of curvature of C The loci of the lines 
through M\ and 3/, parallel to the tangent to C at P are applicable ruled surfaces. 


21 On the surface whose equations are 

x = «, V =/(u) *'(e) + f'(o), x =/(«)[* (e) - + *(»)- */■'(»). 

the parametric times form a conjugate system, the curves u = const lie in planes 
parallel to the pr-plane, and the curves v = const in planes parallel to the x-axis , 
hence the tangents to the curves u = const, at their points of Intersection with a 
curve r> = const are parallel 


23 Inves tigate the character of the surfaces of Ex 21 In the following cases 
(a), <p (») = Vc*+ 1 , (b), 0 (b) = const , (c), 1 > (c) = 0 , (d), /(«) = at* + 6 
23. If the equations of Ex 21 be written 

x = v, y=/(u)^,(e) + ^ t (e), x =/(tt)^,(e) + 
the most general applicable surfaces of the same kind with parametric curves cor* 
responding are defined by 

*1 =f '/i+~’f Y [u)du, Vi =/(«)*i{») + »x(»), t\ =/(u)*,<ti) + *,(«), 
where k is a parameter, and the functions 4> s , qq, 'I't satisfy the conditions 
4 * J r*2 n, VW-, 

.j./ _ + ^i^i) — *i(^» 4- •Mi) ' 

— 4’j't’j 

*y _ 4- ft&jl — 4- 

— 4>**i 

Show also that the determination of *i and *j requires only a quadrature 
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DEFORMATION OF SURFACES. THE METHOD OF 'WEINGARTEN 

145. Reduced form of the linear element. Weingarten has re- 
marked that when we reduce the determination of all surfaces appli- 
cable to a given one to the solution of the equation (IX, 18), namely 

(1) A^l-A^ZT, 

we make no use of our knowledge of the given surface, and in 
reality are trying to solve the problem of finding all the surfaces 
with an assigned linear element. In his celebrated memoir, Sur la 
deformation dcs surfaces ,* which was awarded the grand prize of 
the French Academy in 1894, Weingarten showed that by taking 
account of the given surface the above equation can be replaced 
by another which can be solved in several important cases. This 
chapter is devoted to the exposition of this method. We begin by 
determining a particular moving trihedral for the given surface. 

It follows from (VII, 64) that the necessary and sufficient con- 
dition that the directrix of a ruled surface be the line of striction is 

(2) b = xl > V+ y' o m'+z’ o n'=:0. 

The functions l, 1 m, 1 n' are proportional to the direction-cosines of 
the curve in which the director-cone of the surface meets the unit 
sphere with center at the vertex of the cone. We call this curve 
the spherical indicatriz of the surface. From (2) and the identity 

ll'+ mm'+ nn'— 0 

it is seen that the tangent to lire spherical indicatrix is perpen- 
dicular to tire tangent plane to the surface at the corresponding 
point of the line of striction. This fact is going to enable us 
to determine under what conditions a ruled surface 2, tangent 
to a curved surface S along a curve C, admits the latter for 
its line of striction. 

* Ada Mathematics, Vo]. XX (I89G), pp. JOS-200. 

3S1 
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We suppose that the parameters «, v are any whatever, and that 
the surface is leferred to a moving tnhedral We consider the 
mled surf ice fumed l»y the zaxis of the tnhedral as the origin 
of the latter describes the cuive C The point (1, 0, 0) of a second 
trihedral parallel to this one, but with origin fixed, describes the 
spherical mdicatrix of 2 From equations (V, 51) we find that the 
components of a displacement of this point are 

0, rdu + r t dv, ~(qdu + q,dv) 

In order that the displacement be perpendicular to the tangent 
plane to 2 it the corresponding point of C, that is, perpendicular 
to the xy plane of the moving tnhedral, we must hare 
(3) rdu + r t dt = 0 

Hence if a trihedral T be associated with a surface S m any man 
ner, as the vertex of T tlescnbes an integral curve of equation (3), 
the x axis of T generates a ruled surface whose line of stnction is 
this curve 

When the parametric lines on S are given, and also the angle Id 
which the x axis of T mokes with the tangent to the curve v = const , 
the functions r and r t are completely determined, as follows from 
(V, 52, 55) They are 



Hence if U be given the value 

(5) V-.J2{™}<1v+4,(u\ 


where (f> (w) denotes an arbitrary function of u, the function r, is zero, 
and as the vertex of the trihedral describes a curve « = const , the 
z-axts describes a ruled surface whose line of stnction is this curve 
Suppose now that the trihedral is such thatr,=0 From (V, 48,64) 
it follows that 


(6) 

consequently 


Sr_ 

3v 


-UK, 

*=j* HKdo + ^(u), 


where •<£- is an arbitrary function of ti 



PARTICULAR TRIHEDRAL 


Let the right-hand member of (7) be denoted by f(u, v), and change 
the parameters of the surface in accordance with the equations 
u x = u, V,=f(U, v). 

From § 32 and equation (7) it follows that 

1 ay 1 

Since K is unaltered by the transformation, in terms of the new 
coordinates H X K is equal to unity, and hence from (6) we have 
r = v v Therefore' the coordinate curves and the moving trihedral 
of a surface can be chosen in such a way that 
(8) r 1 ~ 0, r = v, HK— 1. 

In this case we say that the linear element of the surface is in its 
reduced form. It should be remarked that for surfaces of negative 
curvature the parameters are imaginary. 

146. General formulas. If A", F,, Z x ; X„, F„, Z„\ X, Y, Z denote 
the direction-cosines of the axes of the moving trihedral with 
respect to fixed axes, we have, from (V, 47), 

f cA, dX„ dX ,, 

, m ■S' = A ='- A 5' S = A i9 -A ,p, 


8X, _ 




= X\q x - X„p v 


The rotations^), q, q x satisfy equations (V, 48) in the reduced form 
(10) 

The coordinates x, y, z of S with reference to these fixed axes are 
given by p 

T=J (?A' t + tjA '.) du + (f ,A'i + Vi*t) dv, 

01) • y = J (f r, + vi\) du + for, + Vl r ; ) dv, 

z= f (fZ l -{- yZ*) du (}j l Z 1 Y y x Z„) dv, 
wiiere J 

(12) f 2 + i r= A T , ^1 + yv i = Fi £i ~h 

and 

03) | ?c r ’ ?1 ' du~^ v 


cj? dm 

• m;,, -L = 

<rr w 
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the differential parameters being formed unth respect to (23), renders 
the following expression and similar ones in y and z total differentials 

(25) dx = |f («,, u l )A' 1 (u', it) + V ( u v v i) — du t 

+[?,(“,. o') + 

where 1 

and Me surface whose coordinates are the functions x,yz thus defined 
has the linear element (21) 


Before proving this theorem we remark that the parameters u> 
and v’ may be chosen either as known functions of u and v , or in 
such a way that the linear element (14) shall have a particular 
form. In the former case A",, r„ Z x are known as functions of u' 
and v\ and m the second their determination requnes the solution 
of a Riccati equation However, in what follows we assume that 
X i% r„ Z x are known 

Suppose now that «' and i' are any parameters whatever, and 
that we have a solution «, of equation (24), where the differential 
parameters are formed with respect to (23) Let v, denote the 
quantity (A^)" 1 Both u L and v i are functions of u' and v', and 
consequently the latter are expressible as functions of the former 
We express JT Jt I', Z x as functions of u x and v t and determine the 
corresponding hneaT element of the unit sphere, which we wTite 
(26) da* = S t du* + 2 & x du x dv x + ^ dv * 


In terms of «, and v, we have 


2_ 

v* 



A l (A' l ,« l ) = 



8v t 


Trom these expressions it follows that if we put 

r *=»A( Ir i»« l ). ^ a W^“i)' 

we have 

5>r?=i. S X > A '= 0 ’ 

- VA, a -i = 0 

^4 1 dv. 


( 27 ) 
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Hence if we put 

X = T& - Z X Y„ Y = Z x X n _ - X x Z v Z - Y x X 2 , 

the functions X t , Y v • • • , Z satisfy a set of equations similar to equa- 
tions (V, 47). 

In consequence of (27) tlie corresponding rotations have the values 


— W -y 


- v r 8Z 

v 

».-£*■ ST 

'll 

II 

2*1 

II 

0 


It is readily shown that these functions satisfy equations similar 
to (10). 

Since the functions f, ij, tj 1 are of the same form in (25) as 
in (21), equations similar to the first two of equations (13) are neces- 
sarily satisfied. Hence the only other equation to be satisfied, in 
order that the expressions (25) be exact differentials, is 

(28) v x )-p lV (u v »!)+&£(»!» »,)“ 0. 

But it can he shown that the coefficients of (26) are expressible in 
the form p _ ,,s, -2 * _ 2-3 

so that by means of differential parameters of formed with 
respect to (26) the equation (28) can be given the form (17). 
Hence all the conditions are satisfied, and the theorem of Wein- 
garten has been established. 

148. Other forms of the theorem of "Weingarten. It is readily 
found that equations (22) are satisfied by the expressions 


du?^ V 8v *'~8uSv 


1} =— V 1 - 


O W 


where $ is any function of « and v. Since now 

< 30 > v + 0 , 

equation (17) reduces to 





868 


DEFORMATION OF SURFACES 


This equation will be simplified still more by the introduction 
of two new parameters which are suggested by the following 
considerations 

As previously defined, the functions X t , F,, Z x are the direction- 
cosines of lines tangent to the given surface S in such a way that 
the ruled surface formed by these tangents at points of a curve 
u = const has this curve foT its line of stnction Moreover, from 
the theorem of Wemgarten it follows that the functions X lt I’, Z x 
have the same significance for the surface applicable to S which 
corresponds to a particular solution of equation (17) 

But Xj, F,, Z x may be taken also as the direction-cosines of the 
normals to a large group of surfaces, as Bhown m § 67 In partic- 
ular, we consider the surface 2 which is the envelope of the plane 
X x x + Y x y + Z x z = u 

Each solution of equation (17) determines such a surface If x, y, z 
denote the coordinates of the point of contact of this plane with 2, 
we have from (V, 82) 

(32) 5 = uX 1 +A 1 (u 1 X 1 ), 

which, in consequence of (19), may be written 

(32) x = uA, + -X. 

V 

Hence the point of contact of 2 lies in the plane through the origin 
parallel to the tangent plane to S at the corresponding point 
If the square of the distance of the point of contact from the 
origin be denoted by 2 q, and the distance from the origin to the 
tangent plane by p,* we have 
(38) 2g = z , + y 1 + p = u 

From (V, 35, 37) it follows that the principal radn of 2 are 
given by 

/84) f/ } i+F,=-(A 1 «+2u), 

' ' \ ?\ 9 *— + «*, 

• The reader will observe that the functions p and ? thus defined are different from 
the rotations designated by the same letters As this notation is generally employed in 
the treatment of the theorem of Weingarten, it has seemed best to retain it even at the 
risk ot * contusion of notation 
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where the differential parameters are formed with respect to (14). 
From these equations we have 


(35) 


f A 3 u = -(/>, + ft)- 2 
( A ss « = ftft + (ft + ft)« + «*• 


We shall now effect a change of parameters, using p and q 
defined by (33) as the new ones. By direct calculation we obtain 


(36) 


' d(f> dtp c<$> d<}> 1 Sif> 

du dp dq dv id dq 

Sir cp~ “ dpdq d<f dq 

^ if?* | n \ 

dudv id\dpcq dq" / 

c"4> _ 1 dd<f> 3 dip 
„ dir v e dq 2 v 1 dq 


By means of the equations (33) and (36) the fundamental equa- 
tion (31) can be reduced to 


(37) 


d"<f> 

V P ' P * 


c 3 <ft 
dp dq 


( ft+ft) + 


¥ 


= 0 . 


This is the form in which the fundamental equation was first con- 
sidered by Weingarten.* The method of §§ 146, 147 was a subse- 
quent development. 

In terms of the parameters p and q the formulas (29) become 


(38) 






d"<f> 




r) = V2l 


P \lplq 1 cJfj 


dp dq r d<p 


If these values and the expression for AJv, X,) given by (82) be 
substituted in (20), it is reducible to 


x 




Com/.l*.t Hendut, Vol. CXII (1691). p. GOT. 



860 DEFORMATION OF SURFACES 


Hence the equations for S may be written 

(39, 4 = ^(g )+Kf) 

and consequently the linear element of S is of the form 

( 4 °, ^(g)]v^(IM^) + »tK©]' 

Since these various expressions 3nd equations differ only in form 
from those which figure in the theorem of Weingarten, the latter is 
just as true for these new equations We remark also that the right* 
hand member of (40) depends only upon the form of <f> Hence we 
have the theorem of Weingarten xn the form 

When <f> tn equation (37) ta a definite function of p and q, this 
equation defines a large group of surfaces uith the same spherical 
representation , the functions p t and p t denoting the principal radii , 
and p and 2q the distance from the origin to the tangent plane and 
the square of the distance to the point of contact Each surface 2 
satisfying this condition gives by quadratures (39) a surface with the 
linear element (40) Conversely , each surface with this linear element 
stands tn such relation to some surface satisfying the corresponding 
equation (37) 

As a corollary to the preceding results, we have the theorem 
The linear element of any surface S ta reducible to the form 

(41) ds s = du*+ 2 ~ dudv + 2 — dp*, 

du 3v 

where ifc ts a function of u and v 


For, we have seen that the linear element of any surface is 
reducible to the farm (40) If, then, we change the parameters by 


means of the equations 
(42) u 

we have 


Bp' 



(43) 


ds* = du* 4- 2 p dudv + 2 q dv\ 
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From (42) it follows that 

du = dp + ~-~r 
dp 1 1 dpdq 

and consequently 

(44) 
where 


d<f>, o'4> , 

dv = dp + — -r dq- 

Sp dq cq~ 


1 du ccf ’ 


C P . 


d"-<j> 


dv 


dpdq 


A, 


= a £2 = £I^a 

du dpdq ’ dv dp" 5 

1 _ d"4> d"4> / c"4> y 

A op" dq 2 \dpdq) 

From (44) it is seen that — — and consequently the inverse 
of equations (42) are of the form 


(45) 


ehje 

dtt 


dv 


Hence equation (43) is of the form (41), as was to be proved. 
Moreover, equations (44) reduce to 


(4G) did dq - A ’ 


d 7 -^r _ 


A, 


_ d'<f> 




du dv dp dq 

In terms of these parameters if, v equations (39) reduce to 
(47) dr = + xdv, dy = T'dif -f- yefy, cfz = + zdv. 


Hence the coordinates of 2 are given by 
dr 


(48) 


ov 


- C U 

y = -~' 

cv 


- dz 
z = — 1 
dv 


and the direction-cosines of the normal to 2 are 


(49) 


X, 


cr 

du 



X 


— 

du 


that is, the normals to 2 are parallel to the corresponding tangents 
to the curves v — const, on 5. Hence we have the following theorem : 

When the linear element of a surface is in the form (41), the sur- 
face 2 uhotc coordinates arc given by (48) has the same spherical 
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representation of its normals as the tangents to the curves v = const 
on S Iff and Sq denote the distance from the origin to the tangent 
plane to 2 and the square of the distance to the point of contact , they 
have the values {45) Moreover , if the change of parameters defined 
by these equations be expressed m the inverse form 


(50) 




dp 


the principal radii of 2 satisfy the condition 
(51) 

and the coordinates of S are given by quadratures of the form 


P<f> , . .«»**** n 


(52) 


Moreover, every surface with the same representation as 2, and whose 
functions p it p 3 , p, q satisfy (51) for the same t}>, determines by equa- 
tions of the form (52) a surface applicable to S* 


149. Surfaces applicable to a surface of revolution When the 
linear element of a surface applicable to a surface of revolution 
is 'written 


(53) ds* = duf p x (u,) dv*, 

and the a>axis of the moving trihedral is tangent to the curve 

v = const , the function r is equal to zero, as follows from (4) 

In order to obtain the conditions (8), we effect the transformation 
of variables 



so that the Imear element becomes 


(54) 


ds 7 = p 7 du* 4- dv 7 


TS&wt v — pf, ami. wis&cqwitkj vr* witi Sz, bart% Ivwm 

element m the reduced form we must take 


(55) 


« = «, v=p'(—t>) 


* For a direct proof of this theorem the reader is referred to a memoir by Gout sat. 
Bar mi thforime de 5f Weingarten, et gur la theorie des surfaces applicabies Toulouse 
Annales, Vol V (1891) , also Darboox, Vol IV, p 316, and Bianchi, Vol II, p 198 
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From these results and (32') we find that the coordinates of the 
surface 2 are given by 

p' oiij p dv 1 p' au t p 8v 1 

z — — — — + — 

p' du 1 p 3v 1 

and the direction-cosines of the normals to 2 are 

l a* l ay „ _ l Sz 

1 p dv 2 /> 3^ p dv x 

Also, we have 

(56) p=^xJ 1 =K 1 , =^x 3 =v 1 a +^ 5 - 

Hence we have the theorem: 

2b a curve which is the deform of a meridian of a stirface of revo- 
lution there corresponds on the mirface 2 a curve such that the tangent 
planes to 2 at points of the curve arc at a constant distance from the 
origin, and to a deform of a parallel there corresponds a curve such 
that the projection of the radius vector upon the tangent plane at a 
point is constant. 

For the present case p — = 0; consequently we have, from (38), 

i£ +p a = 0. 

dpdq ^ d<? 

This equation is satisfied by 

(57) $(p, q)=f(2q-p\ 

where f is any function whatever. In terms of this function we 
lmve, from (38), 

(58) £ = -2 I/, ^ = -4(2 ? -/)’/", 

where the accents indicate differentiation with respect to the 
argument, 2 q—p'. 

By means of (55) the linear element (54) can be transformed into 

ds’ = or (v) du'-h » dtr, 
the function w(v) being defined by 

«(t>)=p(— r). 
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Since i) = 0, we have 

f =»(»). 


«'(»> 


and ve know that r=*v Now equations (58) become 

*•(•)—? /', “'(»)=■( t.(2 ? -/iy/", 

and these are consistent because of the relation 2 y— 
which results from (56) Hence we have the theorem 

When $(p, q) 1 8 a function of 2 q — p 1 , the corresponding surface S 
t* applicable to a surface of revolution, the tangents to the deforms of 
the parallels being parallel to the corresponding normals to 2 


If tve give <f> the form (57) and put ■$• = 2 f \ the linear element 
of S is 


(59) ds* = (2 q —p*) dyfr* + ip-* dp * , 

ns follows from (40) or (58) 

150 Minimal lines on the sphere parametric In § 147 we re 
marked that the parametric curves on the sphere may be any what- 
ever An interesting case is that m which they are the imaginary 
generatrices In § 35 we saw that the parameters of these lines, 
say a and f3, can be so chosen that 


(60) X l= 
Consequently 

(61) 


+ £ y (g-«) 

1 + aff 1 l + a/3' 1 1 + ct/S 

Ar’= dX<+ dY?+ iz;= i^iB 
‘ (1 + 0 / 3 / 


From (32) we find that the coordinates of 2, the envelope of 
the plane JT,i+ Yj/ + Zf—p = 0, 


are 


(62) 


« P A 1+ i[ ( l-«=)| + ( l-^0], 


From these we obtain 

(63) 2 ? =p'+(l + «S)-g0 
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By means of (34) the expressions for p 1 + p„ and p x p„ in terms 
of p and its derivatives with respect to a and /3 can he readily 
found, and thus the fundamental equation (37) put in a new form. 
However, it is not with the general ease that we shall now concern 
ourselves, but with a particular form of the function tf>(p, q). 

This function has been considered by Weingarten* ; it is 


(64) 

In this case 

¥ 




q)=pq-^-*{p)- 


_-2 P -<o"(p), 


dpdq ' 




( 66 ) 


cad ft (1+afi)" 


H ’ 


so that equation (37) reduces to 
(65) Pi + p„ = -(2p + u"(p)), 

which, in consequence of (34), may be written 

c-p _ (p) 


When the values from (62) are substituted in (52), we obtain 
| x - + \ [(1 - <f) ® + ( 1 - P) 0 ] d P’ 

1 [(1+ ^) | - a + 


(67) 

where 

(68) 


W !=?-S <*'{P) = 


(1 + aft)" dp dp 


2 


da g/3 


■ti>’(p). 


From (42) and (64) we have 

« = q— p‘~ a>'(p), v—p. 

Hence the linear element (43) of S is, in this case, 
(t>9) dr — d u" -f- 2 r d udv + 2 [« -f t' ! -f- Eo'(f)] dr. 


-Acta Mathcmatica, Yol. XX (1SPG), p. IPs, 
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However, from (68) it is seen that 

(70) «,=« + £• 
so that (69) may be written 

(71) <7s* = du*+ 2 [«i+ S'(r)] dv 1 


Gathering together these results, we have the theorem 

The determination of all the surfaces wtth the linear element (71) 
reduces to the integration of the equation 


(72) 


?P . *(P) 
da dp (l+a/9)* 


The integral of this equation for u(p) arbitrary is not known 
However, the integral is known m certain cases We consider 
several of these 

151 Surfaces of Goursat Surfaces applicable to certain parab- 
oloids When we take 


(73) «'(/>) = £ w(l — m)p\ 

m being any constant, equation (72) becomes 
<?p m(l — m)p 


(74) 


da dP (1 -j- apf 


The general integral of this equation can be found by the method 
of Laplace,* in finite form or m terms of definite integrals, accord 
mg as to is integral or not. 

The linear element of the surface S is 


(75) ds 7 z=du^+[2u l +m(l — m)^]d^ 

And the surfaces 2 are such that 


(76) p l +p t +2p — m(m— \)p, 

6hat is, the sum oi the principal radii is proportional to the clis 
tance of the tangent plane from a fixed point These surfaces 
were first studied by Goursat,f and are called, consequently, the 
surfaces of Goursat 


■Carbarn Vol II p 58 


t American Journal Vol X (188S) p 187 
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Darboux has remarked * that equation (71) is similar to the linear 
element of ruled surfaces (VII, 53). In fact, if the equations of a 
ruled surface are written in the form 

(77) z — Xq+Iu,, y-y 0 +mu v z = z 0 +nu v 

where x c , • • •; l, m, n are functions of v alone, which now is not 
necessarily the arc of the directrix, the linear element of the 
surface will have the form (71), provided that 

(78) 21 2 = 1, 2z'Z = 0, 2z' 2 =2 5'(v), 1, 21' ! =0. 


In consequence of the equations 

21V =0, 2Z' 3 = 0, 

it follows that a ruled surface of this kind admits an isotropic 
plane director. If this plane be x + iy ~ 0, that is, if 

we have 

l = r, m — iV i n = 1, 


where V is a function of v. By means of these values and equa- 
tions (78), we can put (77) in the form 


(79) 


*dv 

r 7 ’ 


z + iy= J j 
x — iy = 2 Vu 1 -f 2 J' V'co'dv dv, 


v 


z 



dv. 


We shall find that among these surfaces there is an imaginary 
paraboloid to which are applicable certain surfaces to which Wein- 
garten called attention. To this end we consider the function 

(80) 5'(y>) = — — 2kc 'J* 

where k denotes a constant. Now equation (66) becomes 
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In consequence of the identity 


the preceding eqmtion is equivalent to 


-log(l + afffe^ 




If we put 


e*= e^* (1 + rtj8), 

this equation, takes the Liouville form 


(1 + aft) 3 


dad 0 

of which the general integral is 


1 AB 




4(1+ A#)* 

where A and B are functions of a and 8 respectively, and the 
accents indicate differentiation with respect to these Hence the 
general integral of (81) is 

2(1 + AD) 

V77F (1 + aft) ’ 
and the linear element of S is 

(82) *’■= iu!+ 2(1,,— v Vi- 2 ice ^)<h* 

If now, in addition to (80) we take 

the equations (79) take such a form that 

(83) (x+ty)x = -Kz 


Hence the surfaces with the linear element (82) are applicable to 
the imaginary paraboloid (83) The generator x + xy = 0 of this 
paraboloid in the plane at infinity is tangent to the imaginary 
circle at the point (x y z = 1*0), which is a different point 
from that in which the plane at infinity touches the surface, 
that is, the point of intersection of the two generators 
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Another interesting case is afforded, 'when m in (73) has the 
valuo 2. Then 7o'(v) — — t' 2 , and equation (71) becomes 

(84) ds" = du? + 2 (it, — ir) dv". 

If we take V—v/>/2k, we obtain from equations (79) 

x+iy='/2KV, z — z — 71^-— — t 

from which we find, by the elimination of it, and v, 

(85) ( x + iy) 2 — k{x — iy). 

The generator x + iy = 0 in the plane at infinity on the paraboloid 
(85) is tangent to tho imaginary circle at the point (x:y:z = l:i:0), 
just ns in the case of the paraboloid (83), but the paraboloid (85) is 
tangent to the plane at infinity at the same point. 


GENERAL EXAMPLES 

1. A moving trihedral can he associated with a surface in an infinity of ways so 
that ns the vertex of the trihedral describes a curve u = const, tho z-axis generates 
a ruled surface whoso line of striction is tiiis curve. 


2. The tangents to the curves v = const, on a surface at the points where these 
curves are met by an integral curve of the equation 



ds = 0 


form a ruled surface for which the latter curve is the line of striction. 


3. If tho ruled surface formed by an infinity of tangents to a surface S has tho 
locus of the points of contact for its lino of striction, this relation is unaltered by 
deformations of S. 


4. Show that if I), I)‘, D" are the second fundamental coefficients of a sur- 
face with tho linear element (53), the equation of the lines of curvature of the 
associated surface 2 is reducible to 


Lditi + iy do, 

£du, 

P 


D'du 1 + L"dot 

p/dn 


5. Show that the surface 2 associated by the method of Weingarten with a sur- 
face S applicable to a surface of revolution corresponds with parallelism of tangent 
planes to the surface S' complementary to S with respect to the deforms of the 
meridians ; and that the lines of curvature on 2 and S' correspond. 
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6 Show that when $ has the form (67), the equation (61) is reducible to 

( >1 +P)fa+P)~ F(2g - p 4 ) , 

hence the determination of all the surfaces applicable to surfaces of revolution Is 
equivalent to the determination of those surfaces 2 which are such that if Mi and 
ifj are the centers of principal curvature of 2 at a point if, and N Is the projection 
of the origin 0 on the normal at if, the product NM l NM t is a function of ON 

7 Given any surface S applicable to a surface of revolution Draw through a 
fixed point 0 segments parallel to the tangents to the deforms of the meridians 
and of lengths proportional to the radii of the corresponding parailels, and through 
the extremities of these segments draw lines parallel to the normals to S Show 
that these lines form a normal congruence whose orthogonal surfaces 2 have the 
same spherical representation of their lines of curvature as S and are integral sur 
faces of the equation of Ex. 6 

8 Let S be a surface applicable to a surface of revolution and B the surface 
complementary to S with respect to the deforms of the meridians , let also 2 and 
2 be surfaces associated with S and S respectively after the manner of Ex 7 
Show that corresponding normals to 2 and 2 are perpendicular to one another, 
and that the common perpendicular to these normals passes through the origin and 
is divided by it into two segments which are functions of one another 

9 Show that a surface determined by the equation 

2 8 + * + (n + ft) P + ftfii = 0, 

where * is a constant, possesses the property that the sphere described on the seg- 
ment of each normal between the centers of principal curvature with this segment 
for diameter cuts the sphere with center at the origin and of radius V± * in gTeat 
circles, orthogonally, or passes through the origin, according as * is positive, nega- 
tive, or zero These surfaces are called the turf aces of Bianehi 

10 Show that for the surfaces of Bianehi the function <fi (p, 9) is of the form 

$=V2q-p* + *, 

and that the linear element of the associated surface S applicable to a surface 
of revolution is / 1 \ 

ds* = ^- # - Kjdf' + +*dp> 

Show also that according as k = 0, >0, or<0 the linear element of S Is reducible 
to the respective forms 

ds 4 = du* -f- e*“dn s , ds 4 = tanh‘u du 4 + sech 4 udr 4 , da* = coth 4 udu 4 + csch s ude 4 
On account of this result and Ex 10, p 318, the surfaces of Bianehi are said to be 
of the parabolic, elliptic, or hyperbolic type, according as * = 0, > 0, or <0 

11 Let S be a pseudospberical surface with its linear element m the form 
(VHI, 32), and Si the Bianehi transform whose linear element is (VIII, S3) Find 
the coordinates x, y, z of the surface 2 associated with Si by the method of Weui- 
garten, and show that by means of Ex. 8, p 291, the expression for x la reducible to 

i 

x = ae a (cos 6X t + sro 0Xj) ■+ fX, 

where Xi, X a , X are the direction-cosines with respect to the r-axis of the tangents 
to the lines of curvature of S and of the normal to the latter 
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12. Show that the surfaces S and 2 of Ex. 11 hare the same spherical represen- 
tation of their lines of curvature, that 2 is a surface of Bianchi of the parabolic 
type, and that consequently there is an infinity of these surfaces of the parabolic 
type which have the same spherical representation of their lines of curvature as a 
given pseudospherical surface S. 

13. Show that if 2 t and 2 3 are two surfaces of Bianchi of the parabolic type 
which have the same spherical representation of their lines of curvature, the locus 
of a point which divides in constant ratio the line joining corresponding points of 
2j and 2 2 is a surface of Bianchi with the same representation of its lines of cur- 
vature, and that it is of the elliptic or hyperbolic type according as the point divides 
the segment internally or externally. 

14. When S is a pseudospherical surface with its linear element in the form 
(VIII, S2), the coordinates x,, y u z\ of the surface 2 determined by the method 
of Weingarten are reducible to 

_f A 

xi = (ae " cos 0 + jj sin <?) Xi -f (ac "sin 0 — y cos 6) Xj., 
and analogous expressions for yi and z,, where X), Tj, Z\; X«, y s , Z 2 are the 
direction-cosines of the tangents to the lines of curvature of S. Show also that 2 
has the same spherical representation of its lines of curvature as the surface Si with 
the linear element (VIII, 33). 


15. Derive from the equations 

xX t + pEi + zZi = p, x* + y ! + z- = 2q, 
by means of (44), (48), and (49), the equations 


A_ C'X C-0 

x — s= A — , 
i su 3 ef 


e 2 x 
•/ dude 


A 


iP<p 


. cPz 




dpdq So 3 op" 1 

where x, y, z are the coordinates of S. 

18. Show that the equations for 2 similar to (IV, 27) are reducible to 


o-x , , 0*x , ,, 

du + — do + r( ■ 

£u 6o £o 3 


~/c-z 


du + do) 

\Sil* du dv 


>) = 0, 

. Ex. 1 
0 = 0, 

du - ^|do - r&u - A±-d*\ = 0, 
dp- \dq 2 dpdq ) 


and similar expressions in y and z. Derive therefrom (cf. Ex. 16) the equations 
If du + D"dv + r(Ddu + IX do) = 0, 

d-tf> 
dpcq 

where D , If, D" are the second fundamental coefficients of S. 


17. Show that the lines of curvature on 2 correspond to a conjugate system on 
S (cf. Ex. 10). 

18. Show that for the surface 2 we have 


ex cX t 

— = — pipf — — , 

cp cq 


0x_SX, 0X, 

cq cp cq 


19. Lets l)o the surface defined by (07) and Si the surface whose coSrdinates are 


*i = * — Ui-Vi, yi = y — u,r„ zi = r - u,Zj. 

Show that Sj is an involute of S, that the curves p = const, are geodesics on S and 
lines of curvature on Sj, and that the radii of principal curvature of Si are 

ri = «i. f>i = -[ui + 25'(p)]. 
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20 Show that when m to (78) is 0 or 1, the function p is the sum of two arbi 
trary functions of a and p respectively, that tho linear element of S is 

ds* — du* + 2 W| dtp, 

that S is an evolnte of a minimal surface (ci Ex, 19), and that the mean e volute of 
2 is a point 

21 Show that when m to (73) is 2, the general integral of equation (74) is 

p-m 

where ft and /, are arbitrary functions of a and p respectively Show also that the 
surface 2 is minimal (cf § 161) 

23 Show that the mean evolute of a surface of Gouraat is a surface of Gouraat 
homothetic to the given one 


23 Show that when S (p) = £ ap 1 , then 

p = a log(l + ap)+/i(a) +/, (0), 

where /i and/* are arbitrary functions that the linear element of S 1s 
di 1 = duj + 2 («i + a») do 5 , 
and that the mean evolute of 2 is a Bphere 

24 Show that the surfaces S of Ex 23 are applicable to the surfaces of revolu 
tlon So whose equations are 

x„ = (riZcos^. po = oE sin *o—f Vu* - a* - o*dU, 
where a: is an arbitrary constant Show also that when a = ux, So is a paraboloid 
35 Show that when / m \* 

?) = (? + g j ->np*, 

the surfaces 2 are spherical or pseudosphencal according as >n is positive or nega- 
tive , also that the surfaces S are applicable to the surface 



whirh is a paraboloid tangent to the plane at infinity at a point of the circle at 
infinity 
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INFINITESIMAL DEFORMATION OF SURFACES 

152. General problem. The preceding chapters deal with pairs 
of isometric surfaces which are such that in order that one may 
he applied to the other a finite deformation is necessary. In 
the present chapter we shall be concerned with the infinitesimal 
deformations which constitute the intermediate steps in such a 
finite deformation. 

Let x, y, z ; d, y\ 2 ' respectively be the coordinates of a surface 
S and a surface S', the latter being obtained from the former by a 
very small deformation. If we put 

( 1 ) x’=x + €x v y'=y + *y v z'=z + e2 v 

where c denotes a small constant and x v y v z l are determined func- 
tions of u and v, these functions are proportional to the direction- 
cosines of the line through corresponding points of S and S'. From 
these equations we have 

dx' 1 + dy' 1 -f dz' 1 = dx" + dif + dz" + 2 e (dx dx 1 + dy dy j + dz dz j) 

+ e 2 (dr- + dy~- + dz?). 

If the functions satisfy the condition 

(2) dx dx l + dy dy 1 + dz dz x — 0. 

corresponding small lengths on S and S' are equal to within terms 
of the second order in e. When e is taken so small that e" may be 
neglected, the surface S' defined by (1) is said to arise from S by 
an infinitesimal deformation of the latter. In such a deformation 
each point of S undergoes n displacement along the line through 
it whose direction-cosines are proportional to x v y v z v These lines 
are called the gencratnccs of the deformation. 

It is evident that the problem of infinitesimal deformation is 
equivalent to tlie solution of equation (2). Since x v y v z x are 

378 
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functions of u and v, they may be taken for the coordinates of a 
surface S l Equation (2) expresses the fact that the tangent to 
any curve on S is perpendicular to the tangent to the correspond 
ing curve on S 1 at the homologous point We say that in this case 
S and S t correspond with orthogonality of corresponding linear ele- 
ments And so we have 

The problem of the infinitesimal deformation of a surface S is 
equivalent to the determination of the surfaces corresponding to it 
with orthogonality of linear elements 


153 Characteristic function We proceed to the determination 
of these surfaces S iy and to this end replace equation (2) by the 
equivalent system 


(3) 


•y dx dx l 
2-/du du 


* ^4 dv do ' ^4 ou dv ^4 dv du 


0 


Wemgarten * replaced the last of these equations by the two 

thus defining a function <f>, w hich Bian chi has called the character 
xstic function , as usual H =» EG —F 2 

If the first of equations (3) be differentiated with respect to v, 
and the second with respect to w, we have 

y dx d\ d 2 x + — oO 

*4 dududv ^4 du dudv ' +4 dvducv ^4 di duov 

With the aid of these identities, of the formulas (V, 3), and of the 
Gauss equations (V, 7), the equations obtained by the differentia 
tion of equations (4) with respect to u and v respectively are 
reducible to „ „ 

h fgfllfglg 

du H 

dv H 


CrtUe \ol C{1«87) pp 290-310 
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Excluding the case where S is a developable surface, we solve these 
equations for ^ A" ^ •> 2} A” — and obtain 


( 5 ) 



D ,Z±_ D *± 

du 8v 


KH 


jyity-zyUi 

S y.cx x du dw 

* Hv ~ KH 


where K denotes the total curvature of S. If we solve equations 
(3), (4), and (5) for the derivatives of aq, y v z, with respect to u 
and v, we obtain 



and similar expressions in t/, and z v Hence, when the characteristic 
function is known, the surface S x can be obtained by quadratures. 
Our problem reduces therefore to the determination of 

If equations (5) be differentiated with respect to v and u respec- 
tively, and the resulting equations be subtracted from one another, 
we have 


d_ 

8v 


1 D — —D r ~) 


( I) ^±_ D ,z±\ 

| Zv cu 

+ k 

cu Zv ] 

\ kj r 

i / 


— V ^ dX 

^4 8v du 


du Zv 


When the derivatives of A', Y, Z in the right-hand member are 
replaced by the expressions (V, 8), the above equation reduces to 



Zv 



[ Zu Zv 

2 FHf- 

-ED" —GD 

\ kh 1 

H 


K1I 

Bianchi calls this the characteristic equation. 

In consequence of (IV, 73, 74) equation (7) is reducible to 


<p. 


( 8 ) 


Zv 


IdQ-j/W 

Zv Zu 
ff 


+ ■ 


cu 


Zu Zv 
ff 


2gD'-gD"-gD 

ff 
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where €■, £ are the coefficients of the linear element of the 

spherical representation of S , namely 
(9) da 3 — § du*+ 2<?dudv+&dv lt 

and ft 3* 


By means of (V, 27) equation (8) is reducible to 

<«> t-m^) 


where the Chnstoffel symbols are formed with respect to (9) 

Since JT, r, Z are solutions of equations (V, 22), they are solu 
tions of (10), and consequently also of equation (7) Therefore the 
latter equation may be written 


\ dv dv / \ du r du ) 


Z)'| 

V 9k du ) 


L ™ J 


But this is the condition of integrability of equations (6) Hence 
we have the theorem 

Each solution of the characteristic equation determines a surface 
S l and consequently an infinitesimal deformation of JS 


154 Asymptotic lines parametric When the asymptotic lines 
on S are parametric, equation (10) is reducible, m consequence of 
(VI, 16), to 

(11) ljlogpa 18j0£££g 

v ’ Zudv 2 3» 3k 2 8» Jhi v ’ 


where 


If we put 
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)0. 


e being +1 or —1 according as the curvature of S is positive or 
negative, equation (11) becomes 

a2) ILJYtYl. 

' duov \Vp on dv 

Since X, Y, Z are solutions of (11), the functions 
j'j = X V— cp, v„ = Y V— ep, 

are solutions of (12). 

Now equations (6) may be put in the form 
, 0 


(13) 


dx x __ 
chi 


du 


d JL 

du 


0Tj _ 


dj\ 

dv 


80 

dv 


The reader should compare these equations with the Lelieuvre 
formulas (§ 79), which give the expressions for the derivatives of 
the coordinates of S in terms of v v v„, v s . 

From these results it follows that any three solutions of an 


equation of the form 


on cv 


where M is- any function of u and v, determine a surface S upon 
which the parametric curves are the asymptotic lines, and every 
other solution linearly independent of these three gives by quad- 
ratures an infinitesimal deformation of S 


EXAMPLES 

1. A necessary and sufficient condition that two surfaces satisfying the condi- 
tion (2) he applicable is that they bo minimal surfaces adjoint to one another. 

2. If z, j/, 2 and Xj, y u z 3 satisfy Uie condition (2), so also do £, tj, f and £i, rji, 
fi, the latter being given by 

{ at oiz -f b 3 y + C\Z -f d u z, = a 3 ti + a t ij, + a 3 fi + Cj, 

V — 0;z -f Cz r 4 * dc, j/i = -f 6-171 4- 63/1 + Cz, 

f = ct}Z + b 3 y + c jr -f dj, 21 = Cjfi + c-171 + Caii + 03, 

whore Oi, a., • ■ ., C|, c ; , c 3 aro constants. 

3. A. necessary condition that tlie locus of the point (z t , y\, z\) be a curve is 
that S be a developable surface. In this case any orthogonal trajectory of tlio 
tangent planes to 5 satisfies the condition. 

4. Investigate the cases 0 = 0 and 0= c, where c is a constant different from zero. 

5. If .9, and S{ correspond to S with orthogonality of linear elements, so also 
do<\s the locus of a point dividing in constant ratio the line joining corresponding 
points on S, and S{. 
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155. Associate surfaces The expressions in the parentheses of 
equation (10) differ only in sign from the second fundamental co 
efficients, Z> 0 , Dj, Dj', of the surface N, enveloped by the plane 

(14) Xx +Yt/ + Zz = 4>* 

Hence equation (10) may be written 

(15) i 5"2> 0 +2>D"- 2 D'D.'sO 

This is the condition that to the asymptotic lines upon either 
of the surfaces S, S a there corresponds a conjugate system on 
the other (§ 56) Bianchi applies the term associate to two sur 
faces whose tangent planes at corresponding points are parallel, 
and for which the asymptotic lines on either correspond to a 
conjugate system on the other Since the converse of the pre- 
ceding results are readily shown to be true, we have the theorem 
of Bianchi f 

When two surfaces are associate the expression for the distance 
from a fixed point tn space to the tangent plane to one is the char - 
actenstic function for an infinitesimal deformation of the other 

Hence the problems of infinitesimal deformation and of the 
determination of surfaces associate to a given one are equivalent 
We consider the latter problem 

Since tbe tangent planes to S and S 0 at corresponding points 
are parallel, we have 

^2=:X — — — fog _ dx dx 

etu du ^ dv dv du dv 

and similar equations m y 0 and z 0 , where \ p, «x, t are functions 
of u and v to be determined % 

If these equations be multiplied by — » — » — and added, and 

, , . dx ar az 8 “ 

likewise by — i — and added, we obtain 
dv dv dv 

n 6 ( 2> 0 = XD - pjy, D 0 ’ = aP - rP\ 

( = XD'~ pD'=*D- rP, 

*Cf {67 ILmoiu Vol II p 9 

t The negative signs before ft and t ate taheu so that subsequent results may have a 
suitable form 
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■where Z> 0 , 2> 0 " are the second fundamental quantities for S 0 . 

When these values are substituted in (15), we find 

(17) X-r=0. 


Consequently the above equations reduce to 
(18) 


dx. • dx ox 

— 2 — \ u — i 

du du 8v 


dx n _ dx 
8v du 



If we make use of the Gauss equations (V, 7), the condition of 
integrability of equations (18) is reducible to 


a T +b T~ 0 ’ 

du ov 


where A and B are determinate functions. Since similar equations 
hold in y and z, both A and B must be identically zero. Calculating 
the expressions for these functions, we have the following equations 
to be satisfied by X, y, and er : 


(19) 


(dy 

8v 




To these equations we must add 

(20) 2 XX)'- ft JD"- <rD = 0, 

obtained from the last of (16). The determination of the asso- 
ciate surfaces of a given surface referred to any parametric system 
requires the integration of this system of equations. Moreover, 
every set of solutions lends to an associate surface. We shall now 
consider several cases in which the parametric curves are of a 
particular kind. 

156. Particular parametric curves. Suppose that S is a sur- 
face upon which the parametric curves form a conjugate system. 
Wc inquire under what conditions there exists an associate sur- 
face upon which also the corresponding curves form a conjugate 
system. 
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On this hypothesis «e hive, from (16), 

p = «r = 0, 

so that equations (19) reduce to 

w m sj F=- 2 {\ 2 > 


which are consistent only when 

« htfhiilY 

that is, when the point equation of S, namely 
#0 | fT2\afl f!2\ ag 
Sudv \ X J cu «- 2 J dv 


has equal invariants (cf § 165) 

Conversely, when condition (22) is satisfied, the function X 
given by the quadratures (21) makes the equations 


(23) 




5 s. 

dv 


compatible, and thus the coordinates of an associate surface are 
obtained by quadratures Hence we have the theorem of Cosserat* 
The infinitesimal deformation of a surface S it the tame problem 
at the determination of the conjugate systems with equal point tnian- 
ants on S 


Since the relation between 5 and S 0 is reciprocal and the 
parametric curves are conjugate for both surfaces, these curves on 
S 0 also have equal point invariants 

If S be referred to its asymptotic lines, tbe corresponding lines 
on S 0 form a conjugate system In this case, as is seen from (16), 
X is zero and equations (18) reduce to 
( 24 ) &♦__ a*. Sz. 


Bu dv dv du 

moreover, equations (19) become 

s + ,{T}-m- 


(25) 


» Toulsuie Annul tt \ol Ml (1803), S 60 
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The solution of this system is the same problem as the integra- 
tion of a partial differential equation of the second order, as is 
seen by the elimination of either unknown. When a solution of 
the former is obtained, the corresponding value of the other 
unknown is given directly by one of equations (25). 

We make an application of these results to a ruled surface, 
which we suppose to be referred to its as 3 ’mptotic lines. If the 
curves v — const, are the generators, they are geodesics, and conse- 
quently (VI, 50) n-n 

l2J 


Now fi can be found by a quadrature. When this value is sub- 
stituted in the second of equations (25), we have a linear equa- 
tion in a, and consequently a also can be obtained by quadratures. 
Hence we have the theorem : 

When the curved asymptotic lines on a ruled surface are known , 
its associate surfaces can be found by quadratures. 

If S 0 were referred to its asymptotic lines, we should have 
equations similar to (24). These equations may be interpreted 
as follows: 

The tangent to an asymptotic line on one of tivo associate surfaces 
is parallel to the direction conjugate to the corresponding curve on 
the other surface. 


EXAMPIES 

1. If two associate surfaces are applicable to one another, they are minimal 
surfaces. 

2. Every surface of translation admits an associate surface of translation such 
that the generatrices of tho two surfaces constitute the common conjugate system. 

3. The surfaces associate to a sphere are minimal. 

4. When the equations of tho right helicoid are 

x = n cos r, y = u sin r, z = or, 

the characteristic function of any infinitesimal deformation is 0= (CT-)-T)(u : -f n 1 ) - 
where U and T are arbitrary functions of u and r respectively. Find the surfaces 
S, and S 0 . and show that the latter are molding surfaces. 

5. If So and Si arc associate surfaces of a surface S, the locus of a point 
dividing in constant ratio tire joins of corresponding points of So and So is an 
associate of S. 
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157. Relations between three surfaces S, S v S„. Having thus 
discussed the various ways in which the problem of infinitesimal 
deformation may be attacked, we proceed to the consideration of 
other properties which are possessed by a Bet of three surfaces 

s , * 

We recall the differential equation 

dxdx 1 + dydy t + dzdz t — 0 , 
and remark that it may be replaced by the three 
(26) dz t = z t dy — y 0 dz, dy t = x Q dz — z 0 dx, dz t — y a dx ~ x a dy, 
if the functions x 0 , y„, 2 , are such a form that the conditions of 
integrability of equations (26) are satisfied These conditions are 
3z 0 __ e“z S% __ Sy Sz 9 Sz dy a 
du cv du Sv Sv Su Sv Su 

Sz 8x n Sx Sz* _ Sz Sx v Sx Sz* 

Su Sv Su Sv Sv Su Sv Su 

Sx Sy* dy Sx* _ Sx Sy* Sy Sx* 

Su Sv Su Sv Sv Su Sv Su 


If these equations be multiplied by ~ respectively and 

a- a., a. Su Su vU 

added, and 
by (IV, 2), 


Sx Sv Sz 9x1 911 9x1 

added, and likewise by —> -f-% and by X, Y t Z, we obtain, 
, . T , r o\ J Sv dv Sv J 


(27) 

(28) 


2 

rf5> 

Su 

= 0, 



= 0, 

X 

Y 

Z 1 


X 

Y 

z . 

Sx 

Sy 

Sz 


Sx 

sy 

Sz 

Su 

cu 

Su | 


Sv 

Sv 

cv 

Sx 0 

Sjto 

3zJ 


?5> 

sy* 

Sz* 

Sv 

Sv 

Sv 1 


Su 

Su 

Su 


From the first two of these equations it follows that the locus of 
the point with coordinates x* t y*, z* corresponds to S with paral- 
lelism of tangent planes 

In order to interpret the last of these equations we recall 
from § 61 that 

g 8 (Y,Z) a 9 (g, X) a 8(X, Y) 

/{ d(tt, t) ’ ff 8(u, v) ffd («, v) * 
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where a is ±1 according as the curvature of the surface is positive 
or negative. If we substitute these values in the left-hand mem- 
bers of the following equations, and add and subtract ^ — ~ 

dx (iX d T* ** 

and — — from these equations respectively, the resulting 

dv du d v 

expressions are reducible to the form of the right-hand members 


(29) 


//I 


du 


( 

K r S 



By means of these and similar identities, equation (28) can be 
transformed into 


D"' 


,dx,dX 

' du du 




fao 8X, fao 8X\ _ 0 

du dv dv du) 


Since this equation is equivalent to (15) because of (27), the 
quantities s 0 , i/ a , z 0 in (26) are the coordinates of S 0 . Hence 
when a surface S, is known, the coordinates of the correspond- 
ing surfaco S a are readily found. 

This result enables us to find another property of S 0 and S v 
If A', Tj, Z, denote the direction-cosines of the normal to S v 
they are given by 

Y ^ ^ ) -jr **j) £ ^ y,) 

' 1 If, d{U, v) ’ 1 ~ If, 8(u, v) ’ 1 H, d(U , V) ’ 

where Jf t — V Efi, — F{, E v F v G , being the coefficients of the 
linear element of .5,. If the values of the derivatives of x x , y v z v 
as given by (26), be substituted in these expressions, we have, 
in consequence of (14), 


(30) 


v a 


.yji 


ii , 


4 > . 


z = 
1 


As an immediate consequence we have the theorem : 

A normal to is parallel to the radius vector of S 0 at the corrc- 
spondiuij point. 
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By means of (SO) we find readily the expressions for the second 
fundamental coefficients D v D[. , 2?,' of *9, If we notice that 



and substitute the values from (6) and (30) in 
D 2?'=-y 

1 *4 du du 1 ^ Su dv *4 dv du 


we obtain 


4-i do dv 


(31) 


b,= 5^ <u»:- »'».). 

A = -jfj7 (PDS- B'-O!) = -fj£ (M.-V'D,), 


From these expressions follow 


(32) 


I D X D ' 4- D{J> — 2 D[D' = 
1 D t Dj + d/A- 2 A'A' = 


0, 

0 


Combining this result with (15), we have 

The asymptotic lines upon any one of a group of three surfaces 
S, S t , S g correspond to a conjugate system on the other two , 
or, in other words 

The system of lines which is conjugate for any two of three surfaces 
S, S lt S a corresponds to the asymptotic lines on the other 

If the curvature of S be negative, its asymptotic lines are real, 
and consequently the common conjugate s> stein on S, and S 0 is 
real If these lines be panmetric, the second of equations (32) 
reduces to DJ>1+ A'A“ 0 


As an odd number of the four quantities m this equation roust 
bo negative, either S g or S x has positive curvature and the other 
negative Similar results follow if we begin with the assumption 
that S v or S 9 has negative curvature 

If the curvature of S he positive, the conjugate system common 
to it and 5, is ml (cf § 56), consequently the asymptotic lines 
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on S 0 are real, and the curvature of the latter is negative. But 
we saw that when the curvature of S 0 is negative, and of S positive, 
that of also is negative. Hence : 

Given a set of three surfaces S, S v S 0 ; one and only one of them 
has positive curvature. 

Suppose that S is referred to the conjugate system corresponding 
to asymptotic lines on S 0 . The point equation of S is 

<33) dudv X 1 J du X 2 J dv * 

Wo shall prove that this is the point equation of A, also. 

If we differentiate the equation 

dx. dy dz 

du 0 du ya du 

with respect to v, and make use of the fact that y and z are solu- 
tions of (33), we have, in consequence of (26), 

fh- - ( d Jsi Z JL - d Jtn + / 12 X + / 12 X HZ. . 

dudv \dv du dv du) 1 1 J du X 2 J dv 


But the expression in parenthesis is zero in consequence of equa- 
tions similar to (24), and hence x l is a solution of (33). 

Since the parametric curves on S a are its asymptotic lines, the 


spherical representation of S 0 and consequently of S must satisfy 


the condition 


i-( 12 V=-l 12 V 

Sa X 1 J dv X 2 J ’ 


Hence we have the theorem of Cosserat: 

The problem of infinitesimal deformation of a surface is the same 
as the determination of the conjugate systems with equal tangential 
invariants upon the surface. 

158. Surfaces resulting from an infinitesimal deformation. We 
pass to the consideration of the surface S’ arising from an infini- 
tesimal deformation of S. Its coordinates are given by 

(34) j— x + eXp -hey,, z’=z + ez v 

where e is a small constant whose powers higher than the first are 
neglected. Since the fundamental quantities of the first order for 
S, namely E\ G\ are equal to the corresponding ones for S, by 
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means of (26) the expressions for the direction-cosines X 1 , Y 1 , Z 1 
of the normal to S' are reducible to 


(35) X'~X+€(lZs~Zy,) 

and similar expressions for Y' and Z'. 

The derivatives of X' with respect to « and v are reducible by 


means of (29) to 






8X' 


f 8Y 

8Z\ 



0X\ 

to 

du + ' 

\" to 

' y "to) 

,+ /T 

^ ® to 0 

to)' 

dX' 


1 8Y 

8Z\ 

| . ££i 

(D" d -*-D 

,arv 

8v 

-17 + e ( 

* 9 8v 

~ y °8v ) 

1+#! 

V ° dll 1 

1 8v /’ 


where a is ±1 according as the curvature of S t is positive or negative. 
When these results are combined with (26) and (34), we obtain 
8z! 8X r yA 8x dX ea 
&to to + 


*4 to \ 0 to 0 8v J 
^ L \8w to 8u to) to to to) \ 


The last expression is identically zero, as one sees by writing it 

out in full From this and similar expressions for V — 

j, ., y , F ** to 8v 

i and V- — , the -values for the second fundamental 
** 8v 8u ** do 8 v 
coefficients of S’ can be given m the form 


(36) 


Jbf = D ' + ^ {D' t 'D - D' O') = D' 4- ^ (Dj D> — D 0 D"), 


We know that /f is equal to ±HK according as the curvature 
of S is positive or negative (cf § 60) Also, by § 157, one and only 
one of three surfaces S, S v S t has positive curvature Recalling 
that a m the above formulas is ± 1 according as the curvature of 
S t is positive or negative, we can, in consequence of (31), write 
equations (36) in the form 

m a *. 

where the upper sign holds when S t has positive curvature. 
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From these equations it is seen that and D' can be zero sim- 
ultaneously only when D[ is zero. Hence we have: 

The 'unique conjugate system which, remains conjugate in an infini- 
tesimal deformation of a surface is the one corresponding to a conju- 
gate system on or, what is the same thing, to the asymptotic lines 
on S r 

In particular, in order that the curves of this conjugate system 
be the lines of curvature, it is necessary and sufficient that the 
spherical representation be orthogonal, and consequently that <S 0 be 
a minimal surface (cf. § 55). From this it follows that the spherical 
representation of the lines of curvature of S is isothermal. Con- 
versely, if a surface is of this kind, there is a unique minimal sur- 
face with the same representation of its asymptotic lines, and this 
surface can be found by quadratures. Hence the required infinites- 
imal deformation of the given surface can be effected by quadra- 
tures (26), and so we have the theorem of Weingarten *: 

A necessary and sufficient condition that a surface admit an infini- 
tesimal deformation which preserves its lines of curvature is that the 
spherical representation of the latter he isothermal; when such a 
surface is expressed in terms of parameters referring to its lines of 
curvature , the deformation can he effected hy quadratures. 


159. Isothermic surfaces. By means of the results of § 158 we 
obtain an important theorem concerning surfaces whose lines of 
curvature form an isothermal system. They are called isothermic 
surfaces (cf. Exs. 1, 3, p. 159). 

From equations (23) it follows that if the common conjugate 
system on two associate surfaces is orthogonal for one it is the 
same for the other. In this case equation (22) reduces to 


du dv 



of which the general integral is 

E U 
G V* 

where U and V are functions of u and v respectively. Hence the 
lines of curvature on S form an isothermal system (cf. § 41). 


• SifrunjtEirricAfe rtcr KOnig. A l- a (Ionic Berlin, 18SG. 
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If the parameters be isothermic and the linear element written 
cfo* = r(du 1 + dv 1 ) 

it follows from (21) that 

(87) X-l, 

and equations (23) become 

dx 0 X di di Q 1 dx 

du r du dv r dv 

From these results we derive the following theorem of Bour * and 
Chi is toff el 

Jf the linear element of an isothermic turf ace referred to its fines 
of curvature be *- r + dv 1 ) 

a second isothermic surface can he found by quadratures It is asso- 
ciate to the given one and its linear element is 

iis*= * (rfu’-f dr 1 ) 

From equations (16) and (17) it follows that the equation of the 
common conjugate system (IV, 43) on two associate surfaces 8 S 0 
is reducible to 

(38) /idu a + 2 \dudv + <rdv i = 0 

The preceding results tell us that a necessarj and sufficient condi 
tion that & be an isothermic surface is that there be a Bet of solu 
tions of equations (19) such that (38) is the equation of the lines 
of curvature on S Hence there must be a function p such that 
p. = p(ED-FD) 2 \ = p(ED -GD) <r = p(F& -~GP) 
satisfy equations (19) f Upon substitution we are brought to two 
equations of the form 

gl ogP - g 3loRP _ a 

du dv 

where a and /9 are determinate functions of u and v In order that 
<S he imthftxmm thesa mnah aafoafy iisjt enzs&fcwn. 

dv du 

When it is satisfied, p and consequently /*, X, <r are given by quad 
ratures , 

•Journal de l Ecole Polytcchmqut Cahler 39 (1862) p 118 
t Cf 3 anchi Vol 11 p 30 
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Consider furthermore the form 


(39) H (y du 2 +2 Xdudv + a dir). 

From (37) it is seen that when the lines of curvature are para- 
metric, this expression reduces to 2 dudv. Hence its curvature is 
zero (cf. V, 12), and consequently the curvature of (39) is zero. 
From § 135 it follows that this form is reducible to du^Vy by quad- 
ratures. Hence we have the theorem of Weingarten: 

The lines of curvature upon an isothermic surface can he found by 
quadratures. 


Wo concludo this discussion of isothermic surfaces with the proof of a theorem 
of Itibaucour. He introduced the term limit surfaces of a group of applicable sur- 
faces to designate the members of the group whose mean curvature is a maximum 
or minimum. According to Ribaucour, 

The limit surfaces of a group of applicable surfaces are isothermic. 


In proving it we consider a member S of the group referred to its lines of cur- 
vature. Its mean curvature is given by D/E + D"/G. In consequence of equations 
(30) the mean curvature of a near-by surface is, to within terms of higher order, 


3 .r 

E + G 


D D" e n , id 

~E + G ± /f V °\E g)' 


A necessajy and sufficient condition that the mean curvature of S bo a maximum 
or minimum is consequently v /j) jyo 


«(!-!>»• 


Excluding the case of the sphere for which the expression in parenthesis is zero, 
we have that Dj is zero. Ilcnco the common conjugate system of 5 and So is com- 
posed of lines of curvaturo on tho former, and therefore S is isothermic. 


GENERAL EXAMPLES 

1. If x, y, s and aq, y>, Zj are tho coordinates of two surfaces corresponding with 
orthogonality of linear elements, the coordinates of a pair of applicable surfaces 
arc given by { , = x + tx u vi~V + t’Ju fi = 2 + <z i, 

f»=*-fctq, ijs = y — tyi, ib = z-fr,, 
where t is any constant. 

2. If two surfaces are applicable, the locus of the mid-point of the line joining 
corresponding points admits of an infinitesimal deformation in which this line is 
the generatrix, 

3. Whatever be the surface S, the characteristic equation (7) admits tho solu- 
tion <p = a X + bY + cZ, where a, 6, e are constants. Show that S 0 is the point 
(a, 6, c) and that equations (20) become 

xi = cy — bz -f </, y, = az — ex + c, z t = bx — ay -f /, 
where d, c,/nre constants; that consequently S\ is a plane, and that the infinitesi- 
mal deformation is in reality an infinitesimal displacement- 
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4 Determine the form of the results of Exs. 1, 2, where ^ has the value of Ex 3 

5 Show that the first fundamental coefficients E lt Ft, of a surface Si are of 

the form i / ?*\* 

Ex = E<t* + — - — I D— — D'— I , 

9 H*K*\ Sv eu/ 

, e^\ 


Ft - F<p* + 1 -(p— 

1 9 Sr, v», » 

Gt = c$* + — — Y 

* ^ /2*A*\ 3u/ 


{ 2o 


tu} 


6 Let 2 denote the locus of the point which bisects the segment of the normal 
to a surface S between the centers of principal curvature of the latter In order 
that the lines on 2 corresponding to the lines of curvature on S shall form a conju 
gate system, it is necessary and sufficient that 2 correspond to a minimal surface 
with orthogonality of linear elements, aDd that the latter surface and S correspond 
with parallelism of tangent planes 


T Show that when the spherical representation of the asymptotic lines of a eur 
face 5 satisfies the condition e ? t°2) 

dispel 1 1 r 


equations (25) admit two pairs of solntions which are such that = a and « = - * 
On the two associate surfaces S a thus found by quadratures the parunetuc 
systems are Isothermal conjugate, and So and So are associates of one another 

8 Show that the equation of Fx 7 is a necessary and sufficient condition that 
two surfaces associate to S be associate to one another 

9 Show that when the sphere is referred to its minimal lines, the condition of 
1 x 7 is satisfied and investigate this case 

10 On any surface associate to a pseudospherical surface the curves correspond 
mg to the asymptotic lines of the latter are geodesics A surface with a conjugate 
system of geodesics is called a surface of Voss (cf 1 170) 

11 Determine whether minimal surfaces and the surfaces associate to pseudo- 
spherical surfaces are the only surfaces of Voss. 


12 When the equations of a central quadne are In the form (VH, 35), the asso- 
ciate surfaces are given by 

So =■ J* U(1 - u’) du + J V(1 - t*)d»J , 

ya = 2i/bj j % Uudu + f Vodoj, 

*o = tVc| J U{l + u?)du-f r(l + E3)d D J, 

where 77 and V are arbitrary functions of n and t> respectively , hence the associates 
are surfaces of translation 


13 When the equations ol a paraboloid are in the form 

x =Vn(u + v), v =Vb{rt — e), z = 2uv, 
the associate surfaces are surfaces of translation whose generators are plane curves , 
their equations are 

z 0 =Va{tf + V) y 9 = y/b(V ~ J7), to = 2 J" uU du + 2 J'vV'dv, 
where U and V are arbitrary functions of u and t> respectively 
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14. Show that a quadric admits of an infinitesimal deformation which preserves 
its lines of curvature, and determine the corresponding associate surface. 

15. Since the relation between S and S t is reciprocal, there is a surface S s 
associate to Si whicli bears to S a relation similar to that of So to Sj. Show that 
the asymptotic lines on So and S a correspond, avid that these surfaces arc polar 
reciprocal with respect to the imaginary sphere x- -f y- -f z" + 1 = 0. 

16. Sinco the relation between S and So is reciprocal, there is a surface Sj cor- 
responding to S 0 with orthogonality of linear elements which bears to S a relation 
similar to that of Si to S 0 . Show that the asymptotic lines on Si and Sj correspond, 
that the coordinates of the latter are such that 

Xi — z* = yzo~ zy 0 , Vi — y: = zxo — xz 0 , Zi - z» = *Po — yzo, 
and that the line joining corresponding points on Si and S- is tangent to both surfaces. 

17. Show that if Sj denotes the surface corresponding to S 3 with orthogonality 
of linear elements which is determined by Si, associate to S3, the surfaces S and 
Sj arc related to one another in a manner similar to Si and S» of Ex. 10. 

18. Siiow that the surface S 4 , which is the associate to Sj determined by So, is 
the [tolar reciprocal of S with respect to the imaginary sphere xr + y- + z- + 1 = 0. 

19. If wc continue the process introduced in the foregoing examples, we obtain 
two sequences of surfaces 

S, Si, S3, Sj, Sj, So, S„, •••, 

S, So, Sj, Si, S c , Sj, S 10, • • • . 

Siiow that Sn and S10 are the same surface, likewise S« and So, and that conse- 
quently there is a closed system of twelve surfaces ; they are called the twelve sur- 
faces of Darboux. 

20. A necessary and sufficient condition that a surface referred to its minimal 

lines be isothermic is that £ jj 

1 F~v' 

where U and V are functions of it and v respectively. 

21. A necessary and sufficient condition that the lines of curvature on an iso- 
thermic surface be represented on the sphere by an isothermal system is that 

Pi = U 

Pi V' 

where V and T are functions of u and r respectively, the latter being parameters 
referring to the lines of curvature. Siiow that the parameters of the asymptotic 
lines on such a surface can be so chosen that E = G. 

22. Show that an isothermic surface is transformed by an inversion into an 
isothermic surface. 

23. If s, and S- are the sheets of the envelope of a family of spheres of two 
Parameters, which are not orthogonal to a fixed sphere, and the points of contact of 
any sphere are said to correspond, in order that the correspondence be conformal, 
it is necessary that the lines of curvature on Si and Sj correspond and that these 
surfaces k< isothermic (cf. Ex. 15, Chap. XIII). 
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160 Definition of a congruence Spherical representation Atwo- 
inrameter system of straight lines in space is called a rectilinear 
congruence The normals to a surface constitute such a system, 
likewise the generatrices of an infinitesimal deformation of a sur 
face (cf § 152) Later we shall find that m general the lines of a 
congruence die not normal to a surface Hence congruences of 
normals form a special class , they are called normal congruence * 
They were the first studied, particularly m investigations of the 
effects of reflection and refraction upon rays of light The first 
purely mathematical treatment of general rectilinear congruences 
was given by Kummer in his memoir, Allgemeine Theorie der 
gradlinigen Strahlensysteme * We begin our treatment of 
the subject with the derivation of certain of Kummer’s results by 
methods similar to his own 

From the definition of a congruence it follows that its lines 
meet a given plane in such a way that through a point of the 
plane one line, or it most a finite number, pass Similar results 
hold if a surface he taken instead of a plane, this surface is 
called the surface of reference And so we may define a con 
gruence analytically by means of the coordinates of the latter 
surface in terms of two parameters u, i, and by the direction 
cosines of the lines in terms of these parameters Thus, a con 
gruence is defined by a set of equations such as 


f x («. v), y =/, (k, v), 2 =/, (u, v). 


where the functions / and are analytic in the domain of u and v 
under consideration, and the functions <f> are such that 
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We make a representation of the congruence upon the unit 
sphere by drawing radii parallel to the lines of the congruence, and 
call it the spherical representation of the congruence. When we put 

* ^(f)’ *-?<!& 

the linear element of the spherical representation is 

( 3 ) da" — S'du s -\-2^dudv + ^dv‘. 

If we put 

... -v-v dx dX p dx dA. pi dx dX dx c-A 

(4) 

we have the second quadratic form 

(5) 5} dxdX — e did + (/ +f) dndv + g dv 2 , 
which is fundamental in the theory of congruences. 

161. Normal congruences. Ruled surfaces of a congruence. If 
there he a surface S' normal to the congruence, the coordinates 
of S' are given by 

(6) x'=x + tX, y'=y+tY, z'=z + tZ, 

where t measures the distance from the surface of reference to S'. 
Since S' is normal to the congruence, we must have 

(i) '%Xd(x+tX) = 0, 

which is equivalent to 

( 8 ) 




du on 


Ta— + |^ = 0. 

cv 


dv 


If these equations be differentiated with respect to v and u respec- 
tively, and the resulting equations be subtracted, we obtain 

( 9 ) /=/'. 

Conversely, when this condition is satisfied, the function t given 
by the quadratures (8) satisfies equation (7). Since t involves an 
additive constant, equations (6) define a family of parallel surfaces 
normal to the congruence. Hence : 

-d necessary and sufficient condition for a normal congruence is 
that f and f be equal. 

The lines of the congruence which pass through a curve on the 
surface of reference S form a ruled surface. Such a curve, and 
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consequently a ruled surface of the congruence, is determined by a 
relation between u and v Hence a differential equation of the form 


(10) 2Idu+Ndv = 0 

defines a family of ruled surfaces of the congruence We consider 
a line l(u , v) of the congruence and the ruled surface 2 of this 
family upon which l is a generator, we say that 2 passes through l 
We apply to 2 the results of §§ 103, 104 

If d» 0 denotes the linear element of the curve C in which 2 cuts 
the surface of reference, it follows from (VII, 54), (3), and (5) that 
the quantities a* and b for 2 have the values 


(U) 



, dX_ dx_ _ e du* + (f +f) dudv + g dv* 

** d» Q dt 0 ds* 


From (VII, 58) we have that the direction-cosines X, p, v of the 
common perpendicular to l and to the line l of parameters u + dti, 
v + dv, where dv/du is given by (10), have the values 


(12) x-(r£-*£). »■-(*£-*£> ”(*=- r ©' 

which, by means of (V, 31), are reducible to 

(IS) n ^ dv du / \ dv du ) 

d<i 

and similar expressions for p and v 
From (12) it follows that 

, dX . dY dZ 

x ~r+t L -r+ v - ~ 

a<r a<r 


do- 


0 


Since dX/der, dY/d<r , dZ/dc are the direction cosines of the tangent 
to the Bphencal representation of the generators of 2, we have the 
theorem 

Qnen a ruled turf ace 2 of a congruence, let C be the cune on 
the um£ sphere which represents 2, and M the point of C correspond 
tng to a generator L of 2, the limiting position of the common per- 
pendicular to L and a near-by generator of 2 t» perpendicular to the 
tangent to C at V 
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162. Limit points. Principal surfaces. By means of (VII, 62) 
and (12) we find that the expression for the shortest distance 8 
between l and V is, to within terms of higher order, 


8 


ds[ 

dtr 


dx 

dy 

dz 

ds a 

ds a 

ds o 

X 

Y 

Z 

dX 

dY 

dZ 

ds 0 

ds 0 

A> 


When the values (13) for A, p, v are substituted in the right-hand 
member of this equation, the result is reducible to 

<o du + &dv, dn + gdv 
e du + fdv, f’dtt + ffdu 



If A r denotes the point where this line of shortest distance meets 1, 
the locus of N is the line of striction of 2. Hence tiie distance of 
N from the surface S, measured along l, is given by (VII, 65) ; if 
it he denoted by r, we have, from (11), 


(15) 


edir + (f-bf) dudv + ffdv~ 
€ did + 2 & dudv + gdv 1 


For the present* we exclude the case where the coefficients of 
the two quadratic forms are proportional. Hence r varies with 
the value of dv/du, that is, with the ruled surface 2 through l. If 
we limit our consideration to real surfaces 2, the denominator is 
always positive, and consequently the quantity r has a finite maxi- 
mum and minimum. In order to find the surfaces 2 for which r 
has these limiting values, we replace dv/du by t, and obtain 

(16) r — c + 111 1 + ■ 

If we equate to zero the derivative of the right-hand member with 
respect to t, we get 

(1 ') (<T+ art) (f-bf) + ytj — (<&■+■ ^) + q(/+/ , )^J — 0, 

a quadratic in t. Since S3 — > 0, we may apply to this equation 
reasoning similar to that used in connection with equation (TV, 21), 


ct. Ex. i, § m. 
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and thus prove that it has two real roots The corresponding values 
of r follow from (16) when these values of t are substituted in the 
latter Because of (17) the resulting equation may be written 

e + Uf+f)t £(/+/') + 1 * , 

& + $t &-\-i}t 

where i indicates a root of (17) and f the corresponding value of r 
When we write the preceding equations in the form 

| + « j + -f ^ (/ +f ) j 1 ~ 0, 
[^+!</+/ , >]+j^+j]‘=o. 

and eliminate t, we obtain the following quadratic in r 

(18) <« - $V + - (/ + f) $+'0}r + eg- (~Y~j - 0 

If r, and r t denote the roots of this equation, we have 


. (f +P)£—g€—e& 

,+ ’“ ess' 
rr jy-wy 

1 ‘ 4 («?-#•) 


The points on l corresponding to these values of r are called its 
limit points They are the boundaries of the segment of l upon 
which lie the feet of each perpendicular common to it and to a 
near by line of the congruence The ruled surfaces of the con- 
gruences which piss through l and are determined by equation 
(17) are called the principal surfaces for the line There are two 
of them, and their tangent planes at the limit points are determined 
fay l and by the perpendiculars of shortest distance at the limit 
points They are called the principal planet 

In order to find other properties of the principal surfaces, we 
imagine that the parametric curves upon the sphere represent these 
surfaces If equation (17) be written 

&d\i+&dv 

« <?“ + 1 (/+/') *, + 


1=0, 
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it is seen that a necessary and sufficient condition that the ruled 
surfaces v = const., u = const, be the principal surfaces, is 

gf- \(f+f) 3=0. 

From these it follows that since the coefficients of the two funda- 
mental quadratic forms are not proportional, we must have 

(21) <^=0, /+/'= 0. 

From the first of these equations and the preceding theorem follows 
the result : 

The principal surfaces of a congruence are represented on the 
sphere by an orthogonal system, and the two principal planes for 
each line are perpendicular to one another. 


For this particular parametric sj'stem equation (13) reduces to 
£~~dzi — 3—dv 

(22) X = 

so that the direction-cosines X,, iq of the perpendicular whose foot 
is the limit point on l corresponding to v = const, have the values 


. 1 dX 

A. = —— — , 
V# OV 


1 dY 
Vg dv ’ 


1 dZ 
1,1 s/fto 


Hence the angle o> between the lines with these direction-cosines 
and those with (22) is given by 

(23) cos ta = V XX = — = • 

^ -J€du" + $dv 1 

The values of r x and r. are now 




so that with the aid of (23) equation (15) can be put in the form 
(21) r — r x cos s oj 4- r, sin 5 w. 

This is Hamilton's equation. We remark that it is independent of 
the choice of parameters. 



398 


RECTILINEAR CONGRUENCES 


163 Developable surfaces of a congruence. Focal surfaces In 
order that a ruled surface ha developable, it is necessaiy and suffi 
cient that the perpendicular distance between very near generators 
be of the second or higher order From (14) it follows that the 
ruled surfaces of a congruence satisfying the condition 
| gdu+&dv, £du+gdi I 

j e du +f dv, f'du + gdv | 

are developable Unlike equation (20), the values of dv/du satis 
fying this equation are not necessarily real We have then the 
theorem 

Of all the ruled surfaces of a congruence through a line of it two 
are developable , but they are not necessarily real 

The normals to a real surface afford an example of a congruence 
with real developables , for, the normals along a line of curvature 
form a developable surface {§ 51) Since/ and f are equal in this 
case, equations (20) and (25) are equivalent And, conversely, they 
are equivalent only in this case Hence 

When a congruence u normal , and only then , the principal surfaces 
are developable 

When a ruled surface is developable its generators are tangent 
to a curve at the points where the lines of shortest distance meet 
them Hence each line of a congruence is tangent to two curves 
in space, real or imaginary according to the character of the roots 
of equation (25) The points of contact are called the focal points 
for the line By means of (25) we find that the values of r for 
these points are given by 

__ edu + fdv _ f'du +gdv 
^ £du+<trdv <3 : du-‘rgdv 

If these equations he written in the form 

(<fp + e)du + (Jp 4 •/) da = 0, 

(<?P +f)du + ($> +g)dv=* 0, 
and if du, da be eliminated, we have 
(26) + eg-ff'= 0 
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If /jj and p„ denote the roots of this equation, it follows that 


(27) 


Px+P".= 


(f +/') g€— 


PiP* 


cg-ff' 


From (19) and (27) it is seen that 


(28) 




( r i ~ r i) 1— ■ (Pi — PtY — 




These results may he interpreted as follows : 

The mid-points of the two segments hounded respectively by the 
limit points and by the focal points coincide. 


This point is called the middle point of the line and its locus the 
middle surface of the congruence. 

The distance between the focal points is never greater than that 
between the limit points. They coincide when the congruence is normal. 

Equation (24) may he written in the forms 

„ r — r. . „ r.~r 

cos'oj = -i smta = — 

r t — r , r \~r- 

Henco if ©, and denote the values of © corresponding to the 
developable surfaces, we have 

a Pi—r. 

COS"©, = — => 

r i ~ r 2 

» p.— r„ 

cos*©„ = — r 

3 7* 7* 

From these and the first of (28) it follows that 

cos 5 ©. = sin 1 to,, sin 5 ©, = cos 5 ©,, 

so that 5 

(29) cos 2 ©j 4 - cos 2 ©, = 0, 
and consequently 

(30) “l + ©- = ± 7!77, 
or 

( 31 ) ©,— w.= — ±mr. 


sin 5 ©, = — — — > 


sir©.: 


r x~Pi 
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where n denotes any integer I£ the litter equation be true, the 
developable surfaces are represented on the sphere by an ortbog 
onal system as follows from the theorem at the close of § 161 But 
by § 34 the condition that equation (25) define an orthogonal sys 
tem on the sphere isf —f that is the congruence must be normal 
Since m this case the principal surfaces aie the developables, equa 
tion (30) as well as (31) is satisfied Hence equation (30) is the 
general solution of (29) 

The planes through 2 which make the angles to l a 2 with the 
principal plane to « 0 are called the focal planes for the line they 
are the tangent planes to the two developable surfaces through 
the line Incidentally we have proved the theorem 

A necessary and sufficient condition that the two focal planes for 
each line of a congruence he perpendicular i» that the congruence 
he normal 


4nd from equation (30) it follows that 

The focal planes are symmetrically placed with respect to the prin- 
cipal planes in such a uay that the angles formed hy the two pairs 
of planes have the same bisecting planes 


If & denote the angle between the focal planes, then 


and 

(32) 


7=0).— <*>, = — — U 


Bin 6 = cos 2 to, = cos 2 «u, — cos* to. *= — — — 

r i~~ r » 


The loci of the focal points of a congruence are called its focal 
surfaces Each line of the congruence touches both surfaces, being 
tangent to the edges of regression of the two developables through it 
By reasoning similar to that employed in the discussion of surfaces 
of center (§ 74) we prove the theorem 

A congruence may l e regarded as two families of developable sur 
faces Each focal surf a cets touched by the developables of one family 
along their edges of regression and enveloped by those of the other 
family along the curves conjugate to these edges 


The preceding theorem shows that of the two focal planes through 
a line l one is tangent to the focal surface S 2 and the other is the 
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osculating plane of the edge of regression on S 1 to which l is tan- 
gent; similar results hold for S„. When the congruence is nor- 
mal these planes are perpendicular, and consequently these edges 
of regression are geodesics on S l and S„. Since the converse is 
true (§ 76), we have : 

A necessary and sufficient condition that the tangents to a family 
of curves on a surf ace form a normal congruence is that the curves be 
geodesies. 


EXAMPLES 

1. If X, r, Z are the direction-cosines of the normal to a minimal surface at 
the point (z, y, z), the line whose direction-cosines are Y, — X, Z and which passes 
through the point (z, y, 0) generates a normal congruence. 

2. Prove that the tangent planes to two confocal quadrics at the points of con- 
tact of a common tangent are perpendicular, and consequently that the common 
tangents to two confocal quadrics form a normal congruence. 

3. Find the congruence of common tangents to the paraboloids 

x- + y- = 2 az, z 2 + y- = — 2 az, 
and determine the focal surfaces. 

4. If two ruled surfaces through a line L are represented on the sphere by 
orthogonal lines, their lines of striction meet L at points equally distant from the 
middle point. 

5. In order that the focal planes for each line of a congruence meet under the 
same angle, it is necessary and sufficient that the osculating planes of the edges of 
regression of the developables meet the tangent planes to the focal surfaces under 
constant angle. 

C. A necessary and sufficient condition that a surface of reference of a congru- 
ence be its middle surface is g<f — (/ +f)g-r eg = 0. 


164. Associate normal congruences. If we put 
(33) y : 


A du' 


equations (S) may be replaced by 

(34) t — c — J 7 du + 7 , dt', 

where c is a constant. Now equation (9) is equivalent to 

(35) SZ_£V.. 

dv cu 
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In consequence of this condition equation (34) may he written 
(36) t = c~<fi(u,), 

where «, is a function of u and v thus defined. If the orthogonal 
trajectories of the curves «!= const be taken as parametric curves 
t,*= const, it follows from (36) and from equations in u, and v l 
analogous to (33) and (34) that 



From this result follows the theorem 

The lines of a normal congruence cut orthogonally the curves on 
the surface of reference at whose points t is constant 

If 0 denotes the angle which a line of the congruence makes 
with the normal to the surface of reference at the point of inter 
section, we have 



where the linear element of the surface is 


ds* = E dul+G dv* 


If S be taken for the surface of reference of a second congruence 
whose direction-cosines JTj, F,, Z x satisfy the conditions 




where <£ t (tt,) is any function whatever of u t , this congruence is 
normal and t t has the value 




Since (f> x is any function, there is a family of these normal congru- 
ences which we call the associates of the given congruence and of 
one another Through any point oi the surface oi reference there 
passes a line of each congruence, and all of these lines lie in the 
plane normal to the curve u, = const through the point Hence 
The two lines of two associate congruences through the tame point 
of the surface of reference he tn a plane normal to the surface 
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Combining with equation (37) a similar one for an associate con- 
gruence, we have 

sin 8 <£'(«,) 


(38) 


sin B. 4>[(u.) 


=/(». i)- 


Hence we have the theorem : 

The ratio of the sines of the angles which the lines of two associate 
congruences make with the normal to their surface of reference is con- 
stant along the curves at whose points t is constant. 

When in particular /(«,) in (38) is a constant, the former theorem 
and equation (38) constitute the laws of reflection and refraction of 
rays of light, according as the constant is equal to or different from 
minus one. And so we have the theorem of Malus and Dupin : 

If a bundle of rays of light forming a normal congruence be reflected 
or refracted any number of times by the surfaces of successive homo- 
geneous media, the rays continue to constitute a normal congruence. 

By means of (37) equation (36) can be put in the form 
t = c—J 'Se sin 6 du y 

From this result follows the theorem of Beltrami * : 

Jf a surface of reference of a normal congruence be deformed in such 
a way that the directions of the lines of the congruence with respect 
to the surface be unaltered, the congruence continues to be normal. 


165. Derived congruences. It is evident that the tangents to the 
curves of any one-parameter family upon a surface S constitute a 
congruence. If these curves be taken for the parametric lines 
v — const., and their conjugates for u — const., the developables in 
one family have the curves v = const, for edges of regression, and 
the developables of the other family envelop S along the curves 
v — const. We may take 5 for the surface of reference. If be 
the other focal surface, the lines of the congruence are tangent to 
the curves u — const, on S r The tangents to the curves v = const, 
on 5, form a second congruence of which S, is one focal surface, 
and the second surface S . is uniquely determined. Moreover, the 


* Giornale di matematictie, Vol. II (1804), p. 2S1. 
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lines of the second congruence are tangent to the curves « = const 
on S a In turn we may construct a third congruence of tangents 
to the curves v = const on S t This process may be continued 
indefinitely unless one of the^e focal surfaces reduces to a curve, 
or is infinitely distant 

In like manner we get a congruence by drawing tangents to 
the curves u = const on S, which is one focal surface, and the 
other, S v is completely determined The tangents to the curves 
u ~ const on S_ t form still another, and so on In this way we 
obtain a suite of surfaces 


S „ S „ 


s, S lt S' 


which is terminated only when a surface reduces to a curve, or 
its points are infinitely distant Upon each of these surfaces the 
parametric curves form a conjugate system The congruences thus 
obtained have been called derived congruences by Darboux * It is 
clear that the problem of finding all the derived congruences of a 
given one reduces to the integration of the equation of its devel 
opables (25), for, when the developables are known we have the 
conjugate system on its focal surfaces 

In order to derive the analytical expressions for these results, 
we recall (§ 80) that the coordinates x, y, z of S are solutions 
of an equation of the form 


(39) 


SB M,.d6 
r-v + « — + o — = 0, 
du dv du ov 


where a and b are determinate functions of u and v If the coordi 
nates of S t be denoted by r,, y v z,, they are given by 


, \ Bx du 

y,-=y + \£. 


where X,vCff measures the distance between the focal points But 
as the lines of the congruence are tangent to the curves « = const 
on 8# we must have 


dx. dz By. du dz. dz 

dv l dU dv r du dv du 


(40) 


Vol II pp 10-22 
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•where /q is a determinate function of u and v. When the above 
value for x v is substituted in the first of these equations, the result 
is reducible, by means of (39), to 


( d 2h - a \ - a *,) — + (1 - b\ ) = 0 . 

\dv 1 Vow v l, dv 


Since the same equation is true for y and z, the quantities in paren- 
theses must be zero, that is, 



_ a l a 

dv b b 


Hence the surface S l is defined by 

1 dr. 


(41) 


x t =x + 


b on 


, 1 by 


. 1 St 


and equations (40) become 

MO\ bx y _!o 1 a \ dx dz 1 _ / d 1 a\dz 

bv \3r b b/du 8v \Si/ b b/du dv \Si> b b/du 


Proceeding in a similar manner, we find that is defined by 
the equations 


fin, ,1 dX 

(43) a-_, = a; + -— , 

a dv 


, 1 dy 
y-i=v + -~' 
a oo 


, iaz 
z_l=z + -— , 
a dv 


and that 


dx„ i _ / a 1 b\dx 
du \cu a a ) dv 


and similar expressions in and z_ t . 

From (41) and (43) it is seen that the surface S l or £_i is at 
infinity, according as b or a is zero. When a and b are both zero, 
5 is a surface of translation (§ 81). Hence the tangents to the 
generators of a surface of translation form two congruences for 
each of which the other focal surface is at infinity. 

In order that S i be a curve, a - ,, ?/,, z 1 must be functions of u alone. 
From (42) it follows that the condition for this is 

d_l_a 
dv b b 


In like manner the condition that be a curve is 

c 1 b 
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The functions h and k, defined by 

h = ~ 4- ah, k = + ah, 

du dv 

are called the invariants of the differential equation (39) Hence 
the above results may be stated 

A necessary and sufficient condition that the focal surface S i or 
j$L i be a curve is that the invariant k or h respectively of the point 
equation of S he zero 


166 Fundamental equations of condition. We have seen (§ 160) 
that with every congruence there are associated two quadratic dif- 
ferential forms Now we shall investigate under what conditions 
two quadratic forms determine a congruence We assume that we 
have two such forms and that there is a corresponding congruence 
The tangents to the parametric curves on the surface of reference 
at a point are determined by the angles which they make with the 
tangents to the parametric curves of the spherical representation of 
the congruence at the corresponding point, and with the normal to 
the unit sphere Hence we have the relations 


(44) 


|£ = «§* +( 9 |i + 7 ;r, 

du 8u 3v 

dx , 8-T.-3A. ,, 

r- = «, — + Pi -r- + 7i-*i 


and similar equations in y and z, where a, /3, y , /8„ j, are functions 

of u and v If we multiply these equations by — » — » — respec 

dX cY dZ CU CU 0U 

tively, and add , also by and by X, Y, Z, we obtain 

J J do dv dv 


e * 

- jS^ , 

f — Uf5 + 

7=5)^ 

^ CU 


= a£ + fig, 

y = a x &+0 l 0. 

V -r^ 1 

i' = Z x T„' 

from Tthvth 



(45) 

T i 

II 

? n f€-e& 

P €0-$*' 

1 ^ du 

t * 

? o 9&~~f& 

lt * 1 &-3*' 

V v^ z 
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In order that equations. (44) be consistent, we must have 



which, in consequence of equations (V, 22), is reducible to the form 

jt?X + S?f+TX= 0 , 

on dv 


where Ji, S, T are determinate functions. Since this equation must 
be satisfied by Y and Z also, we must have -72 = 0, S = 0, T= 0. 
When the values of a, ft, a,, /S,, from (45), are substituted in these 
equations, we have 


(47) 


££_ 

dv 

r. 

dv 


on 


-fi 


12 }'c + 


ft lv ' 


F' 




M. 

du 


/22V / 12 V- /22V,, , /12V - „ , 


\dv du 


Conversely, when we have a quadratic form whose curvature 
is +1, it may be taken as the linear element of the spherical rep- 
resentation of a congruence, which is determined by any set of 
functions e, /, /', g, 7, 7,, satisfying equations (47). For, when 
these equations are satisfied, so also is (46), and consequently 
the coordinates of the surface of reference are given by the 
quadratures (44). 

Incidentally we remark that when the congruence is normal, and 
the surface of reference is one of the orthogonal surfaces, the last 
of equations (47) is satisfied identically, and the first two reduce 
to the Codazzi equations (V, 27). 

Wc apply these results to the determination of the congruences 
with an assigned spherical representation of their principal surfaces, 
and those with a given representation of their developables. 

167. Spherical representation of principal surfaces and of devel- 
opables. A necessary and sufficient condition that the principal 
surfaces of a congruence cut the surface of reference in the para- 
metric lines is given by (21). 
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If we require that the surface of reference be the middle surface 
of the congruence, and if r denote half the distance between the 
limit points, we have, from (15), 

(48) e— — r£, g = rg 

When these values are substituted m (47), the first two become 



and the last is reducible to * 



Moreover, equations (44) become 

dx - f , y 0 T_/aX. 0 X. 

^ ^ 8u du g dv + Y 1 dv £ dv. 8v 


where 7 and are given by (49) , and similar equations in y and z 
Out problem reduces, therefore, to the determination of pairs of 
functions r and f which satisfy (50) Evidently either of these 
functions may be chosen arbitrarily and the other is found by the 
solution of a partial differential equation of the second order 
Hence any orthogonal system on the unit sphere serves for the 
representation of the principal surfaces of a family of congruences, 
whose equations involve three arbitrary functions 

In order that the parametric curves on the sphere represent the 
developables of a congruence, it is necessary and sufficient that 

/'£— e&= 0, g&—f£— 0, 


as is seen from (25) If the surface of reference be the middle sur 
face, and p denotes half the distance between the focal points, it 
follows from (15) that e g 

P ~~£~T 


1 Cf Blanch] Vol 1 p 314 
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Combining these equations with the above, we have 
(52) c = — p<o, /=—/' = p&, g = p& 

When these values are substituted in the first two of equations (47) 
and the resulting equations are solved for y and y v we find 



and the last of equations (47) reduces to 


Each solution of this equation determines a congruence with the 
given representation of its developables,* and the middle surface 
is given bj' the quadratures 



and similar expressions in y and z. 

When the values (52) are substituted in (18) the latter becomes 
(££-<?*) r- - 0. 


Consequently equation (32) reduces to 


sin 6 


2 P 
2 r 




Referring to equation (III, 16), w r e have: 

The angle between the focal planes of a congruence is equal to the 
angle between the lines on the sphere representing the corresponding 
developables. 


This result is obtained readily from geometrical considerations. 
168. Fundamental quantities for the focal surfaces. We shall 
make use of these results in deriving the expressions for the funda- 
mental quantities of the focal surfaces S x and S., which are defined by 
T^x + pX, y x =y + pY, z^z + pZ, 

r.= r-pX t t/„= y-pP, z.= z~pZ. 


* Tills result is due to Guich.ird, .Innaiei tic I'Kcolc Xormale, Sor. 3, Vol. VI (1889), 
1 '?. 812 - 811 . 



410 


RECTILINEAR CONGRUENCES 


From these and (54) we get 



The coefficients of the linear elements of S 1 and S t , as derived 
from these formulas, are 


®«- 4 >‘'(f + { 1 iY)- ^,= 4^(|+{ 1 2 2 }'4 


The direction cosines of the normals to S x and S t denoted by 
X,, Y v Z x , X,, 1 ,, Z t respectively are found from the above equa 
tions and (V, 31) to have the values 

Y** z l 1 

j ■ i g(y.. g.) 3v 3« _ l f^sx *dX\ 

1 if, B(u, v) V? V?//V hi/ 

j._ 1 g(y„ a t ) :: 3u -1 / gx 0X\ 

* if, 0(«, r) ‘ V^//\ 0a 0«/’ 

and similar expressions for Y, and Z { If these equations be differ 
entiated, and the lesulting equations be reduced by means of (V, 22), 
they can be put m the form 

aa, _ // ri figyax r ] gx, = /Kf22V£x 
hi yfg 0V J’ dv glt-lS dv’ 

0x 3= ^ruv0x gx, = ri ri2y ax i 
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From these expressions and (55) we obtain 




V- S 

dx, 

du 

8X\ 

du 

(58) 

. 

2 

8x t 

~dv 

cX t _ 
du 



j?— 2 

8x { 

ov 

ax, _ 

8v '' 

and 





(59) 

„ 2///11V 


D' = 


M(*e+ 


v 4 fjXi — o 
^ du ov ’ 


m 


2 fj_ 

V? 



V^Vay 



From the foregoing formulas we derive the following expressions 
for the total curvature of <$>, and of S„: 


/f 1 


(60) 7i'=- 




22V 


^M}V) 



EXAMPLES 


X. If upon a surface of reference S of a normal congruence the curves orthog- 
onal to the lines of the congruence are defined by <f>(u, v) = const., and 0 denotes 
the angle between a line of the congruence and the normal to the surface at the 
point of meeting, then sin 3 e— &iF{<f>) where the differential parameter is formed 
with respect to the linear element of S. Show that 0 is constant along a line <p = const, 
only when the latter is a geodesic parallel. 


2. When in the point equation of a surface, namely 


t-0 , CD , ,1'U 

pa f-6 — = 0, 

du co Su co 

« or b is zero, the coordinates of the surface can be found by quadratures. 


3. Find the derived congruences of the tangents to the parametric curves on a 
tetrahedral surfaco (Ex. 2, p. 207), and determine under what conditions the sur- 
face S; or S_,- is a curve. 


4. Find tlio equation of the typo (30) which admits as solutions the quantities 
*J« Vi, -i given by (41). 

8. When a congruence consists of the tangents to the lines of curvature in 
one system on a surface, the focal distances are equal to the radii of geodesic 
curvature of the lines of curvature in the other system. 
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8 Eet S be a surface referred to Its lines of curvature let it and «a denote the 
arcs of the curves » = const and u = const respectively, ri rnd r 3 their radii of 
first curvature, and 7.'; and if s their radii of geodesic curvature for the second 
focal sheet 2 , of the congruence of tangents to the curves t? = const the linear 
element is reducible to 

it} = {dlt, - d*,)* + -jj- da* 
hence the curves >i = const are geodesics 

7 Show that Sj of Ex 0 Is developable when rj =f[a i) and determine the 
most general form of rt so that S 3 shall be developable 

B Determine the condition which p must satisfy in order that the asymptotic 
lines on either focal surface of a congruence shall correspond to a conjugate system 
on the other, and show that in this case 

(vT 

where 8 denotes the angle between the focal planes 

9 In order that the focal surfaces degenerate into curves, it is necessary and 
sufficient that the spherical representation satisfy the conditions 

10 Show that the surfaces orthogonal to a normal congruence of the type of 
Ex 9 are cyclldes of Dupin 

11 A necessary and sufficient condition that the second sheet of the congruence 
of tangents to a family of curves ou a surface S be developable is that the curves 
be plane 

169, Isotropic congruences An ttotropie congruence is one whose 
focal surfaces are developables with minimal edges of regression 
In § 31 we saw that H — 0 is a necessary and sufficient condition 
that a surface he of this kind Referring to (56) and (57), we see 
that we must have 

rVSM?}',)-. 

From (54) it is seen that if p were zero the middle surface would 
be a point, and from (55) that if the expressions m parentheses 
m •Mat* vuc Tftfrfstces Sj unA 3 S *wut£A verves ^vnseijaetf&y 
(61) ^=#=0 

Conversely, if this condition be satisfied, S 1 and S 3 are isotropic 
developables Hence an isotropic congruence is one whose devel 
opables are represented on the sphere by minimal lines. 
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In consequence of (61) we have, from (52), 

c =g = 0, 

and since / + f also is zero, it follows that 

(02) dxdX+ dydY+ dzdZ = 0. 

Therefore r is zero, so that all the lines of striction lie on the 
middle surface. Since (61) is a consequence of (62), we have 
the following theorem of Itibaucour,* which is sometimes taken 
for the definition of isotropic congruences : 

All the lines of striction of an isotropic congruence lie on the mid- 
dle surface ; and , conversely , when all the lines of striction lie on the 
middle surface , the congruence is isotropic ; moreover, the middle sur 
face corresponds to the spherical representation zvith orthogonality of 
linear eleznents. 


Ribaucour has established also the following theorem : f 

The middle envelope of an isotropic congruence is a minimal surface. 

Since the minimal lines on the sphere are parametric, in order 
to prove this theorem it is only necessary to show that on the 
middle envelope, that is, the envelope of the middle planes, 
the corresponding lines form a conjugate system. If TF denotes 
the distance of the middle plane from the origin, the condition 
necessary and sufficient that the parametric lines be conjugate 
is that TF satisfy the equation 


(63) 

By definition 


jf0_ 
du cv 


+ c?d=0. 


7F= 2 Air, 


and with the aid of (V, 22) we find 


Fir 
du ?v 


—~r + p=?— TF<?. 
du cv 


Since equation (53) reduces to 
satisfies (63). 


- c -~- + pc? = 0, the function IP 

du dv 


* Etude dps ElassoTdcs on Surfaces a Coufbure Moycnne Nullc, Ifemoirct CouronnCs 
t'&r f.icademir de Btiglquz, Vol. X1.IV (1SS1), p. G3. " t L.e., p. 31, 
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170 Congruences of Guichard Guichard* proposed and solved 
the problem 

To determine the congruence s whose focal surfaces are met by the 
developables xn the lines of curvature 

"With Bianchi we call them congruences of Guichard 

We remark that a necessary and sufficient condition that a con 
gruence be of this kind is that Z 1 , and F t of § 168 be zero From 
{66) and (57) it is seen that this is equivalent to 


Comparing this result with § 78, we have the theoreta 

A necessary and sufficient condition that the developables of a con- 
gruence meet the foeal surfaces in their lines of curvature is that the 
congruence be represented on the sphere by curves representing also 
the asymptotic lines on a pseudospherical surface 

In this case the parameters can be so chosen thatf 

<? = — COSA>, 

where a> is a solution of 

S 3 to 

- — = sin oj 

oudv 


In this case equation (53) is 
(65) = 


In particular, this equation is satisfied by X, Y, Z (V, 22) If we 
replace p by X in (54), we have 

S = 0, — =0, 

du dv 


consequently, for the congruence determined by this value of p, 
the middle surface is a plane 

From (55) it follows that the lines of the congruence are tangent 
to the lines of curvature v = const, on S t Consequently they are 


•Le p aw 


t This Is the only real sol at ion of (ft) 
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parallel to the normals to one of the sheets of the evolute of 5, 
(cf. §74); call it 2,. Hence the conjugate system on 2j corre- 
sponding to the lines of curvature on S t is represented on the 
sphere by the same lines as the developables of the congruence. 
Referring to (VI, 38), we see that condition (64) is equivalent to 

{?}-{?}-* 

where the Christoffel symbols are formed with respect to the linear 
element of 2,. But these are the conditions that the parametric 
curves on 2, be geodesics (cf. § 85). Surfaces with a conjugate 
system of geodesics were studied by Voss,* and on this account 
are called surfaces of Voss. Since the converse of the above results 
is true, we have the following theorem of Guiehard : 

A necessary and sufficient condition that the tangents to the lines 
of curvature in one family of a surface form a congruence of 
Guiehard is that one sheet of the evolute of the surface he a sur- 
face of Voss , and that the tangents constituting the congruence he 
those which are parallel to the normals to the latter. 

If Jf\ denotes the distance from the origin to the tangent plane 
to the surface of Voss 2,, then 7F, is a solution of equation (65) 
(cf. § 84). Hence JV t + tep is a solution of this equation, provided k 
be a constant. But since the tangent plane to 2, passes through 
the corresponding point of S v the above result shows that a plane 
normal to the lines of the congruence, and which divides in con- 
stant ratio the segment between the focal points, envelopes a sur- 
face of Voss. In particular, we have the corollary : 

The. middle envelope of a congruence of Guiehard is a surface of Voss. 

171. Pseudospherical congruences. The lines joining correspond- 
ing points on a pseudospherical surface S and on one of its Backlund 
transforms S, (cf. § 120) constitute an interesting congruence. We 
recall that the distance between corresponding points is constant, 
and that the tangent planes to the two surfaces at these points 
meet under constant angle. From (32) it follows that the distance 
between the limit points also is constant. 


* itunchtncr Jirrichtc, Vol. XVIII (18SS), pp. IU-102. 
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Conversely, when the angle between the focal planes of a con- 
gruence is constant, and consequently also the angle B between 
the parametric lines on the sphere representing the developahles, 
we have, from (V, 4), 

Furthermore, if the distance between the focal points is constant, we 
have p = a, and by {60) sin t p 

a, “ a * = ~T?" 

Hence the two focal surfaces have the same constant curvature. 
Congruences of this kind were first studied by Bianchi. * He 
called them pseudospherical congruence s 

In order that the two focal surfaces of the congruence be Back- 
lund transforms of one another, it is necessary that their lines of 
curvature correspond. It is readily found that for both surfaces 
the equation of these lines is reducible by means of (66) to 

f { i 1 2 y{ i 2 2 y<w- [w+ *{«}\ 

Moreover, the differential equation of the asymptotic lines on each 
surface is tg'du* — 3 di ? = 0. Hence we have the theorems: 

On the focal turf aces of a pseudospherical congruence the lines of 
curvature correspond, and likewise the asymptotic lines 

The focal surfaces of a pseudospherical congruence are Baeklund 
transforms of one another. 

EXAMPLES 

1, When the parameters of a congruence are any whatsoever, and likewise the 
surface of reference, a condition necessary and sufficient that & congruence be 
isotropic is e /+/' g 

2 A necessary and sufficient condition that a congruence he isotropic is that 
the locus of two points on each line at an equal constant distance from the middle 
surface shall describe applicable surfaces 

8 Show that equation (85) admits — and — as solutions. Prove that in each 
cu Sc 

case one of the focal surfaces is a sphere 

*Annah, Ser 2, Vol XV (1887), pp 161-172, also Ltzioni, Vol 1, pp 323,324 
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4. Determine all the congruences of Guicliard for which one of the focal surfaces 
is a sphere. 

5. When a surface is referred to its lines of curvature, a necessary and suffi- 

cient condition that the tangents to the curves r = const, shall form a congruence 
of Guicliard is 0 / j s Vg\ _ 

cu\Ve cu j 

6. Determine the surfaces which are such that the tangents to the lines of 
curvature in each system form a congruence of Guicliard. 


172. W-congruences. We have just seen that the asymptotic lines 
on the focal surfaces of a pseutlospherical congruence correspond ; 
the same is true in the case of the congruences of normals to a 
IF-surface (cf. § 124). For this reason all congruences possessing 
this property are called W-congruences. We shall derive other prop- 
erties of these congruences. 

The condition that asymptotic lines correspond, namely 


Dpi = d';d., 

takes the following form in consequence of (58) and (59): 




Hence from (60) it follows that a necessary and sufficient condition 
for a JP-congruence is 


(67) 




/sin 0V 

127 / 


In order to obtain an idea of the analytical problem involved in 
the determination of JF-congruences, we suppose that we have two 
surfaces S, <V referred to their asymptotic lines, and inquire under 
what conditions the lines joining corresponding points on the surfaces 
are tangent to them. We assume that the coordinates of the surfaces 
are defiued * by means of the Lelieuvre formulas (cf. § 79), thus: 


( 68 ) 


Sr 

cu 



", 

", 

Sr _ 

v. 

", 

cv. 


Sv 

Sv. 


dll 

CU 

dl> 

Sv 

", 

cv. 

", 

ch _ 

* dv~ 

V. 

cv. 

", 

cu 

du 

Sv 

cv 


* Cf. Guicliard, Coumtrs Hernias, Vol. CX (1S90), pp. 1 CO-127. 
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and similar equations in y, 5, y, and z The functions v v v t , v t ; 
v v v t , v, respectively are solutions of equations of the form 


and they arc such that 

(70) p;+v;+v*=a, 

where a and a are defined by 

1 


(71) 


jr=.-- 


= \0, 


’*+»’, + vj= a. 


K= — ~ 


Since Vj, v,, v M and v v p t , P, are proportional to the direction- 
cosines of the normals to S and S, the condition that the lines 
joining corresponding points be tangent to the surfaces S and 
S is 

v,(i — x) + v t (y — y) + v,{z — z) <=• 0, 

».(» - 1) + P,(y - y) + i>,(5 - 2) = 0 


Hence 


v.v . — v.v 


y-v 


v.v , — v.v. 


where m denotes a factor of proportionality In order to find its 
value, we notice that from these equations follow the relations 

(2 /»)* — 2(x — z) J = v t v t )* 

*= m*[n« — (£ 1 ^)*] = m'au sin 3 6, 

where 6 denotes the angle between the focal planes If this value 
of 2/> and the values of K and K from (71) be substituted in (67), 
it is found that m 4 =l IVe take m = 1, thus fixing the signs of 
Vyy P„ P,, and the above equations become 


(72) X~ Z= V t V f , 1/ ~ = v m v i~ 2 — z = vy t — v t v t 


If the first of these equations be differentiated with respect to «, 
the result is reducible by (68) to 


_ /2P, 2v\ jdv. dv.\ 

ft—' % + w - ft- "'Hs + sr) 



7F-C0NGRTJENCES 


419 


Proceeding in like manner with the others, and also differentiating 
with respect to v, we are brought to 


-fy+V^kfc-Vi), 
~(i>i-v { ) = l(u ( +u { ), 


<1 = 1, 2, 3) 


where l and k are factors of proportionality to be determined. 

If the first of these equations be differentiated with respect to v, 
and in the reduction we make use of the Becond and of (69), we find 

In like manner, if the second of the above equations be differen- 
tiated with respect to «, we obtain 

( x -«-SM x - w+ I;>- = °- 

Since these equations are true for i = l, 2, 3, the quantities in 
parentheses must be zero. This gives 

- dh 71 dk , 7 81 8h 

8v cv dll 8v 


In accordance with the last we put 


7 2 i 1 

i= s‘° E e;’ 


. 8,1 


and the others become 

l 8udv\6J 0, 8u8v 

Hence equations (69) may be written 

dudv 6 l du8v dudv x dudv\9 1 J 
from which it follows that 0, is a solution of the’ first of equa- 
tions (69) and 1/0, of the second. Moreover, equations (73)' may 
now be written in the form 


\ 6 ' 

v < 

8 

«1 

v i 

f 8 X 

ft 

■ 

c6 x 


cu 

cu 

du 

cv 
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Hence if d 1 be a known solution of the first of equations (69), we 
obtain by quadratures three functions which lead by the quadra- 
tures (68) to a surface S The latter is referred to its asymptotic 
lines and the joins of corresponding points on S and & are tangent 
to the litter And so we ha\e 

If a surface S be referred to its asymptotic lines , and the equations 
of the surface be tn the letieuvre form , each solution of the corre- 
sponding equation ffQ 

S3 \0 

&udv 

determines a surface b, found by quadratures such that S and 6 are 
the focal surfaces of a V congruence 

Comparing (74) with (XI, 18), we see that if we put 

the locus of the point (jr,, y,, z,) corresponds to S with orthogo- 
nality of linear elements Hence P f , v t are proportional to the 
direction-cosines of the generatrices of an infinitesimal deformation 
of S so that we have 

Each focal surface of a lF-congruence admits of an infinitesimal 
deformation whose generatrices are parallel to the normals to the 
other focal surface 

Since the steps in the preceding argument are reversible, we 
have the theorem 

The tangents to a surface which are perpendicular to the genera 
trices of an infinitesimal deformation of the latter constitute a IV 
congruence of the most general kind, and the normals to the other 
surface are parallel to the generatrices of the deformation 

173 Congruences of Ribaucour. In his study of surfaces cone 
spondmg with orthogonality of linear elements Ribaucour consid 
ered the congruence formed by the lines through points on one 
surface parallel to the ununala tn a. surface corresponding with the 
former in this manner Bianchi * calls such a congruence a eon 
gruence of Ribaucour, and the 6econd surface the director surface 

In ordeT to ascertain the properties of such a congruence, we 
recall the results of § 153 Let S t be taken for the surface of 


>voi n p it 
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reference, and draw lines parallel to the normals to S. If the latter 
be referred to its asymptotic lines, it follows from (XI, 6) that 


v dx x dX D'£<t> 

C du du ~ HK 

dx x oX J)'~76 

9 Su'd v HK 


£ ^ dx x dX 37 
9 ~^~di’d^~ HK 
„ _ ao dx x dX D'gtf) 
9 dv dv HK 


Since these values satisfy the conditions 

f€— e 3— 0, g3~f3 = 0, 

the ruled surfaces u — const., v = const, are the developables. And 
since also p x + p 1 is equal to zero, S x is the middle surface of the 
congruence. But the parametric curves on S t form a conjugate 
system when the asymptotic lines on S are parametric. Hence we 
have the theorem : 


The developable surfaces of a congruence of Ribaucour cut the 
middle surface in a conjugate system. 

Guichard * proved that this property is characteristic of congru- 
ences of Ribaucour. In order to obtain this result, we differentiate 
the first of equations (54) with respect to v, and in the reduction 
make use of the fact that X and p satisfy equations (V, 22 ) and 
(53) respectively. This gives 

g-x, _/ 91o gp f!2y\8a; 1 / dlogp /12\'\8a;, 
dudv \ dv \ 1 J / du \ du \ 2 J / dv 

-m-my 

From this and similar equations in y x and z, it follows that a 
necessary and sufficient condition that the parametric curves form 
a conjugate system is s (12V d (12V 
du 1 1 J dv l 2 J 


When this condition is satisfied by a system of curves on the 
sphere, they represent the asymptotic lines on a unique surface S, 
whose coordinates are given by the quadratures (VI, 14) 


Bu du 



— = — ( 
dv ff- \ 



+ 3 


dx\ 

dv/ 


* Anna!?* L'Ecoh Xormale, Ser. 3, Vol. VI (1889), pp.344, 315. 
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and similar expressions for y and z Combining these equations 
with (64), we find that 

3m du ** ’ ^ Bu Bv dv du ’ ^ Bv Bv 

Hence S and S l correspond with orthogonality of linear elements, 
and the normals to the former are parallel to the lines of the con- 
gruence Hence 

A necessary and sufficient condition that the developdbles of a 
congruence cut the middle surface m a conjugate system is that their 
representation he that also of the asymptotic lines of a surface , in which 
case the latter and the middle surface correspond with orthogonality 
of linear elements 

EXAMPLES 

1 When the coordinates of the nmt sphere are in the form (III, 36), the para- 
metric curves are asymptotic lines Find the IF congruences for which the sphere 
is one of the focal sheets 

2 Let r« =/,(u) + 0,(r), where/, and <f>, are functions of u and » respectively, 
and t = 1, 2, 8, he three solutions of the first of equations (00), in which case X = 0, 
and let tf, In (74) be unity Show that for the corresponding IF-congruence the mid 
die surface Is & surface of translation with the generatrices tt =s const , v — const , 
that the functions/, and <pi are proportional to the dlrection-cosmes of the binor 
reals to these generatrices, and that the intersections o! the osculating planes of 
these generatrices are the hne3 of the congruence 

3 Show that isotropic congruences and congruences of Guicliard are congru- 
ences of Ribaucour 

4 A necessary and sufficient condition that a congruence of Ribaucour be nor- 
mal is that the spherical representation of its developables be isothermic 

6 The normals to quadrics and to the cyclides of Dupin constitute congruences 
of Ribaucour 

6 IVhen the middle surface of a congruence is plane, the congruence is of the 
Ribaucour type 

7 Show that the congruence of Ribaucour, whose director surface is a right 
helicoid. Is a normal congruence, and that the normal surfaces are molding surfaces. 

8 Show that a necessary and sufficient condition that a congruence of Ribaucour 
be normal Is that the director surface be minimal 

GENERAL EXAMPLES 

1 Through each line of a congruence there pass two ruled surfaces of the con- 
gruence whose lines of striction lie on the middle surface , their equation 13 
<!&-(/ +f')&+e£ _ edu' + if +f)dudo+ gdt* 

2(&&— <?*) &du* + 23 duds + &&& 

they are called the mean ruled surfaces of the congruence 
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2. Show that the mean ruled surfaces of a congruence are represented on the 
sphere by an orthogonal system of real lines, and that their central planes (§ 105) 
bisect the angles between the focal planes. Let u = const., o = const, be the mean 
ruled surfaces and develop a theory analogous to that in § 107. 

3. If the two focal surfaces of a congruence intersect, the intersection is the 
envelope of the edges of regression of the two families of developable surfaces of 
the congruence. 

i. If a congruence consists of the lines joining points on two twisted curves, the 
focal planes for a line of the congruence are determined by the line and the tangent 
to each curve at the point where the curve is met by the line. 

5. In order that the lines which join the centers of geodesic curvature of the 
curves of an orthogonal system on a surface shall form a normal congruence, it is 
necessary and sufficient that the corresponding radii of geodesic curvature be func- 
tions of one another, or that the curves in ono family have constant geodesic curvature. 

6. Let S be a surface whose lines of curvature in one system are circles ; let C 
denote the vertex of the cone circumscribing S along a circle, and L the corre- 
sponding generator of the envelope of the planes of the circles ; a necessary and 
sufficient condition that the lines through the points C and the corresponding lines L 
form a normal congruence is that the distance from C to the points of the correspond- 
ing circle shall be the same for every circle; if this distance be denoted by a, the 
radius of tho sphere is given by _ jj/ 5 ^ + a »j 


where the accent indicates differentiation with respect to the arc of tho curve of 
centers of the spheres. 

7. Let S be a surface referred to its lines of curvature, C-i and C- the centers 
of principal normal curvature at a point, Gy and G« the centers of geodesic curva- 
ture of tlie lines of curvature at this point ; a necessary and sufficient condition 
that tho line joining C s and Gy form a normal congruence is that p 2 he a function 
of p„, or that ono of these radii be a constant. 


8. Let S be a surface of the kind defined in Ex. 0; the cone formed by the 
normals to the surface at points of a circle A is tangent to the second sheet of tho 
evolute of S in a conic P (cf. § 132). Show that the lines through points of r and 
the vertex C of the cone which circumscribes S along A generate a normal con- 
gruence, and that C lies in the plane of T. 

9. Given an isothermal orthogonal system on the sphere for which the linear 

element is _ x ; ( du s + dc !) . 


on each tangent to a curve u = const, lay off the segment of length X measured from 
the point of contact, and through the extremity of the segment draw a line parallel to 
the radiusof the sphere at the point of contact. Show that tills congruence is isotropic. 


10. When a congruence is isotropic and its direction-cosines are of the form 
(111, 35), equation (53) reduces to 

•a fi 

c-p 2 p 


plica (1 -f wr)'- 
Sliow that the general integral is 


p- 2[u<*.(r) - r/ («)](] -f «r)-i 

where / and # are arbitrary functions of it and c respectively. Find the equations 
of the middle surface. 
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11 Show that the intersections of the planes 

(1 - U*)x + f(l + + 2« + 4/(u) = 0, 

(1 - tfl)z - f(l + o*)» + 2 w + 40(c) = 0 
constitute an Isotropic congruence, lor which these are the focal planes, that the 
locus of the mid-points of the lines joining points on the edges of regression of the 
developables enveloped by these planes is the minimal surface which is the middle 
envelope of the congruence, by finding the coordinates of the point in which the 
tangent plane to this surface meets the Intersection of the above planes 

12 Show that the mid die surface of an isotropic congruence is the most general 
surface which corresponds to a sphere with orthogonality of linear elements, and 
that the corresponding associate surface in the infinitesimal deformation of the 
sphere is the minimal surface adjoint to the middle envelope 

13 Find the surface associate to the middle surface of an isotropic congruence 
when the surface corresponding to the latter with orthogonality of linear elements 
is a sphere, and show that it is the polaT reciprocal with respect to the imaginary 
sphere z 1 + p* + z 1 + 1 = 0, of the minimal surface adjoint to the middle emelope 
of the congruence 

14 The lines of interaectlon of the osculating planes of the generatrices of a 
surface of translation constitute a IF-congruence of which the given surface is the 
middle surface , If the generatrices he curves of constant torsion, equal but of 
opposite sign, the congruence fa normal to a JF-eurface of the type (VIII, 72) 

15 If the points of a surface S be projected orthogonally upon any plane A, 
and if, after the latter has been rotated about any line normal to it through a 
right angle, lines be drawn through points of A parallel to the corresponding nor 
mals to S, these lines form a congruence of Ribaueour 

16 A necessary and sufficient condition that the tangents to the curves v = const 
on a surface, whose point equation is (VI, 26), shall form a congruence of Ribaueour is 

fa e» [ a a iog6 _ 0 
Bu ev dudo ~ 


17. Show that the tangents to each system of parametric curves on a surface 
form congruences of Ribaueour when the point equation is 


where I7i and Fj 
differentiation 


+ V X V{ — + t/iF, S- = 0, 

8u8e Su in 

functions of u and t> respectively, and the accents indicate 


18 Show that if the parametric curves on a surface S form a conjugate system, 
and the tangents to the curves of each family form a congruence of Ribaueour, the 
same Is true of the surfaces S\_ and 3_ u. which. together with. £ constitute the focal 
surfaces of the two congruences. 

19 Show that the parameter of distribution p of the ruled surface of a con- 
gruence, determined by a value of dv/du, is given by 

p — | £du + <^du, <&du -f ^du | 

ffda - 1 edu + fdv, fdu + gdo I 
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20. Show that the mean ruled surfaces (cf. Ex. 1) of a congruence are char- 
acterized by the property that for these surfaces the parameter of distribution 
lias the maximum and minimum values. 

21. If S and So are two associate surfaces, and through each point of one aline 
ho drawn parallel to the corresponding radius vector of the other, the developables of 
the congruence thus formed correspond to the common conjugate system of S and So- 

22. In order that two surfaces S and S a corresponding with parallelism of 
tangent planes be associate surfaces, it is necessary and sufficient that for the 
congruence formed by the joins of corresponding points M and Mo of these sur- 
faces the developables cut S and So in their common conjugate system, and that 
the focal points M and Mo form a harmonic range. 

23. In order that a surface S be isothermic, it is necessary and sufficient that 
there exist a congruence of Itibaucour of which £ is the middle surface, such that 
the developables cut S in its lines of curvature. 



CHAPTER XHI 


CYCLIC SYSTEMS 

174. General equations of cyclic systems. The term congruence 
13 not restricted to two-parameter systems of straight lines, but is 
applied to two-parameter systems of any kind of curves Darboux * 
has made a study of these general congruences and Ribaucourf has 
considered congruences of plane curves. Of particular interest is 
the case where these curves are circles Ribaucour has given the 
name cyclic tyttems to congruences of circles which admit of a one- 
parameter family of orthogonal surfaces This chapter is devoted 
to a study of cyclic systems 

We begin with the general case where the planes of the circles 
envelop a nondevelopable surface S We associate with the latter 
a moving trihedral (§ 68), and for the present assume that the 
parametric cunes on the surface are any whatever 

As the circles lie in the tangent planes to S, the coordinates 
of a point on one of them with respect to the corresponding 
trihedral are of the form 

(1) a -f.fi cos 0, b + Jl Bind, 0, 

where a , 5 are the coordinates of the center, fi the radius, and 6 

the angle which the latter to a given point makes with the moving 

x-axis. 

In § 69 we found the following expressions for the projections 
of a displacement of a point with respect to the moving axes 

(dz+1;du + f , dp + (qdu -f q x dv) z — (rdu + r x dv)y, 

J. -iy -V-v/du -V-^r dvt -V-7 i —\p && -V y>,th-'/a, 

t dz +(pdu+p l dv)y — (qdu + q^dv)x, 

•VoL II pp 1*10, alsoElsenhart Congmencn of Carves Transactions of the Amer 
Hath Soc , Vol IV (IW), pp 4"0-49S 

t Mimoin sai la theorie gcnlr&le des surfaces coarbea Journal des hlathimatuiuet 
8er 4, Vol VII (1891). { 117 et «? 
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where the translations f, % v 7), 7} i and the rotations p, q,r; p v q v r 1 
satisfy the conditions 


(3) 


( dpi 


Bv~^ = qr ~ rq - 


d% x 

— — — 


dv du 


vr r —vp, 


?l-?2i = rv - vr 

dv du Pl P " Bv du ^ ** 

dr dr, y y 

\.Yv~~du^ Pq ~ qPv 


When the values (1) are substituted in (2) the latter are 
reducible to 

’ A du -f A x dv + cos 9 dR — (d9 + rdu-{- r,dv) R sin 6, 

(4) • B du -f B,dv -f sin 8 dR -f (d6 rdu + r,dv) R cos 0, 

(p du -\-q\dv) (b + R sin 0) — (q du 4- q x dv) (a+R cos 9), 

where we have put, for the sake of brevity. 


( 5 ) 


A = l + t~ rh ' 


db 

du 


+ V + ra, 


A = £i~ r A B^^ + Vi + r^a. 


The conditions that 


d /da\ _ d /da\ 
du \dv / dv \duj 


d_ /db\ _ d_ /db\ 
du \dvj dv \duj 


are reducible, by means of (3), to 

M “ l~ = r i- B “ r A~ J (F<h-Pi<l)< 

(0) Sv du 

dB dB, . , . , . , 

to ~ = “ r A + rA i + a (P?i-PiV)- 


The direction-cosines of the tangent to the given circle at the 
point (1) are 

(~) — sin 6, cos 9, 0. 

Hence the condition that the locus of the point, as u and v vary, 
he orthogonal to the circle is that the sum of the expressions (4) 
multiplied respectively by the quantities (7) be zero. This gives 

(S) Rd9-\-(Bcos9—Asin9+Rr)duA-(B l cos9—A l sin9-{-Rr l )du=0. 
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In order that the system of circles be normal to a family of sur 
faces this equation must admit of a solution involving- a parameter 
Since it is of the form 
(9) Xd0 + Udu + Vdi>^O, 

the condition that such an integral exist is that the equation 



be satisfied identically * For equation (8) this condition 19 
reducible to 

sin e [If A ~ if A ' + - *w>] 

~ coa 6 B ~ £ B '~ -?.?>] 

+ (AB l — i4,B) + E* (pq t - p t q) = 0 

In order that this equation be satisfied identically, the expressions 
m the brackets must be zero If they are not zero, it is possible 
that the two solutions of this equation will satisfy (8) and thus 
determine two surfaces orthogonal to the congruence of circles 
Hence we have the theorem of Ribaucour 

If the circlet of a congruence are normal to more than two surfaces 
they form a cyclic system 

The equations of condition that the flystem be cyclic are 
consequently 

<12> Tv b ~T» 

{AB t — A X B) + R* {pq t — pfl) = 0 
The total curvature of 5 is given by (cf § 70) 



■__ .P9.-P.? 

hi~ 


•Murray Differential Equations p 137 New York 1897 also Forsytb D tferential 
Equations p 237 London 1883 
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From this and (5) it is seen that equations (12) involve only 
functions relating to the linear element of S and to the circle. 
Hence we have the theorem of Ribaucour: 

Jf the envelope of the planes of the circles of a cyclic system be 
deformed in any manner without disturbing the size or position of 
the circles relative to the point of contact, the congruence of circles 
continues to form a cyclic system. 

Furthermore, if we put q 

t = tan - ? 

At 

equation (8) assumes the Riccati form, 

dt + (af+aj, + a s ) du + (bf + b„t + b s ) dv — 0, 

where the a’s and b's are functions of u and v. Recalling a funda- 
mental property of such equations (§ 14), we have : 

Any four orthogonal surfaces of a cyclic system meet the circles in 
four points ivhose cross-ratio is constant. 

Since by hypothesis S is nondevelopable, equations (12) may 
be replaced by 


(13) 


R d -^ = Aa+Bb, 
du 

R — = A.a + B,b, 
dv 


l AB , - A,B + i? 2 (% Vl - fo) K=Q. 

By (5) the first two of these equations are reducible to 
d 


(14) 


du 


(R 2 — a 2 — b 2 ) = 2 (af + by). 


- (R 2 - a 2 - 6=) = 2 (a£, + by,). 


The condition of integrability of these equations is 
(15) 


ta t ,db da y db , , y . , 


dr 


Instead of considering this equation, we introduce a function <f> 
by tho equation 

f 16 ) 2 <f>=R 2 -cr-b 2 , 
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and determine the condition which <}> must satisfy We take for 
a and l the expressions obtained by solving (14), that is 
S6 c<f> t t ^ 

( n, - fc=+l = 


tvi—iiV ' v frit—ZiV 
Now the equation (IS) vanishes identically, and the only other 
condition to be satisfied is the last of (13), this, by the substi 
tution of these values of o, b, Ji, becomes a partial differential 
equation in <f> of the form 

os) aa-fity+^+iit+jfa+jr-o, 

' ' 0u* \dudv/ 0u* ttugi du 

where J, L, 31, N denote functions of <f>, £, r lt and their denva- 

tives of the first order Conversely, each solution of this equation 
gives a cyclic system whose circles lie in the tangent planes to S 


EXAMPLES 

1 Let 5 be & surface of revolution defined by (HI 09), and let T be the trihedral 
whose x ana is tangent to the curve e = const Determine the condition which the 
function <f> (u) must satisfy in order that the quantities a, b In (1) may have the values 

„ = ■ -»-{“>- . 6=1, 

Vl + 0 *(u) « 

and determine also the expression for R 

9 A necessary and sufficient condition that all the circles of a cyclic system 
whose planes envelop a nondevelopable surface shall have the same radius, is that 
the planes of the circles touch their envelope S at the centers of the circles and 
that S be pseudospherlcal 

3 Let S be a surface referred to an orthogonal system of lines and let T be 
the trihedral whose z-axis is tangent to the curve v ~ const With reference to the 
trihedral the equations of a curve in the tangent plane are of the form 
x = /> cos 8, v = p sin 8, 2 = 0 

where in general p is a function of 8, u, and v Show that the condition that there 
he a surface orthogonal to these curves is that there exist a relation between 8 u, 
and v which satisfies the equation 

[^ + &)1" + (§!; +{ “'5-*" n ' +A ) , '“ 

( tp do t'o \ 

d$Sv + VlBm8 g8 + Pni C0S 6 + P / d>> = ° 

When this condition is satisfied by a function 8 which involves an arbitrary con 
stant, there is an infinity of normal surfaces In this case the curves are said to 
form a normal congrutnee 

4 When the surface enveloped by the planes of the curves of a normat con 
gruence of plane curves Is deformed in such a way that the curves remain Invan 
ably fixed to the surface, the congruence continues to be normal 
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175. Cyclic congruences. The axes of the circles of a cyclic sys- 
tem constitute a rectilinear congruence which Bianchi * has called 
a cyclic congruence. In order to derive the properties of this con- 
gruence and further results concerning cyclic systems, we assume 
that the parametric curves on S correspond to the developables of 
the congruence. 

The coordinates of the focal points of a line of the congruence 
with reference to the corresponding trihedral are of the form 
a, b, p 1 ; a, b , p„. On the hypothesis that the former are the 
coordinates of the focal point for the developable v = const, 
through the line, we have, from (2), 

rb= 0, ^- + v —p Pl +ra = 0. 

cu cu 

Proceeding in like manner with the other point, we obtain a pair 
of similar equations. All of these equations may be written in the 
abbreviated form 

(19) A + q Pl = 0, B — PP\~ 0, A+9iP== °, £ i~PiPs= Q y 
in consequence of (5). When these values are substituted in the- 
last of equations (13), it is found that 
( 2 °) B-=- PlPi . 

Hence the lines joining a point on the circle to the focal points are 
perpendicular. If we put 

2p = Pl -p t , 2S = Pl + Ps , 

thus indicating by 2 p the distance between the focal points, and by 
8 the distance between the center of the circle and the mid-point 
of the line of the congruence, we find that 

i? s +5 ! =p ! . 

We replace this equation by the two 

(21) 6 = p cos a - , R = p sin <r, 
thus defining a function c. Now we have 

Pl = p(C0S<r+l), p ; = p(coser — l), 

so that equations (19) may be written 

(22) f A = — qp (cos a -f 1), B — pp{cos a -f 1), 

(-dj — — q lP (coscr— 1), Z?, = p,p(cos tr — 1). 

* Voi. n, p. ici. 
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By means of (5) equation (15) can be put in the form 
A 1 g-A$ 1 +B 1 ^-5 9l = 0 

When the values (22) are substituted m this equation, it becomes 
cos cr ( p r )l - ptf — g£, + ) + ( PiV - + p ^ ~ ?£,) = 0 

Since by (3) the expression in the first parenthesis is zero, the same 
is true of the second, and so we have 

PV 1 - qtx “ 0 , pst ~q£^0 

But these are the conditions (V, 67) that the parametric curves 
on S form a conjugate system Hence we have the theorem of 
llibaucour 

On the envelope of the planes of the circles of a cyclic system the 
curves corresponding to the developahles of the associated cyclic con 
gruenceform a conjugate system 

176 Spherical representation of cyclic congruences When the 
expressions (22) are substituted m (6), we obtain 

?. I; W c <» »■ - 1)] - ? ^ [f> ("> s »• + !)] 

s -e(y v + ? ^ + '^+n>)-Hn-pe ). 

Ft J; ■r-l)]- P i[,>(cos„ + l)] 

(dp Bp. \ 

Since pq t — ^ 0 unless S is developable, the preceding equations 
may be replaced bj 

~[f>(C03 -1)J= 2 p I 1 "} + (oj - bp), 

£ [p (cos <r + 1)] = — 2p + (OJ, - IpJ, 

where the Christoffel symbols are formed with respect to 

(24) (pdu+p^if+iqdu + qj^dv)', 

the linear element of the spherical repi esentation of S 
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When in like manner we substitute in the first two of equations 
(13), taking R- = p-Bixfcr = p"( 1— cosV), 


we obtain 

(1— cos o") 


dp 

8u 


p cos a 8 
1 + cos <j du 


cos <r = pb — qa, 


(1 + C0 S ^)| 


P COS <T 8 
1 — cos o- 8v 


cos a- = —pJ) q- q^a. 


From these equations and (23) we find 


(25) 

and 


Aco„.2(co3. + 1,{ 1 2 2 }', 

a 0/ ,,/i2V 

— coscr = 2(coso-~ 1)-^ ^ j-, 


( 20 ) 


(cos <r — 1) ^ = — 2p cos £T-|^j ■■\-qa-pb, 

(cos <r +1) J v = ~ 2 P cos o- + ?1 a -pA 

The condition of integrability of equations (25) is reducible to 

07 / a ;i2V ari2V\ ari 2 V, ari2V ./12V/12V 

-d 2 ) r sa: i ) + s( 2 r -n i )( 2 ) • 


If the expression for cos a obtained from this equation be substi- 
tuted in (25), we find two conditions upon the curves on the sphere 
in order that they may represent the developables of a cyclic con- 
gruence. A particular case is that in which (27) is identically sat- 
isfied, when the two conditions are 


(28) 




It is now our purpose to show that if any system of curves on 
the sphere satisfies either set of conditions, all the congruences 
whose developables are thus represented on the sphere are cyclic. 

We assume that the sphere is referred to such a system and that 
we have a solution p of 
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By the method of § 167, or that hereinafter explained, we find the 
middle surface of the congruence Then we take the point on each 
line at the distance — p co3 a from the mid-point as the center of the 
circle of radius p sin <r and for which the line is the axis These cir- 
cles form a cyclic system, as we shall &how 

In the first place we determine the middle surface with reference 
to a trihedral of fixed vertex, whose z-axis coincides with the radius 
of the sphere parallel to the line of the congruence and whose st- 
and y-axes are any whatever If x t , y„, z„ denote the coordinates 
of the mid point of a line with reference to the corresponding tn 
hedral, the coordinates of the focal points are 

**t z.+p. *»-p 

From (2) it is seen that if these points correspond to the develop- 
ables v = const, and u = const respectively, we must have 

35 + ?<*.+ e)-ry, = 0> fj + W,~i>(*,+ P )= °> 

33 + ?.(*.- P) - ny. “ 0 , ^ >,(*.— P) = 0 

Since pq x — p t q 0, the conditions of integrability of these equa- 
tions can be put m the form 

2 2 }'+(?y.-w)= 0 . 

l to + % +2 r{\ Z } + ( M.- ? A) =■ 0- 

It is readily found that the condition of integrability of these equa- 
tions is reducible to (29) 

It will be to our advantage to have also the coordinates of the 
point of contact of the plane of the circle with its envelope S If 
x, y, z 0 — p cos tr denote these coordinates with reference to the 
above trihedral, it follows from (2) that 

“ ( z a— P cos o) + py — qx= 0, 

(z 0 ~ p cos o) + Pl y - q t x = 0. 
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if these equations be subtracted from the respective ones of (30), 
the results are reducible, by means of (25), to 

(cos * -1) |£ + 2 p cos cr +P {y a - y)— q(x 0 — x) = 0, 

(cos *+1)1+2, cos*{ 12 } +pfiy 0 - y)— qfx 0 — 5) = o, 


which are the same as (26). For, the quantities x 0 —x, y 6 —y are 
the coordinates of the center of the circle with reference to the tri- 
hedral parallel to the preceding one and with the corresponding 
point on S for vertex. 

If, then, we have a solution * of (25) and p of (29), the corre- 
sponding values of a and b given by (26) satisfy (22), since the 
latter are the conditions that the parametric curves on the sphere 
represent the developables of the congruence. However, we have 
seen that when the values (22) are substituted in (12), we obtain 
equations reducible to (25) and (26). Hence the circles constructed 
as indicated above form a cyclic system. 

Since equations (25) admit only one solution (27) unless the con- 
dition (28) is satisfied, we have the theorem : 

If 77 A each cyclic congruence there is associated a unique cyclic sys- 
tem unless it is at the same time a congruence of Ribaucour, in which 
case there is ati infinity of associated cyclic systems. 


Recalling the results of § 141, we have the theorem of Bianchi * : 

b Tic a the total curvature of a surface referred to its asymptotic 
lines is of the form ^ 

K [<£(«) + *{v)f 

the surface generatrix of a congruence of Ribaucour which is 
cyehc in an infinity of ways , and these are the only cyclic congru- 
ences with an infinity of associated cyclic systems. 


In this case the general solution of equations (25) is 
(31) ±~A + a . 


COS <X : 


vhere a is an arbitrary constant. 


* 4 - yjr 


• Vol. H, p. 3G5. 
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177. Surfaces orthogonal to a cyclic system. In this section we 
consider the surfaces S l orthogonal to the circles of a cyclic sys 
tern Since the direction-cosines of the normals to the surfaces 
with reference to the moving trihedral m § 174 are — sin 0, cos 0, 0, 
the spherical representation of these surfaces is given by the point 
whose coordinates are these with respect to a trihedral of fixed 
vertex parallel to the above trihedral From (2) we find that the 
expressions for the projections of a displacement of this point are 
— cos 0 (6.0 + rdu + r^dv), 

— Bin 0 (60 + rdu + r t dv), 

(p dll +/>, dv) cos 0 + (q du + q l dv) sin 0 
Moreover, by means of (8), (21), (22), we obtain the identity 

(32) am (r (d0 + r du + r^v) ss — (1-f coa<r)(p cos 6 + q Bin0)du 

+ (l — coscr)(p l co3 0 + 5j8m 6)dv 

Hence the linear element of the Bphencal representation, of S, is 
o 

(33) dff} = - — ( p cos 0 -f q sin 0ydu* 

' 1 l—COSO-'^ a 

+ i+lsv <r ‘ c<>s e + *■*“ e )' dv ' 


Since the parametric curves on the sphere form an orthogonal 
system, the parametric curves on the surface are the lines of 
curvature, if they form an orthogonal system In order to show 
that this condition is satisfied, we first reduce the expressions (4) 
for the projections of a displacement of a point on S t , by means 
of (21), (22), (25), (20), and (32), to 


(34) 


cos 0 sin a 
sin. 5 sin c 


\1 — cos a 
( Cdu 


Ddv \ 
1 + cos tr) 
Ddv \ 
1 4- cos ay 


Cdu + Ddv, 


where we have put 


( 35 ) 


C = p (b + R sin 0) — q(a + cos 0), 
D = p x (J> -f It sm 0) — <7j(a +lt cos 0) 
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Hence the linear element of S x is 

C°dif 


(3G) 


ds*= 2; 


2>W 


' 1 — cos <r 1 -f cos or 
from which it is seen that the parametric curves on S x form an 
orthogonal system, and consequently are the lines of curvature. 

Furthermore, it is seen from (34) that the tangents to the curves 
v — const, u = const, make with the plane of the circle the respec- 
tive angles 
(37) tan" 


ten -1 ( — — -~ C — 

\ sin cr / \ stn <r / 


But it follows from (21) that the lines joining a point on the cir- 
cumference of a circle to the focal points of its axis make the 
angles (37) with the radius to the point. Hence we have: 

The lines of curvature on a surface orthogonal to a cyclic system 
correspond to the dcvclopablcs of the congruence of axes of the circles , 
and the tangents to the tioo lines of curvature through a point of the 
surface meet the corresponding axis in its focal points. 

178. Normal cyclic congruences. Since the developables of a 
cyclic congruence correspond to a conjugate system on the enve- 
lope S of the planes of the circles, this system consists of the 
lines of curvature when the congruence is normal, and only in 
this case (cf. § 83). If, under these conditions, we take two of the 
edges of the trihedral tangent to the lines of curvature, we have 
(38) £,= ?? = 0, p = 5,= 0, 

and equations (25) become 

h lo e cos i “ i i l 0 s si " I - i 108 » • 

By n suitable choice of parameters we have 

P\~ cos ~ i ? = -sin|, 

*>o that if we put a = — or/2, the linear element of the sphere is 
(29) da" 1 — sitrwdir-f- cos *a)dv\ 

Comparing this result with (§ 119), we have the theorem: 

The normals to a surface ~ with the same spherical representation 
°J l *s lines of curvature as a pscudospherical surface constitute the 
only kind of normal cyclic congruences. 
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Since the surface 2 and the envelope S of the planes of the 
circles have the same representation of their lines of curvature, 
the tangents to the latter at corresponding points on the two 
surfaces are parallel Hence with reference to a trihedral for 2 
parallel to the trihedral for S the coordinates of a point on the 
circle are R cos 0, R sin 0, p, where p remains to be determined 
and 8 is given by (32), which can be put m the form 

.... eO eta 0 80 8ta „ 

(40) — cos o> Bind, —+■ — » — sin w cos 6 

' ’ Bu Bi * 8v Bit 

If we express, b> meins of (2) the condition that all displace- 
ments of this point he orthogonal to the line whose direction 
cosines are — 8in0, cos 6, 0, the resulting equation is reducible, 
by means of (40), to 

Bm 0(72 cos <a — p sin oi — f)du 

— cos 0 (72 Bin w + cos to — Ui) di> ** 0 
Hence the quantities in parentheses are zero, from which we obtain 

(41) R = f cos (a 4- Vi B>n to, p = — f sin to -f rj t cos to 

When, in particular, 2 is a pseudospherical surface of curvature 
— 1 /a’, we have (VIII, 22) 

f => a cos to, rj l = a sin to, 

so that 72= a and p = 0 Hence the circles are of constant radius 
and the envelope of their planes is the locus of their centers 
(cf Ex 2 § 174) Conversely, when the latter condition is sat 
isfied, it follows from (13) that It is constant Moreover, in tins 
case p, and p. as defined m § 175, are the principal radii of the 
surface, which by (20) is pseudospherical When these values 
are substituted in (3G) and (33), it is found that the linear ele 
inent of each orthogonal surface is 

<?s* = a 4 (cos*0c7tt*+ sin*0du*), 
ami of its spherical representation 

(42) <7ir*s= am*0<7u*-f cos*0dti l 

Hence these orthogonal surfaces are the transforms of 2 by means 
of the Bianchi transformation (§ 119) 
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The expression (42) is the linear element of the spherical rep- 
resentation of the surfaces orthogonal to the circles associated with 
any surface 2, whether it be pseudospherical or not, whose spherical 
representation is given by (39). Since these orthogonal surfaces 
have this representation of their lines of curvature, they are of the 
same kind as 2. We have thus for all surfaces with the same rep- 
resentation of their lines of curvature as pseudospherical surfaces, 
a transformation into similar surfaces of which the Bianchi trans- 
formation is a particular case; we call it a generalized Bianchi 
transformation.* 

179. Cyclic systems for which the envelope of the planes of the 
circles is a curve. We consider now the particular cases which have 
been excluded from the preceding discussion, and begin with that 
for which the envelope S of the planes of the circles is a curve C. 

We take the moving trihedral such that its ay-plane, as before, 
is that of the circle, and take the rr-axis tangent to C. If s denotes 
the arc of the latter, we have 

tfa = £ du + $ t dv, 7 7 = t 7i =0, 

and by (3) 

(43) r^-r^ = 0, , - q£ = 0. 

From (14), (15), and (16) it follows that a and <p are functions of », 
so that these equations may be replaced by 

(44) It"=a-+b-- f 2(f(?). 

If the parametric curves on the sphere represent the developables 
of the congruence, the conditions (1 9) must hold. But from (5), 
(15), and (43) we obtain —A% = 0 

If the values from (19) be substituted in this equation, we have, 

from ( 43 >- p-p : = 0. 

Hence the focal surfaces coincide. If ive put 

P = P t =P : 

in (19) and substitute in the last of (12), we obtain 
{p-+Jt-)(pq-p,q)=0. 

•Of. American Journal, Vol. XXVI (100.7), pp. 127-132. 
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The vanishing of is the condition that there he a single 

infinity o£ planes, which case we exclude for the present Hence 
p = that is, the developables of the cyclic congruence are 


imaginary. 

Instead of retaining as parametric curves those representing the 
developables, we make the following choice We take the arc of C 
for the parameter u, consequently £=*1, £= 0 Since 17 = 7, = 0 
also, we have, from (8), 


? l =ar l =0, 


= 0, 

do dit 


hence we may choose the parameter v so that p = 0, p,= 1 
From (3) it follows, furthermore, that 



of which the general integral is 

9 = Cf, cos v + U t sin d, r = — CT, sin v+U, cos v, 
where U x and XJ t are arbitrary functions of u From (5) we have 

u) + l-ri, A,= 0, = 

so that the third of equations (12) is reducible by (44) to 

(0" + l) — 

/451 8111 cos v 

[ ° ( 6 * + <£'* + 2 $)* “ ** ( 6 *+ + 2 $)* 

Hence if we take for a any function of u denoted by equation 

(45) gives b, and R follows directly from (44) 

180 Cyclic systems for which the planes of the circles pass 
through a point. If the planes of the circles of a cyclic system 
pass through a point O, we take it for the origin and foi the 
vertex of a moving trihedral whose 2 axis is parallel to the axis 
of the circle umlei consideration In this case equations (14) 
may be replaced b) 

(46) IS^a' + b'-c, 

where c denotes a constant But this is the condition that all the 
circles are orthogonal to a sphere with center at 0, or cut it in 
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diametrically opposite points, or pass through 0, according as c is 
positive, negative, or zero. Hence we have the theorem : 

If the planes of the circles of a cyclic system pass through a point, 
the circles arc orthogonal to a sphere with its center at the point, or 
meet the sphere in opposite points, or pass through the center. 

From geometrical considerations we see that the converse of this 
theorem is true. 

When c in (4G) is zero all the circles pass through 0. Then 
by (21) we have 

(47) a = — p sin <r cos 8, b = — p sin a sin 8, 

and equations (2G) become 


(cos a — 1) _ _ 2 cos tr + sin a (p sin 8 — q cos 6), 

(cos cr +1) — _ 2 cos cr j- + sin a (p, sin 8 — q x cos 8). 


These equations are obtained likewise when we substitute the 
values (47) in equations (22) and reduce by means of (25) and (32). 
Because of (22) the function p given by (26) is a solution of (29), 
and therefore p given by (48) is a solution. But the solution 8 of 
(32) involves a parameter. Hence we have the theorem of Bianchi * . 

Among all the cyclic congruences with the same spherical repre- 
sentation of their dcvelopalles there arc an infinity for which the 
circles of the associated cyclic system pass through a point. 

If we take the line through 0 and the center of the circle for 
the x-nxis of the trihedral, equation (11) must admit of the solu- 
tion 8 = w, and consequently must be of the form 

sin 8L -f- (cos 8 +1) JLT = 0. 

In order that this equation admit of a solution other than w, both 
L and M must be zero and the system cyclic. We combine this 
result with the preceding theorem to obtain the following : 

A two-parameter family of circles through a point and orthogonal 
to any surface constitute a cyclic system , aiid the most general spher- 
ical representation of the developalles of a cyclic congruence is afforded, 
by the representation of the ares of such a system of circles . f 

• Vol. II, p. 1C?. 


1 Bianchi, Vol. II, p. 170. 
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We consider finally the case where the planes of the circles 
depend upon a single parameter. If we take for moving axes the 
tangent, principal normal, and binomial of the edge of regression 
of these planes and its arc for the parameter «, we have 

f=l. S,= ’]=’)i=0, ?,= {,=r,»0i 

and comparing (V, 50) with (2), we see that 



where p and t are the radii of first and second curvature of the 
edge of regression. Now 

J = !i + l- b , A l= ?Z, B~i + 2 , B, = l ± 

0tt p OV OIL p Si) 

The equations (12) reduce to two. One of the functions a, b may 
be chosen arbitrarily ; then the other and E can be obtained by 
the solution of partial differential equations of the first order 

EXAMPLES 

1. Show that a congruence of Ribaucour whose surface generator is the right 
helicoid is cyclic, and determine the cyclic systems 

2 A congruence of Guichard 13 a cyclic congruence, and the envelope of the 
planes of the circles of each associated cyclic system is a surface of Vint 

3 The surface generator of a cyclic congruence of Ribaucour is an associate 
surface of the planes of the circles of each associated cyclic system 

4 If S is a surface whose lines of curvature have the same spheucal representa- 
tion as a pseudosplierical surface, and Si is a transform of S resulting from a gen 
eralized Blanch! transformation (§ 178), the tangents to the lines of cunature of 
Si pass through the centers of principal curvature of S 

6 "When the focal segment of each line of a cyclic congruence is divided in 
constant ratio by the center of the circle, the envelope of the plane3 of the circles 
is a surface of Voss 

6 The circles of the cyclic system whose axes are normal to the surface 2, 
defined In Ex 11, p 370, pass through a point, and the surfaces orthogonal to the 
circles are surfaces of Bianchi of the parabolic type 

7 If the spheres with the focal segments of the lines of a congruence for 
diameters pass through a point, the congruence is cyclic, and the circles pass 
through the point 

6 Show that the converse of Ex 7 is true 
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1. Determine the normal congruences of Ribaucour which are cyclic. 

2. If the envelope of the planes of the circles of a cyclic system is a surface of 
Voss whose conjugate geodesic system corresponds to the devolopables of the asso- 
ciated cyclic congruence, any family of planes cutting the focal segments in con- 
stant ratio and perpendicular to them envelop a surface of Voss. 

3. A necessary and sufficient condition that a congruence be cyclic is that the 
devclopables have the same spherical representation as the conjugate lines of a sur- 
face which remain conjugate in a defoimation of the surface. If the developables 
of tho congruence are teal, the defoims of the surface are imaginary. 

4. The planes of the cyclic systems associated with a cyclic congruence of 
Ribaucour touch tiieir respective envelopes in such a way that the points of con- 
tact of all the planes corresponding to the same line of the congruence lie on a 
straight line. 

6. If the spheres described on the focal segments of a congruence as diameters 
cut a fixed sphere orthogonally or in great circles, the congruence is cyclic and 
tho circles cut the fixed sphere orthogonally or in diametrically opposite points. 


6. If one draws tho circles which are normal to a surface S and which cut 
a fixed sphere So in diametrically opposite points or orthogonally, the spheres 
described on the focal segments of the congruence of axes as diameters cut So in 
great circles or orthogonally. 

7. Determine tho cyclic systems of equal circles whose planes envelop a devel- 
opable surface. 

8. Let Si bo the surface defined in Ex. 11, p. 371, and let S 0 be the sphere with 
center at the otigin and radius r. Draw the circles which are normal to Si and 
which cut 5 0 orthogonally or in diametrically opposite points. Show that tho 
cyclic congruence of the axes of these circles is a normal congruence, and that tho 
coordinates of the normal surfaces arc of the form 


x = | a-c~ « — (i ) 1 + k) c> | cos 0 + ij sin dj X\ 

+ [«>a | aIc ~" — (7 3 + sine — ijcosdjx, + tX, 

where k is equal to -r- or -f r 5 , according ns the circles cut So orthogonally or in 
diametrically opposite points, and where l is given by 


dt = | a3<; " — (>r 4 - *)c"j cos 0 -f 17 sin sin adu 

— [“’a I a ’ C_ “ ~ + *) | sin d - 17 cos <?J cos <0 dr. 


9. .Show that the surfaces of Ex. 8 are surfaces of Bianclii which have tho 
same spherical representation of their lines of curvature as the pseudospherical 
surface S referred to'in Ex. 14, p. 371. 

10. Show that the surfaces orthogonal to tho cyclic system of Ex. 8 are surfaces 
of Bisnehi of the parabolic type. 
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XI Let 5 be a surface referred to an orthogonal system, and let T be the trihe- 
dral whose z-axis is tangent to the curve v — const. The equations 
z = p (1 + cos 0), y = 0, 2= pain 8 

define ft circle normal to S Show that the necessary and sufficient conditions that 
the circles so defined form a cyclic system are 

{| + „ ir = 0, , (r „- P „)- 3 ,( £+ g) + ,| = 0 

12 A necessary and sufficient condition that a cyclic system remain cyclic 

when an orthogonal surface 5 is deformed is that S be applicable to a surface of 
revolution and that t , v 

where c isa constant and the linear element of S is ds> = du a +0 3 (u)do a (cf Ez 11) 

13 Determine under what conditions the lines of intersection of the planes of 
the circles of a cyclic system and the tangent planes to an orthogonal surface form 
a normal congruence 

14 Let 2, and 2, he two surfaces orthogonal to a cyclic system and let Jtfi and 
Jlfz be the points of intersection of one of the circles with 2, and 2] Show that 
the normals to 2i and 2* at the point* 3f t and M* meet in a point Af equidistant 
from these points and show that 2 t and 2* constitute the sheets of the envelope of 
a two-parameter family of sphere* such that the lines of curvature on 2 4 and 2j 
correspond 

15 Let 8 he the surface ol centers of a two-parameter family of spheres of 
variable radius R, and let 2i and 2, denote the two sheets of the envelope of these 
spheres Show that the point* oi contact Mi and M* of a sphere with these sheets 
are symmetric with respect to the tangent plane to S at the corresponding point M 
Let S be referred to a moving trihedral whose plane y = 0 is the plane MiM V», and 
let the parametric curves be tangent to the z- and y axes respectively Show that 
if a derotes the angle which, the radius MMi makes with the z-azis of the trihedral, 
the lines of curvature on 2j are given by 

I sin <r (sin op — r cos a) du a + 

+£*1(9 — gjjJ— f sine(co8» r , — p x ton dude = 0 

16 Find the condition that the lines of curvature on 2i and 2 2 of Ei 15 corre- 
spond, and show that m this case these curies correspond to a conjugate system on S 

17 Show that the circles orthogonal to two surfaces form a cyclic system, pro 
Tided that the lines of curvature on the two surfaces correspond 

1 8 Let 8 be a pseudospherical surface with the linear element (VIII, 22) the 
lines of curvature being parametric, and let A be a. surface with the same spher 
leal representation of its lines of curvature as S furthermore, let A t denote the 
envelope of the plane which makes the constant angle « with the tangent plane 
at a point M oi A and meets this plane in a line L which forms with the tangent 
to the curve e = const at II an angle 8 defined by equations (VIII, 85) If Mi 
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denotes tlie point of contact of this plane, we drop from jiff a perpendicular on L, 
meeting the lattor in N. Show that if X and n denote the lengths JlfW and NMu 
they are given by 

X = (Vl? cosu -f Vo sin w) sin a, p = ( — Vjjsinu + VG cosw)sin<r, 
where E and G are the first fundamental coefficients of A. 

19. Show that when the surface A in Ex. 18 is the pseudospherical surface S, 
then A] is the Backlund transform Sj of S by means of the functions (0, <r), and 
that when A is other than S the lines of curvature on the four surfaces S, A , Sj, 
A j correspond, and the last two have the same spherical representation. 

20. Show that as 0 is given all values satisfying equations (VIII, 85) for a given 
it, the locus of the point Jiff, defined in Ex. 18, is a circle whose axis is normal to 
the surface A at M. 

21. Show that when A in Ex. 18 is a surface of Bianclii of the parabolic type 
(Ex. 11, p. 870) the surfaces A-i are of the same kind, whatever bo <r. 
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TRIPLY ORTHOGONAL SYSTEMS OF SURFACES 

181. Triple system of surfaces associated with a cyclic system 
Let S, be one o£ the surfaces orthogonal to a cyclic system, anti 
let its lines of curvature be parametric The locus 2, of the 
circles which meet 5, in the line of curvature v = const through 
a point M is a surface winch cuts S, orthogonally Hence, by 
Joachimsthal’s theorem 59), the line of intersection is a line of 
curvature for 2, In like manner, the locus 2, of the cucles 
which meet S x in the line of curvature u = const through 31 cuts 
S x orthogonally, and the curve of intersection is a line of curva 
ture on 2, also Since the developables of the associated cyclic 
congruence correspond to the lines of curvature on all of the 
orthogonal surfaces, each of the latter is met by 2 l and 2 S in a 
line of curvature of both surfaces At each point of the circle 
thiough 31 the tangent to the circle is perpendicular to the line 
of curvature i = const on 2, through the point and to it = const 
on 2 a Hence the circle is a line of curvature for both 2, and S f , 
and these surfaces cut one another orthogonally along the circle 
Since there ts a surface 2, for each curve v =* const on S t and a 
surface 2 ? for each « = const , the circles of a cyclic system and 
the orthogonal Burfices may be looked upon as a system of three 
families of surfaces such that through each point m space there 
passes a surface of each family Moreover, each of these three sur- 
faces meets the other two orthogonally, and each curve of intersec- 
tion is a line of curvature on both surfaces W e have seen (§ 96) 
that the confocal quadrics form Buch a system of surfaces, and 
another example is afforded by a family of parallel surfaces and 
the developables of the congruence of normals to these surfaces 
When three families of surfaces are so constituted that through 
each point of space there passes a surface of each family and each 
of the three surfaces meets the other two orthogonally, they are 
448 
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said to form a triply orthogonal system. In the preceding examples 
the curve of intersection of any two surfaces is a line of curvature 
for both. Dupin showed that this is a property of all triply orthog- 
onal systems. We shall prove this theorem in the next section. 

182. General equations. Theorem of Dupin. The simplest exam- 
ple of an orthogonal system is afforded by the planes parallel to 
the coordinate planes. The equations of the system are 
x = ttj, y = 2 = ?i 3 , 

where u„, u z are parameters. Evidently the values of these 
parameters corresponding to the planes through a point are the 
rectangular coordinates of the point. In like manner, the surfaces 
of each family of any triply orthogonal system may be determined 
by a parameter, and the values of the three parameters for the 
three surfaces through a point constitute the curvilinear coordi- 
nates of the point. Between the latter and the rectangular coor- 
dinates there obtain equations of the form 
(1) *=/,(«,, «,), y =/„(«,, « s , u z ), z =j s (u v v,), 

where the functions / are analytic in the domain considered. An 
example of this is afforded by formulas (VII, 8), which define space 
referred to a system of confocal quadrics. 

In order that the system be orthogonal it is necessary and suffi- 
cient that these functions satisfy the three conditions 


( 2 ) 


OX- JtE 
^ ?!(, du. 


— o, 


dx ox 
■ cu, du z 


X 


dx dx 
du z dv t 


= 0 . 


Any one of the surfaces w,= const, is defined by (1) when is 
given this constant value. 

By the linear element of space at a point we mean the linear ele- 
ment at the point of any curve through it. This is 

ds° = dor + df 4 - dz', 

which, in consequence of (2), may be written in the parametric form 

( 3 ) dsr=Jf?du;+I/Zdu;+ 11‘duf 

where 

(4) 7/-»=V 

As thus defined, the functions 17, , //., If are real and we shall 
assume that they are positive. 
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From (8) we tone at once the linear element of any of the sur- 
faces of the system For instance, the linear element of a surface 
«,= const is d,;=ii;du;+n;du; 


Now we shall find that the second quadratic forms of these surfaces 
are expressible in terms of the functions //and their dematives 
If Jl„ I„ Z ( denote the direction*co$ines of the normals to the 
surfaces iqs const., we have 


<«> 


l_fz . = 1 _«» z = — — 

II t cu t * ‘ //, Bu' ‘ //, to ( 


We choose the axes such that 


(6) 



Z, 

z, 

Z, 


+1 


In consequence of (5) the second fundamental coefficients of a sur 
face u, = const are defined by 

P y« o'! _ 1 ip dx c*x D , 1 y « i* x 

<,= JI, to, to? JI t ** cu , to.cu,' * “ //, to, to? 

where i, *, l take the values 1, 2, 3 in cyclic order, and the sign 2 
refers to the summation of terms in x , y, z, as formerly In order 
to evaluate these expressions wo differentiate equations (2) with 
respect to u g , u f respectively This gives 

V t?z ^ yv cr d*z _ > 

^ to, to t 8u, Z-i fa,* q u * * 

2 — A 

to, 8u , to, ** 8u t to, to, ** 

\p 8x d*x y dx d'x _ p 
^ to, to, to, ^ to, to, to, ~~ 


If each of these equations be subtracted from one half of the sum 
of the three, we have 

y d x t?x __ q y dx tfx _ ^ ^ to __ q 

^ to ,to,du t * ^ to, to, to, ’ ^ to, to, to, * 

consequently 0 
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If the first and third of (2) be differentiated with respect to 
•« and « 3 respectively, and the second and third of (4) with 
respect to we have 


ox d'x 

^ dx b'x 

-Jf d -^, 

^ CU, CU' 

^ du, du, du. 

du, 

Y & C?X _ 

y dx '°" x 

If 


^ du s du,du s 

3 du. 


Hence we have 


n ILdJL 


D » = 

1 H, on, 


Proceeding in like manner, we find the expressions for the other 
D’s, which we write as follows : 


0) 


n _ 7/ « dH < 


h;=o, 


ifdif, 
//,. ou 


where f, k, l take the values 1, 2, 3 in cyclic order. From the sec- 
ond of these equations and the fact that the parametric system on 
eacli surface is orthogonal, follows the theorem of Dupin : 

The surfaces of a triply orthogonal system meet one another in 
lines of curvature of each. 


183. Equations of LamA By means of these results we find the 
conditions to be satisfied by JI V 1I „ , //,, in order that (3) may be 
the linear element of space referred to a triply orthogonal system 
of surfaces. For each surface the Codazzi and Gauss equations 
must be satisfied. When the above values are substituted in these 
equations, we find the following six equations which it is necessary 
and sufficient that the functions If satisfy : 


< 3 > 


crlf, 1 dlfolf, | 1 BJf, oil, 

cu , du, If du, cu„ If, dU. CU, \ 


(9) ±(L‘JL)+±(J.m + ±‘lh?S i = 0 

cuflf. cvj du, \lf, duj II, ■ dll, cu, ’ 

where i, k, l take the values 1, 2, 3 in cyclic order. These are 
the equations of Lam6, being named for the geometer who first 
deduced them.* 


•Isrons sur !es copfthmnCei currilignts ft leurs dirert's applications 
raris. lSjy. 


r>p. 73-79. 
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For each of the surfaces there is a system of equations of the 
form (V, 16) When the values from (7) are substituted in these 
equations we have 

ex, 1 dH (x l ds t 

du ~ H t du, ' H t du, " 

^ ^ 3X^1 dH. x dX _ 1 dff, x 

l git, H du, gu, H t du, 1 

Recalling the results of § 65, we have that each set of solutions 
of equations (8), (9) determine a triply orthogonal system, unique 
to within a motion m space In older to obtain the coordinates 
of space referred to this system, we must find nine functions 
X,, Tj, Z, which satisfy (10) and 

2X? - 1, £X,X, = 0 (i*k> 


Then the coordinates of space are given by quadratures of the form 
x xsj' Jf,A , du, i/jA, du, + HjA, du, 


If p u denotes the principal radius of a surface u,= const in the 
direction of the curve of parameter we have, from (7), 


< 11 > 


i_ l vh, 

Pix H,H. du 


Let Pi denote the radius of first curvature of a curve of param 
eter it, In accordance with § 49 we let w, and w,— v/2 denote the 
angles which the tangents to the curves of parameter u t and «, 
respectively through the given point make, in the positive sense, 
with the positive direction of the principal normal of the curve 
of parameter it, Hence, by (IV, 16), we have 

cos 5, 1 sin 5, 1 

Pk eJ <\ ~P„. 


From these equations and similar ones for curves of parameter u t 
and Mj, we deduce the lelations 


P 1 


pi t 


+±. 

pr 


tan <ii = — 
P. 


(IE) 
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where i, k, l take tlie values 1, 2, 3 in cyclic order. Moreover, since 
the parametric curves are lines of curvature, it follows from (§ 59) 
that the torsion of a curve of parameter u { is 


(14) 


1 _ 1 ct i> { 

T ( H , du t 


184. Triple systems containing one family of surfaces of revolution. 
Given a family of plane curves and their orthogonal trajectories; 
if the plane be revolved about a line of the plane as an axis, the 
two families of surfaces of revolution thus generated, and the planes 
through the axis, form a triply orthogonal system. We inquire 
whether there are any other triple systems containing a family of 
surfaces of revolution. 

Suppose that the surfaces u 3 = const, of a triple system are sur- 
faces of revolution, and that the curves ?/„ = const, upon them are 
the meridians. Since the latter are geodesics, we must have 


(15) 



From (8) it follows that either 



or 



In the first case it follows from (11) that l/p n = 0. Consequently, 
the surfaces of revolution « 3 = const, are developables, that is, either 
circular cylinders or circular cones. Furthermore, from (15) and 
(11). we have l/p 3l —0, so that the surfaces «. = const, also are 
developables, and in addition we have, from (13), that l/p, = 0, that 
is, the curves of parameter u t are straight lines and consequently 
the surfaces ?q = const, are parallel. The latter are planes when 
the surfaces v t = const, are cylinders, and surfaces with circular 
lines of curvature when const, are circular cones. Conversely, 
from the theorem of Darboux (§ 187) and from § 132, it follows 
that any system of circular cylinders with parallel generators, or 
any family of circular cones whose axes are tangent to the locus 
of the vertex, leads to a triple system of the kind sought. 

We consider now the second case, namely 
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From (11) we lincl that l/p„=0, and l/p„ = 0; consequently the 
t>m faces «, = const. aTe planes. Since these are the planes of the 
meridians, it follows that the axes of the surfaces coincide, and 
consequently the case cited at the beginning of this section is the 
only one for nondevelopable surfaces- 

185. Triple systems of Bianchi and of Welngarten. In § 119 
it was found that all the Bianchi transforms of a given pseudo- 
spherical surface are pseudospherical surfaces of the same total 
curvature, and that they are the orthogonal surfaces of a cyclic 
system of circles of constant radius Hence the totality of these 
circles and surfaces constitutes a tnply orthogonal system, such 
that the surfaces in one family are pseudospherical As systems 
of this sort were first considered by Ribaucour (cf. § 119), they 
are called the triple tyslemt of Ribaucour. We proceed to the 
consultation of all triple systems such that the surfaces of one 
family are pseudospherical. These systems were first studied by 
Bianchi, * and consequently Darboux f has called them the ayatemt 
of Bianchi. 

From § 119 it follows that the parameters of the lines of curva- 
ture of a pseudospherical surface of curvature — l/o* can be so 
chosen that the linear element takes the form 
(16) d«* = cos*© did 4- sin* © du*, 

where © is a solution of the equation 
/17x f 03 'fa _ sin © cos© 

' ; a * 

In this case the principal radii are given by 

1 tan© 1 _ cot© 

Pi a Pi a 

In general the total curvature of the pseudospherical surfaces 
of a system of Bianchi varies with the surfaces. If the surfaces 
u t = const, are the pseudospherical surfaces, we may write the 
curvature in the form — 1 fU}, where Cf, is a function of it, alone. 

8er 2 Vol XIII (1883), pp 177-234, Vol XIV(l88G),pp 115-130, Lezioni, 
Vol II, chap xxvlf 

tie on* sur let sy si tines orthogonauz et les cocrrdonntes curvihgnes, pp 938-323, 
Pans, 1898 
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In accordance with (11) and (18) we put 


(19) 



1 

dlf. 

tan to 

Psi 

Iljf, OU 3 

U 3 ’ 

1 

1 

dir. 

cot 03 

II 

1 <£' 

IfJI, 2a, 

u* 


oil ()JI 

If these values of - — and - — 2 be substituted in equations (8) for i 
du 3 cu 3 

equal to 1 and 2 respectively, we obtain 


1 dH x 
If, du. 


. dco 
■■ — tan cu — i 
du. 


1 dlf, 
if, du. 


COt 03 


8o> 

du 1 


From these equations we have, by integration, 

(20) If, = <f> l3 ■ cos 03, If, = 4>, 3 • sin to, 

where <£ 13 and <£„, are functions independent of u, and u, respectively. 

We shall show that both of them are independent of u 3 . 

When the values of If, and If, from (20) are substituted in (19), 
we have respectively 


( 21 ) 


If 3 = U 3 cot to /tan , 

\ du * I 

If 3 = U 3 tan to / cot to . 

{ 3 3 V Su s J 


From these equations it follows that 

(22) cot to — — + tan to ^ — ^ = 0. 

du. du. 


Hence, unless <£„ and <f>, 3 are independent of u 3 , tan to is equal to 
the ratio of a function of m 1 and it, and of a function of it 2 and u 3 . 

We consider the latter cose and study for the moment a partic- 
ular surface it, = c. By the change of parameters 

c)du,= du, <^.,( u,, c) du, — dv, 

the linear element of the surface reduces to (16), and (22) becomes 

* V 

tan 03 = — , 

where V and V are functions of it and v respectively. When this 
value is substituted in (17), we obtain 

(23) (U- 4- n) = ~~ 4- 2 U n 4- 2 V n . 
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If this equation be differentiated successively with respect to u 
and l/, we find mu w j /V"\ 1 

\u)uu' + \f/Ty' = ’ 

unles3 U' or V is equal to zero From this it follows that 

(0—4 -m 

where k denotes a constant Integrating, we have 

U"=2ieV a +aV % — 2 *F* + /SF, 

a and $ being constants, and another integration gives 
I/ ,3 «*l7‘ + a(7’ + 7f F' 3 = -xF* + /3F 3 +& 

When these expressions are substituted in (23), we find 
(/3 — a - 1) tT> +- (« — <3 - ~) V’ - 2 1 - 2 8 = 0 


This condition can be satisfied only when the curvature is zero 
Hence U' or V' must be zero, that is, to must be a function of wor v 
alone In this case the surface is a surface of revolution In accord- 
ance with § 184 a triple system of Bianchi arises from an infinity 
of pseudosphencal surfaces of revolution with the same axis 
When exception is made of this case, the functions <f> 13 and <f> st 
in (20) aie independent of «, Hence the parameters of the 6ys 
terns may be chosen so that we have 
(24) 7/i=cosw, 7f,»=sm© t //, s=C^ t ~- 


When these values are substituted in the six equations (8), (9), 
they reduce to the four equations 
f 0 * 0 ) c a cn sin © cos ta _ . 

1 2a* g»| (f* ’ 


( 25 ) 


o to dto 2 J © dto 2*© A 

CMjPKjCU, CU l Sti i CU t g U i PU l i!U t 

2 /1 g 3 a> \ 1 g /sui fl> \ 1 g© g 3 © 

gll^COS to cufaj U t 2« a \ U, ) SID © gu, g« t g« s 

g / 1 g 3 © \ 1 g /cos©\ ^ 1 g© g*© 

gw, \sm to du t hij V t gw, \ U i ) cos © gw, 2w, 2u, 
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Darboux has inquired into the generality of the solution of this 
system of equations, and he has found that the general solution 
involves five arbitrary functions of a single variable. We shall 
not give a proof of this fact, but refer the reader to the investi- 
gation of Darboux.* 

We turn to the consideration of the particular case where the 
total curvature of all the pseudospherical surfaces is the same, 
which may be taken to be —1 without any loss of generality. 
As triple systems of this sort were first discussed by Weingarten, 
we follow Bianchi in calling them systems of Weingarten. Of this 
kind are the triple systems of Ilibaucour. 

For this case we have U s = 1, so that the linear element of space is 

( (sOi 

— ) dug . 

<*V 


Since the second of equations (25) may be written in either of 

1 cco b"u> 


the forms 
(27) 

if we put 


c / 1 c'o) \ 
c«,\sin to cufduj 

3 ( 1 ^ V- 

. 2w„\cos o) cufcuj si 
\cos co ci/jcu,/ \si 


COS M Cll„ cu x ou t 
1 So) S’o) 
sin m ch, cxi i cu s 

1 c'o) 


sin co cn.cu. 


Y / cm y 
/ \®M»/ ’ 


it follows from the last two of (25) and from (27) that 




= 0, 


8u„ 


= 0 . 


Hence is a function of w, alone. But by changing the param- 
eter an operation which will not affect the form of (26), we can 
give a constant value, say c. Consequently we have 

(28) ( — — Y- c. 

\cos m dn l cu s / \sin m ou.cii } / \cu 3 J 

Bianchi has shown j that equation (28) and the first of (25) are 
equivalent to the system (25), when U s = 1. Consequently the 
problem of the determination of triple systems of Weingarten is 
the problem of finding common solutions of these two equations. 

• L.C., pp. 313, 3H ; Bianchi, Vol. n, pp. 531, 532. 1 Vol. II, p. 550 . 
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EXAMPLES 

1 Show that the equations 

z =* r cos u cos c, v = r cos u sin o, isralnu 
define space referred to a triply orthogonal system 

S A necessary and sufficient condition that the surfaces u a = const, of a tnply 
orthogonal system be parallel is that 11% be a function of u* alone What are the 
other surfaces u t = const., u, = const ’ 

3 Twb near by surfaces Us = const intercept equal segments on those orthog 
onal trajectories of the surfaces u, = const which pass through a curve IU = const 
on the former , on this account the curves H t = const on the surfaces = const 
are called curves of equidistance 

4 Let the surfaces u* = const, of a triple system be different positions of the 
same pseudosphere, obtained by translating the surface in the direction of its axis. 
Determine the character of the other surfaces of the system 


S Derive the following results for a triple system of Weingarten 



dui 


where the differential parameter is formed with respect to the linear element of a 
surface u, = const , and p t is the radius of geodesic curvature of a curve — = const 

tUf 

on this surface Show that the curves of equidistance on the surfaces ui = const 
are geodesic parallels of constant geodesic curvature 


8 Show that when c in (28) is equal to zero, the first curvature l/p t of the 
curves of parameter uj is constant and equal to unity, that equations similar 
to (12) become 


that if ■> 
written 


- = — cos u sin u; 


dUf£U| dlls Sitfdut 

e put 9 = — — S|, the last two of equations (25), where I7 ( = 1, may he 


(cos B 


— -t- — = — cos sain 
£«* 2Ui 

j_ w y | / x s*e y^/egy 

33 9 duidus/ \sln6 duzdtis) \8ti*/ 


When c = 0 in (28) the system Is said to be of constant curvature 


T A necessary and sufficient condition that the curves of parameter w a of a 
system of Weingarten be circles is that be independent of u, In this case 
(cf Tx fi) the surfaces Uj = const, ate the Btanchi transforms of the pseudo- 
spherical surface with the linear element 


ds* = cos 3 9 du s + 8in , 9dB 1 
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186. Theorem of Ribaucour. The following theorem is due to 
Ribaucour * : 

Given a family of surfaces of a triply orthogonal system and their 
orthogonal trajectories ; the osculating circles to the latter at their 
points of meeting with any surface of the family form a cyclic system. 

In proving this theorem we first derive the conditions to be satis- 
fied by a system of circles orthogonal to a surface Sso that they may 
form a cyclic system. Let the lines of curvature on S be parametric 
and refer the surface to the moving trihedral whose x- and y- axes 
arc tangent to the curves v = const., u — const. We have (V, 63) 

(29) —P = ?i = 0. 

If denotes the angle whicli the plane of the circle through a 
point makes with the corresponding ax-plane, d the angle which 
the radius to a point P of the circle makes with its projection in 
the ary-plane, and It the radius of the circle, the coordinates of P 
with reference to the moving axes are 

x ~R{\ 4- cos 0) cos <}>, y~B( l-j-cosd)sin<£, z=Psin$. 
Moreover, the direction-cosines of the tangent to the circle at P are 
— sin 6 cos — sin 6 sin cos 0. 

If we express the condition that every displacement of P must be 
at right angles to this line, we have, from (29) and (Y, 51), 

dd — £sin — -f — Q cos <£(l-f- cos d)jcf?£ 

— £sin 6 0- ^ -f - 1 p 1 sin <£(1 4- cos 0) j dv = 0. 

The condition that this equation admit an integral is reducible to 

Hence, as remarked before (§ 174), if there are three surfaces orthog- 
onal to a system of circles, the system is cyclic. 

* Conpies Rend us, Vol. LXX (18T0), pp, 330-333. 
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The condition that it be cyclic is 


(30) 


3 /i 7 ,sinft \ 3 /£ cos <j>\ ~ 

9u\ It / 9v\ Jt J * 




Since the pnncipal radii of S are given by 


(31) 


i__J, I = £i, 
ft f ft 


the second of equations (30) reduces to the first when S is a sphere 
or a plane Hence we have incidentally the theorem 

A tw<hparameter system of circlet orthogonal to a sphere and to 
any other turf ace constitute a cyclic system 


We return to the proof of the theorem of Ribaucour and apply 
the foregoing results to the system of osculating circles of the 
curves of parameter ti, of an orthogonal system at their points of 
intersection with a surface «,= const 

From equations similar to (12) we have by (11), 

cosift 1 gif, am <f> 1 3H, 

K ~ U t H, Tu,’ ~R~ ~ ~ U,H, Su, ’ 

and the equations analogous to (31) are 

l = _ Xa= i y, i ?g, 

p tl 2T X H,i/, fa, ’ p, Jl t ~ II,H t du. 


"When these values are substituted va equations (30) the first 
vanishes identically, likewise the second, in consequence of equa 
tions (8) Hence the theorem of Ribaucour is proved * 

187 Theorems of Darboux The question naturally arises 
whether any family of surfaces whatever forms part of a tnply 
orthogonal system This question will be answered with the aid 
of the following theorem of Darboux,-) which we establish by his 
methods 

A necessary and sufficient condition that two families of surfaces 
orthogonal to one another admit of a third family orthogonal to both 
is that the first two meet one another in lines of curvature 


Tor a geometrical proof tb« reader Is refeirel to Darbojx le p 77 t £ e. pp &-8. 
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Let the two families of surfaces be defined by 
(32) a (x, y, z) = a, ft (x, y, z) = 5, 

where a and b are the parameters. The condition of orthogonality is 


(33) 


3a oft da d ft ^ da oft _ ^ 
dx ox dy cy 3z dz 


In order that a third family of surfaces exist orthogonal to the 
surfaces of the other families, there must be a function y{x, y, z) 
satisfying the equations 

da dy da dy da dy _ q d@ By d/3 8y d/3 dy _ q 
dx dx dy dy dz dz ' dx dx dy dy dz dz 


If dx, dy, dz denote the projections on the axes of a displace- 
ment of a point on one of the surfaces y = const., we must have 

dx dy dz 
da da da 
dx dy dz — 0. 

3/3 dft dft 
dx dy dz 


This equation is of the form (XIII, 9). The condition (XIII, 10) 
that it admit of an integral involving a parameter is 


p/3 era 

da c”ft 

dad” ft 

3/3 era 

[dx dz 3 

dz dxdz 

3/3 d-a 

dx dz * 
da d’ft 

dz dxdz 
, da d'ft 


dy dxdy 

dx erf 

dy dxdy 


3/3 d~a _ da o’ ft da d'ft 3/3 3 5 a"|_ ^ 
dy dxiy dx b]f dydxdy dx cy'J ’ 
where 2 indicates the sum of the three terms obtained by permut- 
ing a-, y, z in this expression. If we add to this equation the identity 
•y 3(g, /3) Yda d'ft 3/3 -y 3VI _ Q 
^ 8(y, z) idx^ dx ' ix ^ Sr'J ’ 
the resulting equation may be written in the form 

££ l l s L?S)- S U!i)\ 

8* Si \ dz) \ Si/ 


ca dft 
dx dx 
da 3/3 
dy dy 
da d/3 
dz dz 


8 (“'f 

s (“’D- ! ( a S) 
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where, for the sake of brevity, we have introduced the symbol 
B(ff y <f>), defined by 

II equation (33) be differentiated with respect to x, the result may 


dx dx dy oy dz dz 




Consequently equation (34) is reducible to 
da dfi\ 

dx dx \ dx) 

(35) ~ — h(a, = 0, 

' % dy \ dy) 

* * sL*!) 

dz dz \ dz) 

which is therefore the condition upon a and /3 in order that the 
desired function y exist 

A displacement along a curve orthogonal to the surfaces a«= const 
is given b 7 * = 

da da Sa 

dx dy dz 


const , and since, by (35), 


0 , 


it is a line of curvature on the surface (cf Ex 3, p 247) Hence 
the curves of intersection of the surfaces a = const, /9 = const , 
being the orthogonal trajectories of the above curves, are lines of 
curvature on the surfaces /9 = const. And by Joachimsthal’s theo- 
rem (§ 69) they are lines of curvature on the surfaces a = const 
also Having thus established the theorem of Darboux, we are m 
a position to answer the question at the beginning of this section 
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Given a family of surfaces a — const.; the lines of curvature in 
one family form a congruence of curves which must admit a family 
of orthogonal surfaces, if the surfaces a = const, are to form part 
of an orthogonal s} r stem. If this condition is satisfied, then, accord- 
ing to the theorem of Darboux, there is a third family of surfaces 
which together with the other two form an orthogonal system. 

If A'j, I~j, Z x denote the direction-cosines of the tangents to the 
lines of curvature in one family on the surfaces nr = const., the ana- 
lytical condition that there be a family of surfaces orthogonal to 
these curves is that the equation 

X 1 dx + Y 1 dy + Z l dz = 0 

admit an integral involving a parameter. The condition for this is 



In order to find A',, F,, Z 1 we remark that since they are the direc- 
tion-cosines of the tangents to a line of curvature we must have 
oA 8A y d A. „ . 

and similar equations in F, Z, where the function A is a factor of 
proportionality to be determined and A', F, Z are the direction- 
cosines of the normal to the surface a — const. Hence, if the 
surfaces are defined by a = const., the functions A,, F,, Z l are 
expressible in terms of the first and second derivatives of a, and 
so equation (36) is of the third order in these derivatives. There- 
fore we have the theorem of Darboux*: 


The determination of all triply orthogonal systems requires the 
integration of a partial differential equation of the third order. 

Darboux has given the name family of Lam6 to a family of 
surfaces which forms part of a triply orthogonal system. 

188. Transformation of Combescure. We close our study of triply 
orthogonal surfaces with an exposition of the transformation of 
Comlescurc, f by means of which from a given orthogonal system 
others can be obtained such that the normals to the surfaces of 
one system are parallel to the normals to the corresponding sur- 
faces of the other system at corresponding points. 


* p, 12. 1 Annates de I'Ecote Xormale Supericvrc, V ol. I V (1607) , pp. 102-122. 
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We make use of a set of functions fi u , introduced by Dar 
boux * in his development of a similar transformation in space of 
i dimensions By definition 

(»**) 


a . 1 IK, 
P " H, Su, 


In terms of these functions equations (8), (9) are expressible in 
the form 

(37) = fiA, — ! +^ ! +/SA= °. 


Bu t Bu 


and formulas (10) become 


(38) 


-=-0.,X.-$„X„ 


ix, „ T 


Equations (37), (38) are the necessary and sufficient conditions thai 
the expression X t H t du, + X,H,du, + X,H,iu, 

be an exact differential From their form it is seen that if we have 
another set of functions H' v H' v II' t satisfying the six conditions 


(39) 


P “ HI lu, ’ 


where the functions /?„ have the same values as for the given 
system, the expression 

x t ifidu t + x t ir;du„ 


and similar ones m Y, Z , are exact differentials, and so by quadra 
tures we obtain an orthogonal system possessing the desired property 
In ordei to ascertain the analytical cbaractei of this problem, 
we eliminate and //,' from equations (39) and obtain the three 
equations e’g; 1 dS„ 3g,' „ 

Bu x Bu, /9 tl Bu t Bu t 11 15 11 

VH[ _ dH[ 8 H[ 

Bu, Bu, 0 n Bu t /3 tl Bu, ' 
d'Hl = 1 3g» BJIJ B , 

8u, 8u, /3 si 8u l Bu , 31 13 1 


The general integral of a system of equations of this kind involves 
three arbitrary functions each of a single parameter When one 


'Le p 161 
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has an integral, the corresponding values of R' v Hi are given directly 
by (39). Hence we have the theorem : 

With every triply orthogonal system there is associated an infinity 
of others , depending upon three arbitrary functions , such that the 
normals to the surfaces of any two systems at corresponding points 
are parallel.* 

EXAMPLES 

1. In every system of Weingarten for which c in (28) is zero, the system of cir- 
cles osculating the curves of parameter u s at points of a surface u s = const, form a 
system of Ribaucour (§ 186). 

2. If the orthogonal trajectories of a family of Lamd are twisted curves of 
the same constant first curvature, the surfaces of the family are pseudospherical 
surfaces of equal curvature. 

3. Every triply orthogonal system which is derived from a cyclic system by a 
transformation of Combescure possesses one family of plane orthogonal trajectories. 

4. If the orthogonal trajectories of a family of Lam6 are plane curves, the cyclic 
system of circles osculating these trajectories at the points of any surface of the 
family may be obtained from the given system by a transformation of Combescure. 

6. Determine the triply orthogonal systems which result from the application of 
the transformation of Combescure to a system of Ribaucour (§ 185). 


GENERAL EXAMPLES 


1. If an inversion by reciprocal radii (§ 80) be effected upon a triply orthogonal 
system, the resulting system will be of the same kind. 

2. Determine the character of the surfaces of the system obtained by an inversion 
from the Bystem of Ex. 1, § 185, and show that all the curves of intersection are circles. 


3. Establish the existence of n triply orthogonal system of spheres. 

4. A necessary and sufficient condition that the asymptotic lines correspond on 

the surfaces u 3 = const, of a triply orthogonal system is that there exist a relation 
of the form . rr— l j. rr— . n 

+ ^>3 — 0 , 


where fn, <£ : , are functions independent of v 3 . 

8. IVhon the condition of Ex. 4 is satisfied, those orthogonal trajectories of the 
surfaces ti 3 = const, which pass through points of an asymptotic line on a sur- 
face u, = const, constitute a surface S which meets the surfaces u s = const, in 
asjmptotic lines of the latter and geodesics on S. 

6. Show that the asymptotic lines correspond on the pseudospherical surfaces 
of a triple system of Rianclii. 

1. Show that there exist triply orthogonal systems for which the surfaces in one 
family, say v s ~ const., are spherical, and that the parameters can he chosen so that 

cB 

Hi — cosh e , IX; = si nh 6, Hi = Us - — • 

Find the equations of Lamd for this case. 5 

*. Every ono-parameter family of spheres or planes is a family of LamA 


*Cf. BiancW, Vol. II, p. 421. 
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9 In order to obtain the most general triply orthogonal system for which the 
surfaces In one family are planes, one need construct an orthogonal system of 
curves in a plane and allow the latter to roll over a developable surface, In which 
case the curves generate the other surfaces When the developable la given, the 
determination of the system reduces to quadratures 

10 Show that the most general triply orthogonal system for which one family 
of Lamd consists of spheres passing through a point can be found by quadratures. 

11 Show that a family of parallel surfaces Is a family of Lam6 

12 Show that the triply orthogonal systems for which the curves of parameter 
Uj are circles passing through a point can be found without quadrature 

13 By means of Tx 0, § 185, 6how that for a system of Weingarten of constant 
curvature the principal normals to the curves of parameter u, at the points of meet- 
ing with a surface u x = const form a normal pscudospherical congruence, and that 
the surfaces complementary to the surfaces u, = const and their orthogonal tra- 
jectories constitute a system of Wemg&tteo of constant curvature 

14 By means of Ex 13 show that for a tnplo system arising from a system of 
Weingarten of constant curvature by a transformation of Combescure the osculat- 
ing planes of the curves u$ = const, at points of a surface u» = const, envelop a 
surface S of the same kind as tills surface u, =s const , and these surfaces S and 
their orthogonal trajectories constitute a system of the same kind as the one result- 
ing from the Combescure transformation of the given system of Weingarten 

16 Show that a necessary condition that the curves of parameter «i of a triple 
system of Blanch! be plane is that u satisfy also the conditions 

~~ ~ "‘fl u, ^-s^KSlnw, 


where <p }3 and $>i, are Independent of u t and u t respectively (cf Ex 6, p 817) 
Show that If £jt and <j>- 3 satisfy the conditions 

(sir)'" *'• + 2 + "• + $+ 2 a (*'' + v }} + *■ 

where a and 6 are constants and Pi is an arbitrary function of ui, the function u, 

6ten &y e»» e»„ 

ros w - &Ul ^1 


« A - *’■ - y- ; 


determines a triply orthogonal system of Bianchi of the kind sought 

16 When P» = 1 and u la independent of u,, the first and fourth of equations 
(26) may be replaced by 

— — — Bin u 
2u\ 

Show that for a value of u satisfying this condition and the other equaUons (26) 
the expressions / r4>idu t \ r4> , cos* 

® = — (/w + + *. 


Ut = sin- (/““ + ***• + 

(/*•*! + *)£, 

V smw /6ttj 
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•where fa, fa, fa are functions of u u tt 2 , u 3 respectively, and the accent indicates 
differentiation, define a triply orthogonal system for which the surfaces u a = const, 
are molding surfaces. 


17. Under what conditions do the functions 


J — , flj = - 

0u s 


(U, 


0 2 W 


0W 

du 2 


+ U£ , JET S = — 


U tUt 3 ‘(j 
sin u vu? au 3 ’ 


where Uj and Us are functions of u 2 and w a respectively, determine a triply orthog- 
onal system arising from a triple system of Bianchi by a transformation of Combes- 
cure ? Show that in this case the surfaces k 2 = const, are spheres of radius U 2 , and 
that the curves of parameter tr 2 in the system of Bianchi are plane or spherical. 


18. Provo that the equations 

x = A(u 1 — a) m i(n 2 — — a) m », 

y = B(Ui~ b ) m t («» — 6) m J («j — b) m >, 
z = C(u i — c) m i(u 2 — c) m i(u s — c)">», 

where A, 2?, C, a, b, c, mi are constants, define space referred to a triple system of 
surfaces, such that each surface is cut by the surfaces of the other two families in 
a conjugate system. 


19. Given a surface S and a sphere 2; the circles orthogonal to both constitute 
a cyclic system ; hence the locus of a point upon these circles which is in constant 
cross-ratio with the points of intersection with S and 2 is a surface Si orthogonal 
to the circles ; Si may be looked upon as derived from S’ by a contact transformation 
which preserves lines of curvature ; such a transformation preserves planes and 
spheres. 


20. When S of Ex. 19 is a cyclide of Dupin, so are the surfaces Si, and also the 
surface which is the locus of the circles which meet S in any line of curvature; 
hence all of these surfaces form a triple system of cyclides of Dupin. 


21. Given three functions U,- defined by 

XJi = miti," + 2 mm + Pi, (i = 1, 2, S) 

where mt, a,-, p ; are constants satisfying the conditions 

— 0, ~ 0, 2j)i — 0 j 

and given also the function 

■U = oi(u 2 — u a )Vu[ + cr 2 (u 3 — ui) VU- + a 2 («i — u 2 ) VUs 
+ /92 m{U(+ + Ps« i«s). 

where o,', p, y are constants ; determine under what condition the functions 


u 2 - u s 
“1 = y=l 


Ih = 


Uj-U 1 

NVzfi 


wVu, 


determine) a triply orthogonal system. Show that all of the surfaces are isothermic, 
and that they are cyclides of Dupin. 


*•2. Determine whether there exist triply orthogonal systems of minimal surfaces. 
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Acceleration, 16, 60 
Angle botween curves, 74, 200 
Angle of geodesic contingence, 212 
Applicable surfaces, definition, 100 ; to 
the plane, 101, 160; invariance of 
geodesic curvature, 136 ; invariance 
of total curvature, 150 ; solution of 
the problem of determining whether 
two given surfaces are applicable, 
321-320 ; pairs of, derived from a 
given pair, 340. See Deformation of 
surfaces 

Area, element of, 75, 146 
Area of a portion of a surface, 146, 250; 
minimum, 222 

Associate surfaces, definition, 378 ; de- 
termination, 378-381 ; of a ruled 
surface, 381 ; of tbo sphere, 381 ; ap- 
plicable, 381; of the right helicoid, 
331; of an isothermic surface, 388; 
of pseudospherical surfaces, 300 ; of 
quadrics, 390, 391; characteristic 
property, 425 

Asymptotic directions, definition, 128 
•Asymptotic lines, definition, 128 ; para- 
metric, 129, 189-194 ; orthogonal, 129 ; 
straight, 140, 234 ; sphorical represen- 
tation, 144, 101-103; preserved by 
projective transformation, 202 ; pre- 
served in a deformation, 342-347 

Jliicklund, transformation of, 284-200 
Beltrami (differential parameters), 88. 
00; (geodesic curvature), 183; (ruled 
ll’-surfnee.s), 200; (applicable ruled 
surfaces), 346 ; (normal congruences), 

Bertrand curves, definition, SO ; proper- 
ties, 30-41 ; parametric equations, 51 ; 
on a ruled surface, 260 ; deformation, 
348 

(theorem of permutability), 
-80-288 ; (surfaces with circular lines 
o' curvature), 311; (surfaces with 


spherical lines of curvature), 315; 
(associate surfaces), 378 ; (cyclic con- 
gruences of Ribaucour), 435 ; (cyclic 
systems), 441 

Bianehi, transformation of, 280-283, 
200, 318, 320, 370, 46(5 ; surfaces of, 
370, 371, 442, 443, 446; generalized 
transformation of, 439 ; triply orthog- 
onal systems of, 452-464 , 464 . 465 
Binormal to a curve, definition, 12 ; 

spherical indie, atrix, 60 
Binormals which are the principal nor- 
mals to another curve, 61 
Bonnet (formula of geodesic curvature), 
136 ; (surfaces of constant curvature), 
170; (lines of curvature of Liouvillo 
type), 232; (ruled surfaces), 248 ; (sur- 
faces of constant mean curvature), 
208 

Bottr (helicoids), 147; (associate isother- 
mic surfaces), S88 

Canal surfaces, definition, 68 ; surfaces 
of center, 186 

Catenoid, definition, 160 ; adjoint sur- 
face of, 267 ; surfaces applicable to, 318 
Cauchy, problem of, 266, 335 
Central point, 243 
Central plane, 244 
Cesaro (moving trihedral), 32 
Characteristic equation, 376 
Characteristic function, 374, 877 
Characteristic lines, 130, 131 ; paramet- 
ric, 203 

Characteristics, of a family of surfaces, 
60-61 ; of the tangent planes to a sur- 
face, 120 

Cbristoffel (associate isothermic, stir- 
faces). 388 

Cbristoffel symbols, definition, 162, 163 ; 
relations between, for a surface and 
its spherical representation, 102, 103, 
201 


Circle, of curvature, 14 ; osculating, 14 

*,B / 'fercnces So njymptotle line*, geodesic*, line* of curvature, etc., on particular kind* of 
are listed under the latter. 


4G7 
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Circtes, orthogonal system of, In the 
plane, 80, 07 ; on the sphere, 301 
Circular lines of curvature, 149, 810, 
310. 423, 448 

Circular point on a surface, 124 
Codazzl, equations of, 165-167, 101, 108, 
170, 189, 200 

Combescure transformation, of curves, 
60 , of triple systems, 401-405 
Complementary surface, 184, 185, 283, 
290, 870, 464 

Conformal representation, of two sur- 
faces, C8-1U0, SOI, of a surface and 
its spherical representation. 143, of 
ft surface upon itself, 101-103 , of a 
plane upon Itself, 104, 1 12 , of a sphere 
upon the plane, 109 , of a sphere upon 
itself, 110, 111, of a pseudospherical 
surface upon the plane, 317 
Conformal-conjugate representation of 
two surfaces, 224 

Congruence of curves, 426 , normal, 430 
Congruence of straight lines (rectilinear), 
definition, 892 , normal, 891, S'>8 401, 
402, 403, 412, 422, 423, 437, associate 
normal, 401-403,411, ruled surfaces, 
301,398,401 limit points, 800, prin- 
cipal surfaces, 390-398, 408 principal 
planes, 390, 397, developable* 808, 
409, 414, 421, 432, 437, focal points, 
S08, 899, 425, middle point, 390, 
middle surface, 899, 401, 408, 413, 
421-424 , middle envelope, 413, 416; 
focal planes, 400, 401, 409, 416 , focal 
surfaces, 400, 400, 409-411, 412, 414, 
416,420 derived, 403-405, 411, 412, 
isotropic, 412, 413, 416, of Guichard, 
414,415,417,422,442, pseudospherical, 
184, 415, 410, 464 , IT-, 417-420, 422, 
424 , of Rlbauco-.vr, 420-422, 424 425, 
435, 442, 443, mean ruled surfaces, 
422, 423, 425 , cyclic, 431-445, spher- 
ical representation Of cyclic, 432-483 , 
cyclic o! RlbaucOUT, 436, 442, 443; 
developables of cyclic, 437, 441, 
normal cyclic, 437 

Conjugate directions, 120, 178 ; normal 
radii In, 131 

Conjugate system, definition, 127, 223 , 
parametric, 195, 203, 223, 224 , spher- 
ical representation of, 200, of plane 
curves, 224 , preserved by projective 
trans/o.nm.sJ.w.', 2A2, preserved in a 
deformation, 338-342, 348, 349 
Conjugate systems in correspondence, 130 
Conoid, right, 66, 68, 59, 68, 82, 98, 112, 
120, 195, 347 

Coordinates, curvilinear, on a surface, 
55 ; curvilinear. In Bpace, 447 ; sym- 
metric, 91-03 , tangential, 163, 104, 
201, elliptic, 227 


Correspondence with orthogonality of 
linear elements, 874-377 , 390 
Corresponding conjugate systems, 130 
Cosserat (infinitesimal deformation), 
880, 886 

Cross-ratio, o! four solutions of aRlccatl 
equation, 20, of points of intersection 
of four-curved asymptotic lines on a 
ruled surface, 249 , of the points in 
which four surfaces orthogonal to a 
cyclic system meet the circles, 429 
Cubic, twisted, 4, 8, 11, 12, 16. 209 
Curvature, first, of a curve, 0, radius 
of, 9, center of, 14, circle of, 14, 
constant, 22, 38, 61 
Curvature, Gaussian, 123, geodesic (see 
Geodesic) 

Curvature, mean, of a surface, 123, 120, 
146, surfaces of constant (see Sur- 
face) 

Curvature, normal, of a surface, radios 
of, 118, 120, 180, 131, 160, principal 
radii of, 110, 120, 291, 450 , center of, 
118, 160; principal centers of. 122 
Curvature, second, of a curve, 10 , con- 
stant, 60 See Torsion 
Curvature, total, of a surface, 123, 120, 
145, 165. 156, 160, 172, 180, 194, 208, 
211 , radius of, 189 , surfaces of con- 
stant (see Surface) 

Curve, definition, 2, of constant first 
curvature, 22, 38, 61, of constant 
torsion, 60 , form of a, 18 
Cyclic congruences. See Congruences 
Cyclic system, 426-446, definition, 428, 
of equal circles, 430 , 443 , surfaces 
orthogonal to, 430, 437, 444, 457, 
planes envelop a curve, 439. 440, 
planes through a point, 440, 441 , 
planes depend on one parameter, 442 , 
triple system associated with a, 440 , 
associated with ft triple system, 457, 
468 

Cy elides of Dupin, 188. 312-314 412, 
422, 466 

i>, If, D", definition, 116 , for the mor 
Ing trihedral, 174 
A, JJ', definition, 880 
Harbour (moving trihedral), 108, 109, 
170, (asymptotic lines parametric), 
101 , (conjugate lines parametric), 
1 95, {} teas o! curvature preserved by 
an invetsion), 196 , (asymptotfc lines 
ftnd conjugate systems preserved by 
projective transformation), 202 , (geo- 
desic parallels), 216, 217 , (genera- 
tion of new surfaces of Weingartcn). 
298 , (generation of surfaces with 
plane lines of curvature In both sys- 
tems), 304 , (general problem of 
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deformation), 832; (surfaces appli- 
cable to paraboloids), 307 ; (triply 
orthogonal systems), 468-461 
Darboux, twelve surfaces of, 391 ; de- 
rived congruences of, 404, 406 
Deformation of surfaces (see Applicable 
surfaces); of surfaces of revolution 
(see Surfaces of revolution) ; of mini- 
mal surfaces, 264, 269, 327-330 ; of 
surfaces of constant curvature, 321- 
323 ; general problem, 331-833 ; which 
changes a curve on the surface into a 
given curve in space, 333-336 ; which 
preserves asymptotic lines, 336, 342, 
843 ; which preserves lines of curva- 
ture, 330-338, 341 ; which preserves 
conjugate systems, 338-342, 349, 350, 
448; of ruled surfaces, 343-348, 360, 
SOT; method of Weingarten, 363-369; 
of paraboloids, 348, 308, 369 ; of the 
cnvelopo of the planes of a cyclic 
system, 429, 480 

Developable surface, definition, 01 ; 
equation, 04 ; particular kinds, 09 ; 
rectifying, 02, 04, 112, 200 ; polar, 64, 
66, 112, 209 ; applicable to the plane, 
101, 160, 210, 821, 822 ; formed by nor- 
mals to a surface at points of a line of 
curvature, 122 ; principal radii, 149 ; 
total curvature, 160, 250 ; geodesics 
on n, 224, 208, 318, 822 ; fundamental 
property, 244; of a congruence (see 
Congruence) 

Dcxtrorsum, 10 

Differential parameters, of thefirstorder, 
84-88, 90, 91, 120, 100, 100, 180 ; of 
the second order, 88-01, 100, 106, 100, 
180 

Dini (spherical representation of asymp- 
totic lines), 102; (surfaccsof Liouville), 
214 ; (ruled IF-surfaces), 299 
■'mi, surface of, 291, 318 
Director-cone of n ruled surface, 141 
Director-developablo of a surface of 
Mongc, 806 

TVirvctrix of a ruled surface, 241 
Dohritier (surfaces with spherical lines 
of curvature), 315 

Dupin (triply orthogonal systems), 449 
Dupin, hidicatrix of, 124-120, 120, 160 ; 
cyclide of (see Cyclide) ; theorem of 
Mains and, 403 

•h, F, <7, definition, 70 ; for the moving 
c tnlicdral, 174 

i i C‘* definition, 141 ; for the moving 
trincdrai, 174 
A/,/, rj, definition, 393 
huge of regression, 43, 00, 09 


Element, of area, 76, 145 ; linear ( see 
Linear element) 

Ellipsoid, equations, 228 ; normal sec- 
tion, 234; polar geodesic system, 
286-238; umbilical geodesics, 230, 
267 ; surface corresponding with par- 
allelism of tangent plane, 209. See 
Quadrics 

Elliptic coordinates, 227 
Elliptic point of a surface, 125, 200 
Elliptic type, of pseudospherical sur- 
faces, 274 ; of surfaces of Bianchi, 
370, 371 

Enneper (torsion of asymptotic lines), 
140 ; (equations of a minimal surface), 
260 

Enneper, minimal surface of, 209; sur- 
faces of constant curvature of, 3 17, 320 
Envelope, definition, 69, 00 ; of a one- 
parameter family of planes, 01-03, 
04, 09, 442 ; of a one-parameter fam- 
ily of spheres, 06-09 ; of a two-param- 
eter family of planes, 102, 224, 420, 
439; of geodesics, 221; of a two- 
parameter family of spheres, 391, 444 
•Equations, parametric, 1, 2, 62, 53; 
of a curve, 1, 2, 3, 21; of a surface, 
52, 68, 54 

Equidistance, curves of, 450 
Equidistantial system, 187, 203 
Equivalent representation of two sur- 
faces, 113, 188 
Euler, equation of, 124, 221 
Evolute, of a curve, 43, 46-47 ; of a 
surface, 180, 415 (see Surface of 
center); of the quadrics, 231; mean, 
of a surface, 105, 100, 372 


F. See E 

& See S~ 

//'. Seec 

Family, one-parameter, of surfaces, 59, 
440, 447, 451, 462, 457-401; of planes, 
01-04, 09, 442, 403 ; of spheres, 00-09, 
809, 319,403; of curves, 78-80; of geo- 
desies, 210, 221 

Family, two-parameter, of planes, 102, 
224, 420, 439; of spheres, 391, 444 
Family of Lnm6, 401, 403, 461 
Focal conic, 220, 234, 313, 314 
Focal planes, 400, 40l, 409, 410 
Focal points, SOS, 399, 425 
Focal surface, of a congruence, 400 ; 
reduces to a curve, 400, 412 ; funda- 
mental quantities, 400-411 ; develop- 
able, 412; met by developables in 
lines of curvature, 414 ; of a pseudo- 
spherical congruence, 410 ; infinitesi- 
mal deformation of, 420; intersect,423 


* For references such ns Equations of Codaiil, sec Codazil. 
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Form of a curve, 18 
Frenct-Serret formulas, 17 
Fundamental equations of a congruence, 
400, 407 

Fundamental quadratic form, of a sur- 
face, first, 71, of a surface, second, 
115 , of a congruence, 893 
Fundamental quantities, of the first 
order, 71, of the second order, 116 
Fundamental theorem, of the theory of 
curves, 24 , of the theory of surfaces, 
169 

G SeeS 
& 8ee£ 
g Seee 

Gauss (parametric form of equations), 
60, (spherical representation), 141 , 
(total curvature of a surface), 163 , 
(geodesic parallels), 200, (geodesic cir- 
cles) 207 , (area of geodesic triangle) 
209 

Gauss, equations of, 154, 165 187 
Generators, of a developable surface, 
41 , of a surface of translation, 198 , 
of a ruled surface, 241 
Geodesic circles, 207 
Geodesic contingence, angle of, 212 
Geodesic curvature, 132, 134, 135, 130, 
140,213,223, radius of, 132,150,161, 
174,170,209,411, center of, 132,225, 
423, invariance of, 133, curves of 
constant, 137, 140 187, 223, 319 
Geodesic ellipses and hyperbolas, 213- 
216, 225 

Geodesic parallels, 207 
Geodesic parameters, 207 
Geodesic polar coBrdinates, 207-209, 
230, 276 

Geodesic representation, 225, 317 
Geodesic torsion, 137-140, 174, 176, 
radius of, 138, 174, 178 
Geodesic triangle, 209, 210 
* Geodesics, definition, 133 , plane, 140 , 
equations of, 204, 205, 215-219, on 
surfaces of negative curvature, 211 , 
on surfaces of Liouville, 218, 219 
Goursat, surfaces of, S86, 372 
Guichard (spherical representation of 
the developables of a congruence), 
409, (congruences of Rlbaucour), 421 
Gulchara, congruences of, 414. 416, 417, 
422, 442 

2T, definition, 71 
hf, definition, 142 
Hamilton, equation of, 397 
Hizzidakis, transformation of, 278, 279, 
338 


Helicoid, general, 146-148 ; parameter 
of, 140 ; meridian of, 146 , geodesics, 
149, 161, 209 , surfaces of center of, 
180 , pseudosphencal, 291 , Is aTF-sur- 
face, 300 , minimal, 329, 381 , appli- 
cable to a hyperboloid, 347 
Helicoid, right, 140, 148, 203, 247, 260, 
260, 207, 330. 347, 881, 422 
Helix, circular, 2, 41, 45, 203 ; cylindri- 
cal, 20, 21, 20, 30, 47, 04 
lienneberg, surface of, 207 
Hyperbolic point, 125, 200 
Hyperbolic type, of pseudospherical sur- 
face, 273 , of surface of Bianchi,371, 379 
llypeiboloid, equations, 228, fundamen- 
tal quantities, 228-230, evolute of, 
231, of revolution, 247, 348, lines of 
striction, 208 deform itiou of, 347, 
348 See Quadrics 

Indicatrix, of Dupin (jeeDupin), spheri- 
cal (see Spherical) 

Infinitesimal deformation of a surface, 
373, 385-387 , generatrices, 373, 420, 
of a right helicoid, 38V , of ruled sur- 
faces, 381 , in which lines of curva- 
ture are preserved, S87, 39t, of the 
focal surfaces of a IF-congruence, 420 
Intrinsic equations of a curve, 23, 29, 
SO 36 

Invariants, differential 85-90 , of a dif- 
ferential equation, 880, 385, 406 
Inversion, definition, 190 , preserves 
lines of curvature, 190 , preserves an 
isothermic system of lines of curva- 
ture, 391 , preserves a triply orthog- 
onal system, 463 See Transformation 
by reciprocal radii 

Involute, of a curve, 43-45, 811; of a 
surface, 180, 184, 300 
Isometric parameters See Isothermic 
parameters 

Isometric representation, 100, 118 
Isothermal conjugate systems of curves, 
198-200, spherical representation, 202, 
formed of lines of curvature, 147, 203, 
233, 278 , on associate surfaces, 390 
Isothermal-orthogonal system See Iso- 
thermic orthogonal system 
Isothermic orthogonal systems, 93-98, 
209,252, 254, formed of lines of curva- 
ture (see Isothermic surface) 
Isothermic parameters 93-97, 102 
Isothermic surface, 108, 169 232, 253, 
269, 297, 387-389, 391, 425, 465 
Isotropic congruence, 412, 413, 416, 422- 
424 

Isotropic developable, 72, 171, 412, 424 
Isotropic plane, 49 


1 See footnote p 4 ST 
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Jacobi (geodesic lines), 217 
Joacbimsthal (geodesics and lines of 
curvature on central quadrics), 240 
Joachlrosthal, theorem of, 140; surfaces 
of, 308, 300, 819 

Kummer (rectilinear congruences), 892 

Lagrange (minimal surfaces), 251 
LamfS (differential parameters), 85 
Laimf, equations of, 449 ; family of, 461, 
403, 404 

Lelieuvre, formulas of, 198, 195, 417, 
419, 420, 422 

Lie (surfaces of translation), 197, 198 ; 
(double minimal surfaces), 259 ; (lines 
of curvature oflF-surfaces), 293 
Lie, transformation of, 289, 297 
Limit point, 396, S99 
Limit surface, 889 
Line, singular, 71 

•Line of curvature, definition, 121, 122, 
128; equation of, 121, 171, 247; par- 
ametric, 122, 151, 180; normal cur- 
vature of, 121,131; geodesic torsion of, 
189; geodesic, 140; two surfaces inter- 
secting in, 140 ; spherical representa- 
tion of, 143, 148, 160; osculating plane, 
148; plane, 149, 160, 201, 305-314, 
310, 320, 403 ; plane in both systems, 
209, 300-304, 310, 320 ; spherical, 140, 
314-317, 319, 320, 405; circular, 149, 
310-314, 310, 440 ; on an isothermic 
surface, 380, 

Une of striction, 243, 244, 248, 208, 848, 
35), 352, 300, 401, 422 
Linear element, of a curve, 4, 6 ; of a 
surface, 42, 71, 171; of the spherical 
representation, 141, 173, 303; reduced 
iorm, 353 ; of space, 447 
Lines of length zero. Sec Minimal lines 
Lines of shortest length, 212, 220 
Liouville (form of Gauss equation), 187 ; 

(angle of geodesic contingence), 212 
Limuille, surfaces of, 214, 215, 218, 232 
Loxwlromic curve, 78, 108, 112, 120, 131, 

lift oao 7 i , , , i 


Meridian curve on a surface, 200 
Meusnier, theorem of, 118 
Middle envelope of a congruence, 413, 
415 

Middle point of a line of a congruence, 
399 

Middle surface of a congruence, 899, 
401, 408, 413, 421-424 
Minding (geodesic curvature), 222, 223 
Minding, problem of, 321, 323, 320 ; 
method of, 344 

Minimal curves, 0, 47, 49, 265, 257 ; 
on a surface, 81, 82, 85, 91, 254-205, 
318, 391; on a sphere, 81, 257, 301-36G, 
390 

Minima! straight lines, 48, 49, 200 
Minimal surface, definition, 129, 251 ; 
asymptotic lines, 129, 180, 195, 264, 
257, 209 ; spherical representation, 
143, 251-254; ruled, 148; helicoidal, 
149, 330, 331 ; of revolution, 160 ; 
parallel plane sections of, 160 ; mini- 
mal lines, 177, 180, 254-205; lines of 
curvature, 180, 263, 257, 204, 209; 
double, 268-200 ; algebraic, 200-262 ; 
evolute, 200, 372 ; adjoint, 254, 263, 
267, 377; associate, 203, 207, 209, 330, 
381; of Sclierk, 200; of llenneberg, 
207; of Enneper, 209; deformation 
of, 204 , 827-329, 340, 381; determi- 
nation of, 205, 200 ; geodesics, 207 
Molding surface, definition. 302 ; equa- 
tions of, 807, 308; lines of curvature, 
307, 308, 820; applicable, 319, 338; 
associate to right helicoid, 881 ; nor- 
mal to a congruence of Ribaucour, 
422 

Molding surfaces, a family of Lam 6 of, 
405 

Monge (equations of a surface), 64 ; 

(molding surfaces), 302 
Mongo, surfaces of, 305-308, 319 
Moving trihedral for a curve, 30-33 ; 

applications of, 33-30, 39, 40, 04-08 
Moving trihedral fora surface, 100-170; 
rotationsof, 109; applications of. 171— 
183,281-288,330-338,352-804,420-442 


Mftlnanli, equations of, 150 
Mains and 1 lupin, theorem of, 403 
'• "nngoldt (geodesics on surfaces 
positive curvature), 212 
MMn curvature, 123, 120. 145 
Moan evolute, 105, 100, 372 

' '/V* surfaces of a congruenc 
‘l-l, 423, 425 
Mercator chan, 109 
<_r,dinn, of a. surface of revolutio 
I0 ‘ of a helicoid, 140 


Kormal. principal, definition, 12; par- 
allel to a plane, 10, 21 
Kormal congnience of lines (see Con- 
gracnce) ; of curves (see Congruence) 
Kormal curvature of a surface. See 
Curvature 

Kormal plane to a curve, 8, 15, 05 
Kormal section of a surface, 118, 234 
Kormal to a curve, 12 
Kormal to a surface, 67, 114, 117, 120, 
121, 141, 195 


Sec footnote, p. 407. 
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Normals, principal, which are principal 
normals ol another time, 41 , which 
are binomials of another curve, 61 

Older of contact, 8, 21 
Orthogonal system of curves, 76, 77, 
80-82, 01, 110, 129, 177, 187, par- 
ametric, 76, 03, 122, 134 ; geodesics, 
187 ; isothermic (sec Isothermic) 
Orthogonal trajectories, of a one param- 
eter family of planes, 35, 4.51 , of a 
family of curves, 60, 70, 05, 112, 147, 
140, 160 , of a family of geodesics, 
216 j of a family of surfaces, 440, 451, 
462, 466, 467, 460, 463, 464 
Osculating circle, 14, 21, 66 
Osculating plane, definition, 10 , equa- 
tion of, 11 , stationary, 18 , meet* the 
curve, 10, passes through a fired point, 
22 ; orthogonal trajectories of, S5 , of 
edge of regression, 67, of an asymp- 
totic line, 128 , of a geodesic, 13S 
Osculating planes of two curves parallel, 
60 

Osculating sphere, 37, 38, 47, 61, 65 

Parabolic point on a surface, 125 
Parabolic type, of pseudosphencal sur- 
faces, 274 , of surfaces of Bianchi, 
370, 871, 442, 443, 446 
Paraboloid, a nght conoid, 6fi, tangent 
plane, 112 , asymptotic lines, 191, 233; 
a surface of translation, 203 , equa- 
tions, 230, 330 , fundamental quanti- 
ties, 231 , lines of curvature, 232, 240 , 
evolute of, 234 , of normals to a ruled 
surface, 217, line of striction, 268, 
deformation of, 348, 349, 307-309, 
372, congruence of tangents, 401. 
See Quadrics 

Parallel, geodesic, 86, 207 , cm a surface 
Of revolution, 107 
Parallel curves, 44 

Parallel surface, definition, 177 , lines 
of curvature, 178 , fundamental quan- 
tities, 178, of surface of constant cur- 
vature, 179, of surface of revolution, 
185 

Parallel surfaces, a family of Lam 4 of, 
443 

Parameter, definition, 1 , of distribution, 
245, 247, 268, 348, 424, 425 
Parametric curves, 64, 66 
Parametric equations. See Equations 
Plane curve, condition for, 2, 16 , curv- 
ature, 16 ; equations, 28, 49 ; intrinsic 
equations, 36 

Plane curves forming a conjugate sys- 
tem, 224 

Plane lines of curvature See Lines of 
curvature 


Point of a surface, singular, 71 ; elliptic, 
125, 200; hyperbolic, 125, 200 ; para- 
bolic, 125, focal (see Focal); middle 
(see Middle) , limit (see Limit) 

Polar developable, 64, 65, 112, 209 
Polar line of a curve, 15, 86, 46 
Principal directions at a point, 121 
Principal normal to a curve. See Normal 
Principal planeaof a congruence, 396, 397 
Principal radii of normal curvature, 119, 
120. 291, 450 

Principal surfaces of a congruence, 896- 
396, 408 

Projective transformation, preserves os- 
culating planes, 49 , preserves asymp- 
totic lines and conjugate systems, 202 
Pseudosphere, 274, 200 
Pacudoepherical congruence, 415, 416, 
464 , normal, 184 

Pseudospherical surface, definition, 270 ; 
asymptotic lines, 190, 290,414, lines 
of curvature, 190, 203, 280, 820 , geo- 
desics, 276-277. 283, 317, SI8 ; defor- 
mation, 2*7, 323 . transformations of, 
286-290, 318, 320, 370, 460 , of IHnt, 
201, 318; of Fnneper, 317, 820, evo- 
lute, 318 , Involute. 818 , surfaces with 
the same spherical representation of 
their lines of curvature as, 820, 871, 
437, 439, 443, 444. See Surface of 
constant total curvature 
Pseudospherical surface of revolution, 
of hyperbolic type, 278 , of elliptic 
type, 274 , of parabolic type, 274 
Pseudospherical surfaces, a family of 
Lamd of, 452-460, 464 

Quadratic form See Fundamental 
Quadrics, confocal. 220, 401, fundamen- 
tal quantities, 229 , lines of curvature, 
233, 239, 240 , asymptotic lines, 233 , 
geodesics, 234-236, 239, 240, associate 
surfaces, 390, SOI , normals to, 422 
See Ellipsoid, Hyperboloid, Paraboloid 

Representation, conformal (see Con- 
formal), Isometric, 100, 113, equiv- 
alent, 113, 188, Gaussian, 141; 
conformal-conjugate, 224, geodesic, 
225, 317 , spherical (see Spherical) 
Revolution, surfaces of See Surface 
Ribaucour (asymptotic lines on surfaces 
of center), 184 , (cyclic systems of 
equal circles), 280 ; (limit surfaces), 
389 , (middle envelope of an Isotropic 
congruence), 413 ; (cyclic systems), 
426, 428, 432 ; (deformation of the 
envelope of the planes of a cyclic 
system), 429, 430 , (cyctic systems 
associated with a triply orthogonal 
system), 467 
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nihsucour congruence of, 420-422, 424, 
R " o r ; 44-2f™43: triple systems of, 

Hia-a’tUnuation, 25, 20, 60, 248, 420 

iSESdXKan .i ,•»- 

writs to a surface, 188 ; generators 
241; directrix, 241; linear d ™ ” l | 
241 247; director-cone, 241, line or 

ss 
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cutfature, 247; asymptoticlmes, 24&- 
250; mean curvature, 249, * ine ® 
curvature, 260, 268 ; conjugate, 268 , 
dot ormation, 848-848, 860, 86 1 ; spher- 
ical indicatrix of, 361; infinitesimal 
deformation, 381; of a congruence, 
303-396, 398, 401, 422, 428. See Right 

conoid, Hyperboloid, Paraboloid 


Sclieifers (equations of a curve), 28 
Sclierk, surface of, 200 
Schwarz, formulas of, 204-267, 269 
Singular line of a surface, 71 
Singular point of a surface, 71 

Sinistrorsum, 19 . . . 

Sphere, equations, 62, 7 < , 81 ; minimal 
lines, 81; conformal representation, 
109-111; equivalent representation, 
113; fundamental quantities, lib, 
nij principal radii, 120; asymptotic 
lines, 223, 422 

Spheres, family of. See Family 
Spherical curve, 80, 88, 47, 60, 149, 
314-310, 317, 319, 820, 405 
Spherical indicatrix, of the tangents U> 
acurve, 9, 13, 50, 177; of the binomials 
to a curve, 60, 177 ; of a ruled surface, 
351 

Spherical representation of a congruence, 
definition, 803 ; principal surfaces, 39 1 , 
408 ; developables, 409, 412-414, 422, 
432-486, 487, 441 

Spherical representation of a surface, 
definition, 141; fundamental quan- 
tities, 141-148, 100-105, 173; lines 
of curvature, 143, 148, 150, 161, 188, 
201. 253, 270, 280, 292, 290, 301, 302, 
303, 314, 315, 320, 871, 387, 437, 442- 
445; asymptotic lines, 144, 148, 191- 
105, 251, 340, S00, 414 ; area of closed 
portion, 145; conjugate system, 200- 
202, 257, 385 


Spherical representation of an axis of 

a moving trihedral, 354 

Spherical surface, definition, 2 ™> P? _ 
allels to, 179 ; of revolution, 270-272 , 
geodesics, 27 5-279 , 318 ; de ormation, 

276 323; lines of curvature, -.78, 
transformation, 278-280 297 ; invo- 
lute 300 ; of Enneper, 317 , surface 
with the same spherical repra “^See 
of its lines of curvature as, 338. see 
Surface of constant total curvature 
Spherical surfaces, a family of Lamd of, 

Spiral surface, definition, 161 ; 

ation 161; li nes °* curvature, 161 , 
minimal lines, 161 ; Wjpptotto *!»«, 

161 ; geodesics, 219 ; deformation, 349 
Stereographic projection, 110, 112 
Superosculating circle, 21 . 

Superosculating lines on a surface, 

187 

t Surface, definition, 63 

deflnltio1 ?' ™ i 

J n^developables in a conjugate sys- 
tem 180, 181 ; fundamental quantities, 

181 182 ; total curvature, 183 ; asymp- 
toti’c lines, 183, 184 ; lines of curva- 
ture, 183, 184 ; a curve 186, 1M, 308- 
314 ; developable, 186, 306-3U8 
Surface of constant mRanCunatur^ 
rlpfinition 179 ; parallels to, 179 , nnes 
ofeurvature, 296-298 ! 

; tion, 297 ; deformation, 298 ; minimal 

’ S o°S‘’o“on.Un1> total curvature, 

n»i r?. o, s as,soi 

. cal surface 

Surface of reference, 89*2 in7 . 

•’ ^fundamental ^quantities, 107,’ 147; 
2,’ loxodromic curve (sec 

p jg-SSSak, SMS . & » 

' qro m ml 370, 372, 444; partic- 

n . ^ ren m . equivalent repre- 

es ular, 111, 160, 8-0, fo 0 ; 

,8, sentation, 113, »nes oic mtm 

12 asymptotic lines, 131 , P C . 

o fares 186 ; geodesics, 206, ?09, 2-4 

ii Surface’ of translation, definition, 10 <, 
h S ins - equations, 197; asymptotic lines, 
S 108;’ generators, 198,203; defomiation, 
340, 850; associate surface, 881, 8 , 


5US, 201, OOD ’ 

, . ror developable ruled surfaces, eco 

♦Tills reference is to non developable ruled surf. ce-. 

t Tor references snch ns Surface of BiancbUseo-Hl 'j er these surfaces, 
t Snrf ac « of center of certain surfaces are referred to unaer 



474 


INDEX 


congruence of tangents, 405, middle 
surface of a TF-congruence, 422, 424 
Surface with plane lines of curvature. 

See Lines of curvature 
Surface w ith spherical tinea of cure atuse 
See Lines of curvature 
Surface with the same spherical repre- 
sentation of its lines of curvature as a 
pseudo8phencal surface See Pseudo- 
ephericu! surface 

Surface with the same spherical repre- 
sentation of its lines of curvature as 
a spherical surface Sec Spherical sur- 

Surfaces of revolution, a family of Lam4 
of, 461 

Tangent plane to a surface, definition, 
66, 114 , equation, 61 , developable sur 
face, 67 , distance to, 114 meets the 
surface, 123, characteristic of, 128, 
Is the osculating plane of asymptotic 
line, 123 

Tangent surface of a cune, 41-44, 67, 
applicable to the plane, 101, 166 
Tangent to a curve, 6, 7, 49, 60, 69 , 
spherical mdicatnx of, 9, 13, 60, 177 
Tangent to a surface, 113 
Tangential coordinates, IC3, 194, 201 
Tetrahedral surface, definition, 267, 
asymptotic lines, 267, deformation, 
341 

Tetrahedral surfaces, triple system of, 
465 

Tore, 124 

Torsion, geodesic, 137-140, 174, 176 
Torsion of a curve, definition, 16, radius 
of, 16, 17, 21, of a plane curve, 16, 
Sign of, 10, constant, 60, of asymp- 
totic line, 140 

Tractrur, equations, 35 , surface of revo- 
lution of, 274 , 290, helicoid whose 
meridian is a, 291 


•Transformation, of curvilinear cobrdi 
nates, 63-66, 73, 74 , of rectangular 
coordinates, 72 , by reciprocal radii, 
104, 196, 203 (see Inversion) , project- 
ive («ee Projective) 

Triply orthogonal system of surfaces, 
definition, 447, associated with a cyc- 
lic system, 446, fundamental quan- 
tities, 447-451 , with one family of 
surfaces of revolution, 451, 452, of 
Jtibaucour, 452, 463 , of Bianchi, 452- 
454, 464, 465 , of \Ve\ngarten, 455, 
456, 403, 464 , transformation of, 462, 
403 , with one family of molding sur- 
faces, 465 , of cychdes of Dupm, 465 , 
of isothermic surfaces, 465 

Umbilical point of ft surface definition, 
120 , of qnadnes, 230, 232, 234, 236- 
238, 240, 267 

Variation of a function, 82, 83 

Voss, surface of, 341, 390, 416, 442, 443 

IF congruence, 417--420, 422, 424 

IF surface, definition, 291 , fundamental 
quantities, 291-293, particular, 291, 
300 818,319, spherical representation, 
29 2, lines of curvature, 203, evolute, 
294, 295, 818, 319, of Weingarten, 
208, 424, ruled, 299, 319 

Weierstrass (equations of a minimal sur- 
face), 260, (algebraic minimal sur- 
faces), 261 

Weingarten (tangential coordinates), 
163 , (geodesic ellipses and hyperbo- 
las), 214, (IF-surfaces), 291, 292,294 
(infinitesimal deformation), 874, 387, 
(lines of curvature on an isothermic 
surface), 389 

Weingarten surf ace of ,208, 424, method 
of, 353-372 , triple system of, 465, 456, 
463, 404 


1 For references inch as Transformation of Bivcklund 
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THE ELEMENTS OF NON-EUCLIDEAN GEOMETRY 
by D. M. Y. Sommerville 

Almost immediately upon publication Dr. Sommerville's book became 
the standard text in the field. It is renowned for its lucid yet meticulous 
exposition and, unlike advanced treatises, it can, for the most part, 
be understood by anyone who has a good knowledge of high school 
algebra and geometry. The arrangement follows the traditional pat- 
tern of plane and solid geometry where theorems are deduced from 
oxioms and postulates. In this way, the student can follow the devel- 
opment of non-Euclidean geometry in strictly logical order, from a 
fundamental analysis of the concept of parallelism to such advanced 
topics as inversion and transformations. 

Elementary hyperbolic geometry; elliptic geometry; analytic non- 
Euclidean geometry; representations of non-Euclidean geometry in 
Euclidean space; space curvature and the philosophical implications 
of non-Euclidean geometry; the theory of the radical axes, homothetic 
centres, and systems of circles; inversion, equations of transformation, 
groups of motions; and the classification of conics are developed with 
exceptional clarity. 

Although this is primarily an elementary text, Dr. Sommerville treats 
such important and difficult topics as the relation between parataxy 
ond parallelism, the absolute measure, the pseudosphere, Gauss’ 
proof of the defect-area theorem, geodesic representation, and others 
with simplicity and ease. 126 problems at chapter endings give the 
student practise in using the forms and methods developed in the text 
and provide many important corollaries. 

133 figures. 126 problems. Index, xvi -f- 274pp. 5% x 8. 

S460 Paperbound $1.50 



FAMOUS PROBLEMS OF 
ELEMENTARY GEOMETRY 
by Felix Klein 

This expanded version of the famous 1094 Easter lectures at 
Gottingen University has been accepted as a modern mathematical 
classic, and has been translated into four different languages Using 
techniques of modern mathematics it examines three famous prob 
lems which were intensely investigated in premodern mathematics 
doubling the volume of a cube, trisecting an angle, squaring a 
circle 

Written with all Felix Kleins mathematical breadth, clarity, and 
profundily, this volume provides answers to modern problems con 
nected with these three problems of the past It is especially inter 
esting to the modern student in answering such questions as 
Under what circumstances is a geometric construction possible? By 
what means can a geometric construction be effected? What are 
transcendental numbers, and how can you prove that e and pi are 
transcendental’ Treatment is simple, and no knowledge of higher 
mathematics is required 

CONTENTS I THE POSSIBILITY OF THE CONSTRUCTION OF AL 
GEBRAIC EXPRESSIONS 1 Algebraic equations solvable by square 
roots The delian problem and the tnsection of the angle The divi 
sion of the circle into equal parts The construction of the regular 
polygon of 17 sides General considerations of algebraic construe 
lions II TRANSCENDENTAL NUMBERS AND THE QUADRATURE OF 
THE CIRCLE Cantor's demonstration of the existence of transcen 
dental numbers Historical survey of the attempts at the computa 
tion and construction of pi Transcendence of the number e Trans 
cendence of pi Integraph and the geometric construction of pi 
Notes by R C Archibald discuss in detail Gaussian polygons, Fer 
mats theorem, the irrationality of pi, and similar topics 

Translated by W W Beman, D E Smith from the second revised 
edition 16 figures xi 92pp 5% x B 


T298 Paperbound $1 00 



THE FOUNDATIONS OF EUCLIDEAN GEOMETRY 
by Henry George Forder 

This is the first volume to give a connected and rigorous account of 
Euclidean Geometry in the light of modern investigations. Although 
in its first stages Euclidean Geometry can be taught empirically and 
its propositions rightly assumed to follow consistently from the axioms, 
critical examination for more than two thousand years has disclosed 
many vaguenesses and unproved assumptions in the Euclidean formu- 
lation. For example, Euclid ignored any definition of the relations of 
order suggested by such terms as "between” and "inside.” The notions 
of congruence and similarity have been shown to be of great com- 
plexity. Our ideas about the relation of number systems to geometrical 
figures, of continuity, and of proportion are no longer thought to be 
immediately evident. Nor, since the discovery by Bolya and Lobat- 
schefsky of the consistency of non-Euclidean Geometries, can we 
ignore the problems involved in the nature of the axiom system and 
the relations between axioms — especially with regard to the Axiom 
of Parallels. The value of this book lies in the fact that it derives the 
Euclidean propositions from the axioms with the utmost rigor, employ- 
ing the mathematical discoveries of modern times and making the 
smallest number of assumptions as possible. Indispensable to the 
teacher of Geometry, this work should be of interest to every mathe- 
matician for the light it throws on the foundations of mathematics. 

Among the topics discussed in the fifteen chapters of this volume are: 
Axioms and definitions; Classes and relations; Axioms for magnitudes, 
groups, quasi-fields, and fields; Axioms of order; Definitions of line, 
plane, space; Angles; Inside and outside angles; Congruence of lines, 
intervals, angles, triangles, and crosses; Circle axioms; Parallel axioms; 
Pappus' and Desargues’ Theorems; Projective and Euclidean Geometry; 
Similar triangles; Aigebra of points; Independence questions; Hessen- 
berg's Theorem; Mascheroni's Theorem; The Gaussian theory of regu- 
lar polygons; Analysis Situs of plane polygons; Inside and outside of 
polygons; Areas of polygons; Volumes of polyhedra; Dehn's Theorem; 
Continuity; Existence of parallels; Consistency and completeness; Re- 
flections; Rotations; Isomeries; Geometry on a sphere; The axiom of 
similarity. 

list of Geometric Axioms employed, list of Constructions. List of Sym- 
bols in Frequent Use. 295pp. 5?s x 8. 


Paperbound $2.00 



THE GEOMETRY OF RENE DESCARTES 

This is on unabridged re publication of the definitive English trans 
la t ion of one of the very greatest classics of science Originally 
published in 1637, it has been characterized as the greatest single 
step ever made in the progress of the exact sciences (John Stuart 
Mill), as a book which remade geometry ond made modern geometry 
possible (Eric Temple Bell) It revolutionized the entire conception 
of the object of mathematical science (J Hadamard) 

With this volume Descartes founded modern analytical geometry 
Reducing geometry to algebra and analysis and conversely showing 
that analysis may be translated info geometry it opened the way 
for modern mathematics Descartes was the first to class fy curves 
systematically and to demonstrate algebraic solution of geometric 
curves His geometric interpretation of negative quantities led to 
later concepts of continuity and the theory of function The third 
book contains important contr buttons to the theory of equations 
This edition contains the entire definitive Smith Latham translation 
of Descartes three books Problems the Construction of which Requires 
Only Straight Lines and Circles On the Nature of Curved Lines On 
the Construction of Solid or Supersohd Problems Interleaved page 
by page with the translation is a complete facsimile of the 1637 
French text together with all Descartes original illustrations 248 
footnotes expla n the text and add further bibliography 
Translated by David E Smith and Marcia L Latham Preface Index 
50 figures xm4-244pp 5Va x 8 568 Paperbound $1 50 



GEOMETRY OF FOUR DIMENSIONS 
by H. P. Manning 


Manning's GEOMETRY OF FOUR DIMENSIONS is unique in English as a 
clear and concise introduction to a branch of modern mathematics now 
in application as an indispensable part of mathematical physics (algebra, 
analysis, relativity). 

Proceeding by the synthetic method the author will make clear to you the 
geometry of the fourth dimension, aiding you to reason about four- 
dimensional figures. Treatment is based mostly on Euclidean geometry, 
although in some cases, as hyperplanes at infinity, non-Euclidean geometry 
is used. After a discussion of the history of dimensions, with references 
to Moebius, Riemann, Lobatchevsky, and others, the author discusses the 
foundations of fourth dimensional geometry; perpendicular and simple 
angles; angles of two planes and of higher order; symmetry, order, motion, 
hyperpyramids; hypercones; hyperspheres; Euclidean geometry, figures 
with parallel elements,- measurement of volume and hypervolume in hyper- 
space; regular polyhedroids. 

"Clearly written ... an excellent book," SCIENTIFIC AMERICAN. "Of 
particular interest . . . The author shows that the knowledge of the new 
geometries has clarified and sometimes corrected men’s understanding 
even of Euclidean geometry,” MODERN SCHOOLMAN. "A standard 
treatise for students of mathematics,” SKY AND TELESCOPE. 

Complete unabridged reproduction of the First edition. Preface. Historical 
introduction. 179 footnotes, mostly bibliographical. Glossary of terms. 
Index. 76 figures, including 3 full-page plates, ix + 348 pp. 5 3 /s x 8. 


S182 Paperbound $1.95 



COORDINATE GEOMETRY 

by Luther Pfahler Eisenhart, Professor of Mathematics, 
Emeritus, Princeton University 

Coordinate Geometry offers a thorough complete and unified introduction to the 
subject An unusual presentation affords an exceptional insight into coordinate Geometry 
where other studies coyer all aspects of the 2nd dimension before going on to the 
3rd Professor Etsenhart advances in dimension within each topic The sphere and 
circle are treated together 3 dimensional coordinate systems are introduced along 
with polar coordinates quadric surfaces directly follow conic sections 

Extensive use is made of determinants but no previous knowledge of them is assumed 
They are introduced from the beginning as a natural tool for coordinate geometry 
Invaramts of conic sections and quadric surfaces are fully treated Algebriac equations 
of the last degree in 2 and 3 unknowns are carefully reviewed and earned farther than 
ts usual tn algebra courses Throughout the book results are formulated precisely with 
theorems clearly and sharply stated Professor Eisenhart offers the only discussion in 
any introductory text to analytic geometry of the axiomatic basis of the subject He 
gives axioms for coordinated geometry and shows that they are the algebraic equivalent 
of Hilberts axioms for synthetic geometry 

The more than 500 exercises throughout the text will prove particularly helpful They 
incorporate often in rather novel settings each idea after it has been carefully and 
folly explained 

Introduction Appendix Index Over 500 exercises Bibliography 43 illustrations xt + 
298pp 5% x 8 S600 Paperbound $1 65 



Catalogue of Dover 

SCIENCE BOOKS 


BOOKS THAT EXPLAIN SCIENCE 


THE NATURE OE LIGHT AMO COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky how are shadows formed? Prof. Minnaert of U. of Utrecht answers these and similar 
questions In optics, light, colour, for non-specialists. Particularly valuable to nature, 
science students, painters, photographers. "Can best be described in one word— fascinating!" 
Physics Today. Translated by H. M. Kremer-Prlest, K. Jay. 202 illustrations, Including 42 
photos, xvi + 362pp. 54b x 8. T196 Paperbound $1.95 

THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains In very simple terms the latest theories of wave mechanics. Partial contents-, air 
and Its relatives, electrons and ions, waves and particles, electronic structure of the 
atom, nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 
6x9. T412 Paperbound $2.00 

MAHER AND LIGHT, THE NEW PHYSICS, l. do Broglie. Non-technical papers by a Nobel 
laureate explain electromagnetic theory, relativity, matter, light, radiation, wave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training Is needed for all but 2 of the 21 chapters. "Easy simplicity 
and lucidity . . . should make this source-book of modern physcis available to a wide 
public," Saturday Review. Unabridged. 300pp. 544 x 8. T35 Paperbound $1.G0 

THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James New- 
man, edited by Karl Pearson. For 70 years this has been a guide to classical scientific, 
mathematical thought. Explains with unusual clarity basic concepts such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected. 130 diagrams redrawn. 249pp. 5% x 8. 

T61 Paperbound $1.60 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special, general theories ot relativity, with historical implications, analyzed in non-technical 
tetms. Excellent accounts ot contributions of Newton, Ricmann, Weyl, PJanck, Eddington, 
Maxwell, Lorentz, etc., are treated in terms of space, time, equations of electromagnetics, 
fmitenexs of universe, methodology ot science. "Has become a standard work,” Nature. 21 
diagrams, 4S2pp. 544 x 8. T2 Paperbound $2.00 

BRIDGES AND THEIR BUILDERS, 0. Steinman, S. R. Watson. Engineers, historians, everyone 
ever fascinated by great spans wilt find this an endless source of information and interest. 
Dr. Stcmman, recent recipient of Louis Levy Medal, is one of the great bridge architects 
engineers of all time. His analysis ot great bridges ot history is both authoritative and 
easily followed. Greek. Roman, medieval, oriental bridges; modern works such as Brooklyn 
Bridge, Golden Cato Bridge, etc. described in terms ot history, constructional principles, 
artistry, function. Most comprehensive, accurate semi-popular history of bridges in print in 
English. New, greatly revised, enlarged edition. 23 photographs, 26 line drawings, xvli + 
40lpp. x 8, T431 Paperbound $1.95 



CATALOGUE OF 


CONCERNING THE NATURE OF THINGS Sir William Bragg Christmas lectures at Royal 
Society by Nobel laureate dealing with atoms gases liquids and various types of crystals 
No sc enl f e background is needed to understand this remarkably clear Introduction to basic 
processes and aspects ot modern science More Interesting than any bestseller London 
Morning Post 32pp of photos 57 figures *11 + 232pp 5% * 8 T3t Paperbound $1 35 


THE RISE OF THE HEW PHTSICS A d fchro Half million word exposition lormetly titled 
The Decline of Mechanism ■ for readers not versed In higher mathematics Only thorough 
explanat on In everyday language of core of modern mathematical physical theory treating 
both classiest modern views Scientifically Impeccable coverage ot thought from Newtonian 
system through theories of Dirac Heisenberg Fermi s statistics Combines h story exposi 
ton broad but unified detailed view with constant comparison of classical modern 
views A must foe anyone doing serious study in the physical sciences. 1 o( the Franklin 
Inst Extraordinary faculty to explain ideas and theories In language of everyday 
life Isis Part 1 of set philosophy of science from practice of Newton Maxwell Poincare 
Einstein etc Modes of thought experiment causality etc Part 1J IDO pp on grammar 
vocabulary of mathematics discussions of functions groups senes Fourier series etc 
Remainder treats concrete detailed coverage of both classical quantum physics analytic 
mechanics Hamilton s principle electromagnetic waves thermodynamics Brownian move 
ment special relativity Bohr s atom de Broglie s wave mechanics Heisenberg s uncertainty 
scores of other Important topics Covers discoveries theories ot d Alembert. Born Cantor 
Debye Euler Foucault Galois Gauss Hadamard Kelvin Kepler Laplace Maxwell Pauli 
Rayleigh Volterra Weyl more than 1BO others 97 Illustrations ix + 982pp 544 x 8 

T3 Vol 1 Paperbound 32 do 
T 4 Vol II Paperbound 52 00 


SPINNING TOPS AND GYROSCOPIC MOTION John perry Well known classic of science still 
unsurpassed for lucid accurate delightful exposition How quasi rigidity Is Induced in 
flexible fluid bodies by rapid motions why gyrostat falls top rises nature effect of 
internal flu dity on rotatng bodies etc Appendixes descr be practical use of gyroscopes 
in ships compasses monorail transportation 62 f gures 128PP 544 x 8 

T4V6 Paperbound it 00 


FOUNDATIONS OF PHYSICS. R B Lindsay K Margenau Excellent bridge between semi 
popular and technical writings Discussion of methods qf physical description construction 
of theory valuable to physicist with elementary calculus Gives meaning to data tools of 


FADS AND FALLACIES IN THE NAME OF SCIENCE. Martin Cirdner Formerly entitled In the 
Name o< Science the standard account of various cults quack systems delusions which 
have masqueraded as sc ence hollow earth fanatics orgone sex energy d aneties Atlantis 
Forteanism flying saucers medical fallacies like gone therapy etc New chapter on Bndey 

* — • • - r ffatone( j appraisal of eccentric theory 

t read by everyone scientist r* — 


Amer Physical Soc i 


T394 Paperbound »1J0 


ON MATHEMATICS AND MATHEMATICIANS. « t MorlU A 10 year labor of love by discerning 
discriminating Prof Monty this collection conveys the full sense of mathemat cs and 
personalities of great mathematicians Anecdotes aphorisms reminiscences philosophies 
defimtons speculations biographical insights etc by great mathematicians writers Des- 
cartes M II Locke Kant Coleridge Whitehead etc Glimpses into lives of great malhema 
tieians from Archimedes to Euler Gauss Welerstrass To mathemat cians a superb 
browsing book To laymen exciting revelation ot fullness of mathematics Extensive cross 
Index 4J0pp 544 x 8 T489 Paperbound 51 95 


GUIDE TO THE LITERATURE OF MATHEMATICS AND PHTSICS H G Parke <11 Over 5000 
entries under approximately 120 m»|or subject headings of selected most important books 
monographs periodicals articles In English, plus important works In German, French 
Italian Spanish Russian (many recently ava table works) Covers every branch of physics 
math related engineering Includes author title edit on publisher place date number 
of volumes number of pages 40 page introducton on basic problems of research study 
provides useful Information on organization use of libraries psychology of learn ng etc 
WJ. w. yen. bruins, qk tlm* Tort, '.vv.'ji-t vithm f. ‘/iit/Mi -if. nMw* snft/jwW Ww 
544 * 8 S447 Paperbound 33 49 


THE STRANGE STORY OF THE DUANTOM, An Account for the General Reader ot the Growth 
of Ideas Underlying Our Present Atomic Knowledge B Hoflmann Presents lucidly expertly 
with barest amount of mathematics problems and theories which led to modern quantum 
physics Begins with late 1800 s when discrepancies were noticed with illuminating anal 
og es examples goes through concepts of Planck Einstein Pauli Schroed nger Dirac 
Sommerfieid Feynman etc New postscript through 1958 Of the books attempting an 
account of the history and contents of modern atomte physics which have come to my 
attention this Is the best H Margenau Yale U , In Amer J of Physics 2nd edition 32 
tables illustrations 275pp 544 * 8 T518 Paperbound $] 45 



DOVER SCIENCE BOOKS 


HISTORY OF SCIENCE 

AND PHILOSOPHY OF SCIENCE 

THE VALUE OF SCIENCE, Henri Poincard. Many of most mature ideas of "last scientific 
univorsalist" for both beginning, advanced workers. Nature of scientific truth, whether 
order Is innate in universe or imposed by man, logical thought vs. intuition (relating to 
Weierstrass, Lie, Riemann, etc), time and space (relativity, psychological time, simultaneity), 
Herz's concept of force, values within disciplines of Maxwell, Carnot, Mayer, Newton, 
Lorcntz, etc. iii + 147pp. 5% x 8. S469 Paperbound S1.35 

PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. Philosophical aspects of modern science 
examined in terms of lively critical attack on ideas of Jeans. Eddington. Tasks of science, 
causality, determinism, probability, relation of world physics to that of everyday experience, 
philosophical significance of Planck-Bohr concept of discontinuous energy levels, inferences 
to be drawn from Uncertainty Principle, implications of "becoming'’ involved in 2nd law 
of thermodynamics, other problems posed by discarding of Laplacean determinism. 285pp. 
5?k x 8. T480 Paperbound $1.65 

THE PRINCIPLES OP SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, IV. S. 
Jevons. Milestone in development of symbolic logic remains stimulating contribution to in- 
vestigation of inlerential validity in sciences Treats Inductive, deductive logic, theory of 
number, probability, limits of scientific method, significantly advances Boole’s logic, con- 
tains detailed introduction to nature and methods of probability in physics, astronomy, 
everyday affairs, etc. In introduction, Ernest Nagel of Columbia U. says, "(Jevons] continues 
fo be of interest as an attempt to articulate the logic of scientific inquiry ’’ till + 786pp. 
5Tb X 8. S446 Paperbound $2.98 

A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, 1. L. E. Dreyer. Only work In English 
to give complete history of cosmological views from prehistoric times to Kepler. Partial 
contents- Hear Eastern astronomical systems, Early Greeks, Homocentric spheres of 
Euxodus, Epicycles, Ptolemaic system, Medieval cosmology, Copernicus, Kepler, much more. 
"Especially useful to teachers and students of the history of science . . . unsurpassed in 
its held," Isis. Formerly “A History of Planetary Systems from Thales to Kepler ” Revised 
foreword by W. H. Stahl, xvil + 430pp. 54b x 8. S79 Paperbound $1.98 

A CONCISE HISTORY OF MATHEMATICS, 0. Struik. Lucid study of development of ideas, 
techniques, from Ancient Near East, Greece, Islamic science Middle Ages, Renaissance, 
modern times. Important mathematicians described in detail Treatment not anecdotal, but 
analytical development of ideas. Non-techmcal— no math training needed. “Rich in con- 
tent, thoughtful in interpretations,” U.S. Quarterly Booklist 60 illustrations including 
Greek, Egyptian manuscripts, portraits of 31 mathematicians. 2nd edition xix + 299pp 
5H x 8. S255 Paperbound $1.75 

THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. A carefully balanced 
expositon of Peirce's complete system, written by Peirce himself. It covers such matters 
as scientific method, pure chance vs law, symbolic logic, theory of signs, pragmatism, 
experiment, and other topics. "Excellent selection gives more than adequate evidence 
of the range and greatness," Personalist. Formerly entitled "lhe Phtlosoohy o( Peirce." 
xvi + 368pp. T217 Paperbound $1.95 


SCIENCE AND METHOD, Henri Poincard. Procedure of scientific discovery, methodology, ex- 
periment, idea-germination — processes by which discoveries come into being. Most signifi- 
cant and Interesting aspects of development, application of ideas. Chapters cover selection 
of facts, chance, mathematical reasoning, mathematics and logic: Whitehead, Russell, 
Cantor, the new mechanics, etc. 288pp. 5ab x 8. S222 Paperbound $1.35 

SCIENCE AND HYPOTHESIS, Henri Poinc3rd. Creative psychology in science. How such con- 
cepts as number, magnitude, space, force, classical mechanics develooed, how modern 
scientist uses them in his thought. Hypothesis in physics, theories ol modern physics. 
Introduction by Sir James Larmor. "Few mathematicians have had the breadth of vision 
of PoIncarE, and none Is his superior In the gilt ol clear exposition,” E. T. Bell. 272pp 
am x 8. S221 Paperbound $1.35 

ESSAYS IN. EXPERIMENTAL LOGIC, John Dewey. Stimulating series ol essays by one ol most 
ln..uentlal minds in American philosophy presents some of his most mature thoughts on 
wide range of subjects. Partial contents. Relationship between inquiry and experience: 
dependence ol knowledge upon thought, character logic: judgments of practice, data, and 
meanings; stimuli ct thought, etc. vm + 444pp. 5 5 b X 8. T73 Paperbound $1.95 

WHAT IS SCIENCE, Norman Campbell. Excellent introduction explains scientific method, role 
c, mathematics, types of scientific taws. Contents’. 2 aspects of science, science and 
paiure, laws of chance, discovery of laws, explanation of iaws, ncasuremen! and numerical 
applications ot science. 192pp. 5n» x 8. S43 Pap»rb0und $1 25 
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CATALOGUE OF 


FROM EUCLID TO EDDINGTON A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, Sir 
ttfmonfl Whittaker foremost British scientist traces development cf theories of natural pht 
losophy from western rediscovery of Euclid to Eddington Emste n Dirac etc 5 major 
divisions Space Time and Movement Concepts of Classical Physics Concepts of Quantum 
Mechanics Eddington Universe Contrasts Inadequacy of classical physi.s to understand 
physical world with present day attempts of relativity non Eucl dean geometry space 
curvature etc 212pp 5% x 8 T491 Paperbound $1 35 

THE ANALYSIS OF MATTER Bertrand Russell How do our senses accord with the new 
physics 7 This volume covers such top cs as logical analysis of physics prereiativily 
physics causality scientific Inference physics and percept on spec al and general reta 
tivity YJeyi s theory tensors invariants and the r physical interpretation periodicity and 
qualitative series The most thorough treatment of the subject that has yet been pub 
lished, The Nation Introduction by L. E Denonn 422pp 54b s 8 T231 Paperbound $1 95 

LANGUAGE, TRUTH AND LOGIC, A Ayer A clear Introduction to the Vienna and Cambridge 
schools of Logical Positivism Specif c tests to evaluate validity of ideas etc Contents 
function of philosophy elimination of metaphysics nature of analysis a prion truth and 
probability etc 10th print ng 1 should like to have written it myseit Bertrand Russell 
lEOpp 54b x 8 T10 Paperbound $1.25 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD f Hadamard Where do ideas 
come from 7 What role does the unconscious play 7 Are ideas best developed by malhemat cal 
reasoning word reasoning visualization 7 What are tne methods used by Einstein. Poincare 
Gallon R emann 7 How can these techniques be applied by others 7 One of the worlds 
leading mathematicians discusses these and other questions xul + 145pp 54b x 8 

T107 Paperbound $1.25 

GUIDE TO PHILOSOPHY, C E M load By one of the ablest expositors of alt time this Is 
not simply a history or a typological survey but an exam nation of central problems in 
terms of answers afforded by the greatest thinkers Plato Aristotle Scholastics le bmz 
Kant Whitehead Russell and many others Especially valuable to persons in the physical 
sciences over 100 pages devoted to leans Edd ngton and others the philosophy of 
modern physics sclentifc materialism pragmatism etc Classified bibliography 592pp 
54b x 8 T50 Paperbound $2 00 

SUBSTANCE AND FUNCTION, and EINSTEINS THEORY OF RELATIVITY. Ernst Cassirer Two 
books bound as one Cassirer establishes a philosophy of the exact sciences that takes Into 
consideration new developments in mathematics shows historical connections Partial 
contents Aristotelian logic Mill s analysis Helmholtz and Kronecker Russell and cardinal 
numbers Euclidean vs non Euclidean geometry Einsteins relativity Bbllography Index 
xxl + 464pp S4h x 8 T50 Paperbound $2 00 

FOUNDATIONS OF GEOMETRY Bertrand Russell Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy the nature of geometrical knowledge 
the nature of geometry and the applications of geometry to space Covers history ot non 
Euclidean geometry philosophic interpretations ot geometry especially Kant projective 
and metrical geometry Most Interest ng as the solut on offered in 1897 by a great mind 
to a problem still current New introduction by Prof Morris Kline NY University Ad 
mirably cleat precis* and elegantly reasoned analyss International Math Hews xli + 
2Q1PP 54i x 8 S233 Paperbound $t 60 


THE NATURE DF PHYSICAL THEORY, P W Bridgman How modern physics looks to a highly 
unorthodox physic st — a Nobel laureate Pointing out many absurdities of science demon 
Strafing inadequacies of var ous physical theories weighs and analyzes contributions of 
Einstein Bohr Heisenberg many others A nontechnical consideration of correlation of 
science and reality xf + l3Spp 54b x 8 533 Paperbound $J 25 

EXPERIMENT AND THEORY IN PHYSICS Max Bern A Nobel laureate examines the nature 
and value ot the counterclaims ot experiment and theory in physics Synthetic versus 
analytical scientific advances are analyzed (n works of Einstein Bohr, Heisenberg Planck 
Eddington M Ine, others by a fellow scientist 44pp 54b x 8 S308 Paperbound GOC 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of The Evolution of Anatomy Classic traces anatomy phys 
lOlogy from prescient fic times through Greek Roman periods dark ages Renaissance to 
beginning of modern concepts Centers on Individuals movements that defmtely advanced 
anatomical knowledge Plato Oioefes Erasistratus Galen da Vinci etc Special section 
on Vesalius 20 plates 270 extremely Interesting illustrations of ancient Medieval enais 
sane* Oriental origin xti + 209pp 54b x 8 T3S9 Paperbound $135 

SPACE -TIME* MATTER Hermann Weyl The standard treatise on the general theory of 
relativity (Nature) by world renowned scientist Deep clear discussion of logical coher 
enee of general theory Introducing all needed tools Maxwell analytical geometry non 
Euclidean geometry tensor calculus etc Basis is class cal spacetime before absorption 
of relativity Contents Euclidean space mathematical form, metrical cont nuum general 
theory ete 15 diagrams *ri 1 + 330PP 54b x 8 S26? Paperbound $t T5 



DOVER SCIENCE BOOKS 

MATTER AND MOTION, James Clerk Maxwell. Excellent exposition begins with simple par- 
ities, proceeds gradually to physical systems beyond complete analysis, motion, force, 
properties of centre of mass of material system, work, energy, gravitation, etc Written 
with all Maxwell's original insights and clarity Notes by E Larmor 17 diagrams 178pp 
x 8. S188 Paperbound $1 25 

PRINCIPLES OF MECHANICS, Heinrich Hertz Last work by the great 19th century physicist 
Is no! only a classic, but of great Interest in the logic of science Creating a nevt system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under- 
standing of the formal or structural aspects of science, taking into account logic, observa 
tion, a priori elements Of great historical importance to Poincare, Carnap, Einstein, Milne 
A 20 page introduction by R S. Cohen, Wesleyan University, analyzes the Implications of 
Hertz’s thought and the logic of science 13 page introduction by Helmholtz xlil + 274pp 
51h X 8 S316 Clothbound $3 50 

S317 Paperbound 51 75 

FROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance Includes perhaps best discussion of early herbals, 
penetrating physiological interpretation of ‘ The Visions of Hlldegarde of Bingen " Also 
examines Arabian, Galenic influences, Pythagoras' sphere, Paracelsus, reawakening of 
science under Leonardo da Vinci, Vesalius, Lorica of Gildas the Briton etc Frequent 
quotations with translations from contemporary manuscripts Unabridged, corrected edi- 
tion 158 unusual illustrations from Classical, Medieval sources xxvli + 365pp 5% x 8 

T390 Paperbound 52 00 

A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin- 
nings in antiquity to final elaboration as mathematical abstraction Gives a sense ot 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
Pythagoras. Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des- 
cartes, Euler, Lagrange, Cantor, Weierstrass, and others This first comprehensive, critical 
history of the calculus was originally entitled ‘‘The Concepts of the Calculus " Foreword 
by R Courant, 22 figures 25 page bibliography v + 364pp 5 3 g x 8 

S509 Paperbound 52.00 

A 0I0ER0T PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY. Manufacturing and the 
Ttchmcal Arts In Plates Selected from "L'Encyclopddle ou Dlctlonnalre Raisonnb ties 
Sciences, dos Arts, et dcs Mbtlers" of Denis Diderot. Edited with text by C Gillispie First 
modern selection of plates from high point of 18th century French engraving Storehouse 
of technological information to historian of arts and science Over 2.000 illustrations on 
485 full page plates, most of them original size, show trades industries ol fascinating 
era In such great detail that modern reconstructions might be made of them Plates teem 
twin men, women, children performing thousands of operations show sequence, general 
operations, closeups, details of machinery Illustrates such important, interesting trades, 
industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting Iron, extracting mercury, making gunpowder, cannons, bells, 
shoeing horses, tanning, papermaking, printing, dying over 45 more categories Prolessor 
Gillispie ol Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc Material is presented in lively, lucid fashion Of great interest to all 
s'udylng history of science, technology Heavy library cloth 920pp 9 x 12 

T421 2 volume set 518 50 

DE MAGNETE, William Gilbert. Classic cork on magnetism, founded new science Gilbert 
was first to use word "electricity," to recognize mass as distinct from weight, to discover 
effect of heat on magnetic bodies, invented an electroscope, differentiated betvreen static 
electricity and magnetism, conceived of earth as magnet This lively work, by first great 
experimental scientist, Is not only a valuable historical landmark, but a delightfully easy 
to follow rocord of a searching, ingenious mmd Translated by P F Mottelay 25 page 
biographical memoir. 90 figures fix + 36Spp 5 3 i x 8 S470 Paperbound 52 00 

HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive, non technical history of math 
in Erglish Discusses lives and works of over a thousand maior, minor figures, with foot 
rotes giving technical Information outsido book’s scheme, and indicating disputed matters 
Joi I A chronological examination, from primitive concepts through Egypt Babylonia, 
Greece, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900 Vol II The 
envelopment of Ideas in specific fields and problems, up through elementary calculus 
M'ks an epoch . vrtll modify the entire teaching of the history of science," George 
«rtori 2 volumes, total of 510 illustrations, 1355pp 5 3 b x 8 Set boxed in attractive 
container T423, 430 Paperbound, the set 55 00 

THE PHILOSOPHY OF SPACE AND TIME, H Reichcnbach An important landmark in develop- 
J" 1 ot empiricist conception of geometry, covering foundations ol geometry, time theory, 
^'fA-trccs ol Einstein’s relativity, including relations between theory and observations, 
, 5 <te f nitiors. relations between topological and metrical prope'ties of space, 
RWrelbjicat problem of visual intuition of non Euclidean structures, many more topics 
, modern science ard philosophy Majornty of Ideas require only knowledge of 
i tem-tSiate math "Still the best book in the field," Pudolf Carnap Introduction by 
u-ap 49 figures xvlll + 2SSpp 54s x 8 S443 Paperbound 52.00 
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FOUNDATIONS OF SCIENCE THE PHILOSOPHY OF THEORY AND EXPERIMENT, N Campbell 
A critique of We most fundamental concepts of sc ence particularly physics Examines why 
certain propositions are accepted without question demarcates science from philosophy 
etc Part I analytes presuppositions of scientific thought existence of material world 
nature of laws probability etc part 2 covers nature of experiment and applications of 
mathematics conditions tor measurement relations between numerical laws and theories 
error etc An appendix covers problems arising from relativity force motion space 
time A classic In its field A real Erasp of what science is Higher Educational Journal 
Sill + 565pp 5 Vi s BVs S372 PaperbOUnd >2 95 

THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
e Sxrton Excellent introductions orientation lor beginning or mature worker Describes 
duty of mathematical historian Incessant efforts and genius ot prevous generations Ex 
plains how todays discipline d ffers from previous methods 200 Item bibl ography with 
critical evaluations best available biographies of modern mathematicians best treatises 
on historical methods is especially valuable 10 illustrations 2 volumes bound as one 
S13pp + 7SPP 5% x 8 TZW Paper Sound 


MATHEMATICAL PUZZLES 


MATHEMATICAL pumts OF SAM LOYD selected and edited by Martin Gardner 117 choice 
puzzles by greatest American puzzle creator and innovator from h s famous Cyclopedia 
cl Puzzles All unique style, historical flavor of originals 8ased on arithmetic algebra 
probability game Iheory route tracing topology si ding block operations research geo 
metrical dissection Includes famous 14 15 puzzle which was national craze Horse of 
» Different Color which sold mill ons of copies 120 I ne drawings diagrams Solutions 
X* + 167pp 5% x 8 T498 Paperbound $1 08 


SYMBOLIC LOGIC and THE CAME OF LOGIC lewis Catron Symbol c Logic Is not concerned 
with modern symbol c logic but is nstead a collection of over 380 problems posed w th 
charm and Imagination using the syllogism and a fascinating diagrammatic method Of 
drawing conclusions in The Game of Logic Carroll s whimsical Imagination ( ’ ' 

logical game played with 2 diagram - *-■ * *— *- — ' — 

tricky syllogisms The final section 

'■ ... .r... » — ..-4j lnl , ft p fin , onion Dorn or i 

seici Index xxxi + 199oo Th. , 

T492 Paperbound ? 


PILLOW PROBLEMS and A TANGLED TALE Lewis Carroll One of the rarest of all Carrolls 
works Pillow Problems contains 72 original math puzzles all typically Ingenious Particu 
lariy fascinating are Carroll s answers which remain exactly as he thought them out 
reflecting his actual mental process The problems In A Tangled Tale are in Story form 
orlg nally appearing as a monthly magazine serial Carroll not only gives the solutons but 
uses answers sent In by readers to discuss wrong approaches and misleading paths and 
grades them tor Insight Both of these books were rarities until this edition Pillow 
Problems costing up to $25 and A Tangled Tale $15 Pillow Problems Preface and 
Introduction by Lewis Carroll xx + I09pp A Tangled Tale 6 Illustrations 152pp Two vols 
bound as one 5th x 8 T493 Paperbound $1 SO 


NEW WORD PUZZLES C L Kaufman 100 brand new challenging puzzles on words com 
binat ons never before published Most are new types invented by author (or beginners 
and experts both Squares of letters follow chess moves to build words symmetrical 
designs made of synonyms rhymed crostcs double word squares syllable puzzles where 
you fit in missing syllables Instead of missing letter many other types all new Solutions 
Excellent Recreation 100 puzites 196 figures vi + I22pp 5th x 8 

T344 Paperbound St 00 


MATHEMATICAL EXCURSIONS H A Merrill Fun recreation Insights into elementary prob 
lem solving Math expert guides you on bypaths not generally travelled in elementary math 
courses — divide by Inspection Russian peasant multiplication memory systems for pi odd 

..... — i — — - roots by geometry Tchebichev s machine 

Brain stirring stuff a classic Genie 
T350 Paperbound *1 00 


magic squares; dyadic systems 

dozens more Solutions to more diffcutt ones 
50 Illustrations 14Spp x 8 


THE BOOK OF MODERN PUZZLES G L Kaufman Over 150 puzzles absolutely all new mate 
rial based on same appeal as crosswords deduction puzzles but with different principles 
techniques 2 minute teasers word labyrinths design pattern logic observation puzzles 
puzzles testing ability to apply general knowledge to peculiar situations many others 
Solutions 115 illustrations I92pp 5?» x a T143 Paperbound 51 00 


MATHEMAGIC, MAG fC PUZZLES AND GAMES WITH NUMBERS ft V Heath Over 60 puzzles 
stunts on properties ot numbers Easy techniques for mult plying large numbers mentally 
identifying unknown numbers f ndmg date of any day in any year Includes The lost Digit 
3 Acrobats Psychic Bridge magic squares Wangles tubes others not easily found else 
where Edited by S S Meyer 76 illustrations 128pp 5Ti x 8 T110 Paperbound $1 00 



DOVER SCIENCE BOOKS 

PUZZLE QUIZ AND STUNT FUN, J. Meyer. 238 high-priority puzzles, stunts, tricks— math 
puzzles like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries, deductions 
like The Bridge of Sighs, Secret Code; observation puzzlers like The American Flag, Playing 
Cards, Telephone Dial; over 200 others with magic squares, tongue twisters, puns, ana- 
grams. Solutions. Revised, enlarged edition of "Fun-To-Do.” Over 100 illustrations. 238 
puzzles, stunts, tricks. 256pp. 5% x 8. T337 Paperbound S1.00 

tot PUZZLES IN THOUGHT AND LOGIC, C. R. Wylie, Jr. For readers who enjoy challenge, 
stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective purzles, find the lying fisherman, how a blind man identifies color by logic, many 
more. Easy-to-understand introduction to logic of puzzle solving and general scientific 
method. 128pp. 5% x 8. T367 Paperbound SI .00 

CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old material, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Formerly "Elementary Cryptanalysis.” Appendix with sequence charts, letter 
frequencies in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. Hew to this editiom solutions to codes, vi + 230pp. 536 x 8%. 

T97 Paperbound 51 .95 

CRYPTOGRAPY, L. 0. Smith. Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyalphabetical substitutions; mechanical devices; Vigenere; etc. Enciphering Jap- 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib- 
liography. Index. 164pp. 5% X 8. T247 Paperbound $1.00 

MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metal mathematics, stage 
mind-rcadmg, other “magic" explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks. Insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sleight of hand— math guarantees 
success. “Could hardly get more entertainment . . . easy to follow,” Mathematics Teacher. 
115 Illustrations, xli + 174pp. 5% x 8. T335 Paperbound $1.00 

AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical in this classic. One of largest collections. More than 
430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 
unkursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
chessboards, joiners', crossing river, plane figure dissection, many others. Solutions. More 
than 450 illustrations, viii + 258pp. 54b x 8. T473 Paperbound $1.25 

THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer's pilgrims set one another problems in 
story form. Also Adventures of the Puzzle Club, the Strange Escape of the King's Jester, 
the Monks ot Rlddlewell, the Squire's Christmas Puzzle Party, others. All puzzles are 
original, based on dissecting plane figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. “The limit of ingenuity and In- 
tricacy," The Observer. Over 110 puzzles, full solutions. 150 illustrations, viii -f 225 pp. 
5?i x 8. T474 Paperbound $1.25 

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 puzzles to 
test mental agility. Inference, Interpretation, algebra, dissection oi plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Drasv an Ellipse, Spider's Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 

MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreation mathematics on relatively advanced level. Unusual historical problems trom 
Creek, Medieval, Arabic, Hindu sources; modern problems on “mathematics without num- 
bers,” geometry, topology, arithmetic, etc. Pastimes derived trom figurative, Mersennc, 
rermat numbers-, (airy chess; latruncles: reversi; etc. Full solutions. Excellent insights 
into special fields of math. "Strongly recommended to all who are Interested in the 
lighter side of mathematics," Mathematical Gaz. 181 illustrations. 330pp. 59b x 8. 

T163 Paperbound $1.75 


fiction 


FIAUano, e. A. Abbott. A perennially popular science-fiction classic about life in a 2- 
c .(nS'Ona! world, and the Impingement of higher dimensions. Political, satiric, humorous, 
c-erlcncs. This land where women are straight lines and the lowest and most dan- 
LjZ?* masses are isosceles triangles with 3° vertices conveys brilliantly a feeling tor 
j ‘-wespts ot modern science. 7th edition. New introduction by Banesh Hoffmann. 128pp. 
5 8 1 «• Ti Paperbound $1.00 


7 



CATALOGUE OF 


SEVEN SCIENCE FICTION Hovels OF H 0 WELLS Compete texts unabridged of seven of 
Wells greatest novels The War of the Worlds, The invisible Man The Island of Or Moreau 
The food of the Gods First Men In the Moon In the Days of the Comet The Time Machine 
ST It considered by many experts to be the best science fiction ever mitten they will otter 
amusements and Instruct on to the scientific minded reader The great master Shy and 
Telescope lOSlpp Hi i I T264 Clothbound $3 95 

28 SCIENCE FICTION STORIES OF H C WELLS Unabridged! This enormous omnibus contains 
2 full length novels— Men Like Gods Star Begotten — plus 26 short stories of space time 
invention biology etc The Crystal Egg The Country of the Blind Empire Pt the Ants 
The Man Who Could Work Miracles Aepyornis Island A Story of the Days to Come and 
20 others A master not surpassed by writers of today The English Journal 
915PP 5% x a T265 Clothbound $3 95 

FIVE AQYENTURE HOVELS OF H RIDER HAGGARD All the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years who knew African 
ethnology folkways as did few of his contemporaries They have been regarded as examples 
of the very best high adventure by such critics as Orwell Andrew lang Kipling Contents 
She King Solomons Mines Allan Quatermaln Allans Wife Maiwa s Revenge Could spin 
a yarn so full of suspense and color that you couldn t put the story down, Sat Review 
821pp Jtkit 1108 Clothbound $3 95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS Fred Remfeld Easiest most instructive way to Im 
prove your game— play 10 games against such masters as Marshall Znosko Borovsky Bron 
stem Najdorf etc with each move graded by easy system Includes ratings for alternate 
moves poss ble Games selected for Interest clarity easily isolated principles Covers 
Ruy Lopez, Dutch Defense Vienna Game openings subtle intricate m ddle game variations 
all important end game Full annotations formerly Chess by Yourself 91 diagrams 1 
+ I44pp 5% » 8 “ 


T362 Paperbound $1 00 


REINFELD ON THE END CAME IN CHESS. Fred Relnfeid Analyzes 62 end games by Alekhine 
Flohr Tarrasch Morphy Capablanca Rubinstein Lasker, Reshevsky other masters Only 
1st »»te book with extensive coverage of error— tell exactly what is wrong with each move 
you might have made Centers around transitions from middle play to end play King and 
pawn minor pieces queen endings blockage weak passed pawns etc Excellent a 
boon Chess Lite Formerly Practlral End Play 62 figures vi + 177pp 5T« x 6 

T417 Paperbound $t-25 


KYPIRMODERH CHESS as developed tn the games of Its greatest exponent ARON NIMZO 
VICH ed ted by Fred Relnfeid An Intensely original player analyst N mrovich s approaches 
startled often angered the chess world This volume des gned for the average player 
shows how his iconoclastic methods won him victories over Alekhine Lasker Marshall 
Rub nste n Splelmann others and Infused new life into the game Use hlx methods to 
startle opponents mv gorate play Annotations and introductons to each game are 
excellent Times (London) 180 d agrams vlii + 220pp 5T9 x 8 T448 Paperbound $1 35 


THE ADVENTURE OF CHESS Edward Lasker Lively reader by one of Amer ca s finest chess 
masters including h story of chess from ancient Ind an 4 handed game of Chaturanga 
to great players of today such del ghts and oddities as Maelzel S chess playing automaton 
that beat Napoleon 3 t mes etc One of most valuable features is author s personal recollec 
tions of men he has played against— Nimzovich Emanuel Lasker Capablanca Alekhine 
etc Discuss on of chess playing machines (newly revised) 5 page chess primer 11 Ulus 
tratons 53 diagrams 295pp 5Tb x t S510 Paperbound $T 45 


THE ART OF CHESS, James Mason Unabridged reprint ng of latest revised edition of most 
famous general study ever written Mason early 20tn century master teaches beg nnlitg 
Intermediate player over 90 openings m ddle game end game to see more moves ahead 
to plan purposefully attack sacrifice defend exchange govern general strategy Classic 

one o* the clearest and best developed studies ' Publishers Weekly Also included a 
complete supplement by F Re nfeld How Do You Play Chess’ Invaluable to begrtners 
for its lively quest on and answer method 443 diagrams 1947 He nfeld Bernstein text 
8 bllography xvr + 3*Opp 5% x 8 T463 Paperbound $1 65 

MORPHY S GAMES OF CHESS edited by P W Sergeant Put boldness into your game by 
flowing brilliant forceful moves of the greatest chess player of all time 300 of Morphy s 
best games carefully annotated to reveal principles 54 classics aga nst masters tike 
Aoderssen Harrwitz Bird Paulsen and others 52 games at odds 54 blindfold games plus 
over 100 others Follow h s interpretation of Dutch Defense Evans Gambit G uoeo Piano 
Ruy Lopez many mare Unabridged reissue of latest revised edition Hew introduction by 
F Remfeld Annotations introduction by Sergeant 23S a agrams x + 352pp STfc x 8 
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WIN AT CHECKERS, M. Hopper. (Formerly “Checkers.") Former World's Unrestricted Checker 
Champion discusses principles of game, expert’s shots, traps, problems for beginner, stand- 
ard openings, locating best move, end game, opening “'blitzkrieg” moves to draw when 
behind, etc. Over 100 detailed questions, answers anticipate problems. Appendix. 75 prob- 
lems with solutions, diagrams. 79 figures, xi + 107pp. 5% x 8. T363 Paperbound $1.00 

HOW TO FORCE CHECKMATE, Fred Reinfeld. If you have trouble finishing off your opponent, 
here is a collection of lightning strokes and combinations from actual tournament play. 
Starts with 1-move checkmates, works up to 3-move mates. Develops ability to look ahead, 
gain new insights into combinations, complex or deceptive positions: ways to estimate weak- 
nesses, strengths of you and your opponent. “A good deal of amusement and instruction,” 
Times, (London). 300 diagrams. Solutions to all positions. Formerly “'Challenge to Chess 
Players." 111pp. 5% X 8. T417 Paperbound S 1 .25 

A TREASURY OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 
short stories, aphorisms by, about masters; poems, accounts ot games, tournaments, photo- 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating "must” for chess players,- revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates). 12 
diagrams, xi + 306pp. 5% x 8. T458 Paperbound 51.75 

WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, lo sharpen your eye, test skill 
against masters. Start with simple examples, progress at own pace to complexities. This 
selected series of crucial moments in chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. ““Extensive use 
ot diagrams is a great attraction,” Chess. 300 diagrams. Notes, solutions to every situation. 
Formerly “'Chess Quiz." vi + 120pp. 5% x 8. T433 Paperbound $1,00 


MATHEMATICS: 

ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, H. Sticker. Tried and true method to help mathematics ol 
everyday life. Awakens "number sense" — ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught in schools.- left-to-rigbt multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 
higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 7Vi. 

Paperbound $1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers, pi, etc. '“A modern classic ... no koowledge of higher mathematics is required," 
Scientia. Notes by R. Archibald. 16 figures, xi + 92pp. 5% x 8. 1298 Paperbound $1.00 


RICHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Meilor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, (unctions, integral calculus, infinite scries, numerical 
equations, differential equations, Fourier's theorem probability, theory of errors, calculus 
£; variations, determinants. “'If the reader is not familiar with this book, it will repay 
him to examine it," Chem. and Engineering News. 800 problems. 189 figures, xxi 4- 64lpp. 
5’.9 x 8. S193 Paperbound $2.25 

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
cover most Important aspects of plane, spherical trigonometry — particularly useful in clearing 
up difficulties in special areas. Part I: plane trig, angles, quadrants, functions, graphical repre- 
senlatlon. Interpolation, equations, logs, solution of triangle, use of slide rule, etc. Next 
its pages discuss applications to navigation, surveying, elasticity, architecture, other 
iE»r i P;lrt 3: spherical trig, applications to terrestrial, astronomical problems. 

0 lime 'Saving, simplification of principal angles, make book most usetut. 913 
qu.stions answered. 1738 problems, answers to odd numbers. 494 Figures. 24 pages of for- 
mulas, functions, x + 629pp. 54% x 8. T371 Paperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A. A. Klat. 756 questions examine most im- 
aspects ot integral, differential calculus. Part 1: simple differential calculus, con- 
variables, functions, Increments, logs, curves, etc. Part 2: fundamental ideas oi 
I], t? ," s “ Inspection, substitution, areas, volumes, mean value, double, triple integration, 
Practical aspects stressed. 50 pages Illustrate applications to specific problems of civil, 
,;Ubcal engineering, electricity, stress, strain, elasticity, similar fields. 756 questions 
siv v « “ 565 Problems, mostly answered. 36pp. ot useful constants, formulas, v + 431pp. 

** * *• T370 Paperbound $2.00 
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MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, editecf by J. W A Young Advanced 
mathematics for persons who have forgotten, or not gone beyond high school algebra 
9 monographs on foundation of geometry, modern pure geometry non Euclidean geometry, 
fundamental propositions of algebra a'gebraic equations, functions calculus theory ot 
numbers etc Each monograph gives proofs of Important results, and descriptions of lead 
Ini methods to provide wide coverage • Of high merit • Scientific American New Intro- 
duction by Prat M Kline, N Y Unlv 100 diagrams xvi + 416pp 6Vi x 9V« 

S289 Paperbound >2 DO 

MATHEMATICS IN ACTION. 0 c Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates ho* math is applied to ballistics theory of computing 
machines, waves, wave like phenomena theory ot fluid flow, meteorological problems, 
statistics flight, similar phenomena No knowledge of advanced math required Differential 
equations, Fourier series group concepts Eigenfunctions Planck s constant airfoil theory 
and Similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even If much of high school math Is forgotten 2nd edition £8 
figures erfii + 236pp 5tt x 8 T4S0 Clothbound S3 SO 

ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein Classic text, 
an outgrowth of Klein s famous Integration and survey course at Gottingen Using one field 
to interpret adjust another It covers basic topics in each area with extensive analysis 
Especially valuable In areas of modern mathematics A great mathematician Inspiring 
teacher, deep insight, 8u! Amer Math Soc 

Vo I I ARITHMETIC, ALGEBRA, ANALYSIS Introduces concept of function Immediately en 
livens discussion with graphical, geometric methods Partial contents natural numbers, 
special properties, complex numbers Real equatrons with real unknowns complex quan 
titles Logarithmic exponential functions, infinitesimal calculus Transcendence of e and pi 
theory of assemblages Index 1ZS figures lx 4- 2?4pp 5% x 8 S151 Paperbound gl 15 

Vs!. II CEOMETRY Comprehensive view accompanies space perception inherent In geom 
etry w th analytic formulas which facilitate precise formulation Partial contents Simplest 
geometric manifold line segments Crxssman determinant principles, elassleatlon of con 
figurations of space Geometric transformations affine projective higher point transforma 
ttons theory of the imaginary Systematic discussion of geometry and its foundations 141 
Illustrations lx + 214pp SH x 8 S151 Paperbound »t 73 


A TREAYISE ON PLANE AND ADVANCED TRIGONOMETRY. E W Hobson Extraordinarily wide 
coverage going beyond usual college level, one of few works covering advanced trig m 
full detail 8y a great expositor with unerring Anticipation of potentially difficult points 
Includes ctrcuiat functions, expansion ot functions ot multiple angle trig tables relations 
between sides, angles of triangles complex numbers etc Many problems fully solved 
The best work on the subject. Nature Formerly entitled A Treatise on Plane Yrlgonom 
etry" 689 examples 66 figures xvt + 383pp 5ft x 8 S353 Paperbound |f 93 


NON EUCLIDEAN GEOMETRY, Roberto Bonola The standard coverage of non Euclidean geom 
etry Examines from both a historical and mathematical point of view geometries which 
have arisen from * study ot Euclid s 6tn postulate on parallel lines Aiso included are 
complete texts translated of Bolyais Theory of Absolute Space, Lobachevsky s Theory 
of Parallels 180 diagrams 43ipp 5% x 8 S27 Paperbound gt 93 


GEOMETRY OF FOUR DIMENSIONS. H P Manning Unique In English as a clear, concise intro- 
duction Treatment is synthetic, mostly Euclidean though In hyperplanes and hyperspheres 
at fftfnlty non Euclidean geometry is used Historical introduction Foundations of <-dimen 
slonal geometry perpendicularity simple angles Angles of planes, higher order Symmetry, 
order, motion hyperpyramids hyper cones hyperspnetes figures with parallel elements, 
volume hypervolume in space, regular poiyhedrolds Glossary 78 figures ix + 348pp 
5ft * « S182 Paperbound $1 93 


MATHEMATICS: INTERMEDIATE TO ADVANCED 

GEOMETRY (EUCLIDEAN AND NON-EU CLIDE AN) 


THE GEOMETRY or Rt«( DESCARTES With this book. Descartes founded analytical geometry 
Original french text, with Descartes t own diagrams, and excellent Smith Latham transla- 
tion Contains Problems the Construction of Which Requires only Straight Lines and Clrclesj 
On the Nature of Curved lines, On the Construction of Solid or Supersolid Problems Ola 
gfams 2S8pp 5ft * a S68 Paperbound 31 50 
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THE WORKS Of ARCHIMEDES, edited by T. t. Heath. All the known works of the great Greek 
mathematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world. 186 page study by Heath dis- 
cusses Archimedes and history of Greek mathematics. 563pp. 5% x 8. S9 Paperbound $2.00 

COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text ol 1892 "Werke" and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers v/hich have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedekind, H. Weber, M. Noether, W. Wirtmger. German text; English introduction by 
Hans lewy. 690pp. 5% x 8. S226 Paperbound $2.B5 

THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics ol Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics, Euclid, 
lexts, commentators, etc. Elaborate critical apparatus parallels text, analysing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid. Unabridged reproduction ol Cambridge L). 2nd edition. 3 vol- 
umes. 995 figures. 1426pp. 5% x 8. S88, 89, 90, 3 volume set, paperbound $6.00 

AH INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommcrville. Presupposes no 
previous knowledge of field. Only book In English devoted exclusively to higher dimensional 
geometry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
hetvieen linear space, enumerative geometry, analytical geometry from proiective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 5T'a x 8. S494 Paperbound $1.50 

ELEMENTS OF NON-EUCLIDEAH GEOMETRY, 0. M. Y. Sommervllle. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries; space curvature and its 
Implications; radical axes; homopethic centres and systems of circles; parafaxy and parallel- 
ism; Gauss' proof of defect area theorem; much more, with exceptional clarity. 126 prob- 
lems at chapter ends. 133 figures, xvi + 274pp. 5% x 8. S460 Paperbound $1.50 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. D. Forder. First connected, rigorous ac- 
count In light of modern analysis, establishing propositions without recourse to empiricism, 
Without multiplying hypotheses. Based on tools of 19lh and 20th century mathematicians, 
who made It possible to remedy gaps and complexities, recognize problems not earlier 
discerned. Begins with important relationship of number systems in geometrical figures. 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists: 
axioms employed, constructions, symbols in frequent use. 295pp. 5T'e x 8. 

S481 Paperbound $2.00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. Provides complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as M.I.T., Chicago, 
N.Y. City College, many others. "Excellent introduction . . . remarkably readable, concise, 
clear, rigorous,” ]. of the American Statistical Association. 

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp, Provides background for further 
volumes In this set, or texts on similar level. Partial conlents: Foundations, system of com- 
plex numbers and Gaussian plane of numbers, Riemann sphere o! numbers, mapping by 
linear functions, notmal forms, the logarithm, cyctometric functions, binomial series. "Not 
only for the young student, but also for the student who knows all about what Is in it," 
Mathematical Journal. 140pp. 5Tb x 8. S154 Paperbound $ 1.35 

THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume II, provides coverage of basic 
concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy’s intergral theorem, Cauchy's Integra! 
formulae, scries with variable terms, expansion and analytic function in a power series, 
analytic continuation and complete definition of analytic '"notions, Laurent expansion, types 
of singularities, vu 4- 146pp. S’k x 8. S156 Paperbound $ 1,35 

THEORY OF FUNCTIONS, PART It. Konrad Knopp. Application and further development ol 
Ffncral theory, special topics. Single valued (unctions, entire, Weierstrass. Meromorphic 
runcticns- Mittag-Lcffler. Periodic functions. Multiple valued functions. Riemann surfaces 
A-tcbralc functions. Analytical configurations, Riemann surface, x + 150pp. say x S. 

S 15? Paperbound $1,35 
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PR08LCM BOOK JN THE THEORY OF FUNCTIONS VOLUME I Konrad Knopp Problems m ele- 
mentary theory tor use w Ih Knopp * Theory of Functions or any other test Arranged 
accord ng to increasing ditf cutty Fundamental concepts sequences of numbers and inf mte 
series complex variable Integral theorems development in series conformal mapping 
Answers vi i + 126pp JttlS S 158 Paperbound S1JS 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS VOLUME II Konrad Knopp Advanced theory 
of functions to be used with Knopp s Theory of Functions or comparable test Singular 
(ties ent re and meromorphie fund ons periodic analytic continuation mult pie valued 
(unctions Riemann surfaces conformal mapping Includes section oi elementary problems 
The d fficuit task of selecting problems iust within the reach of the beginner is 
here masterfully accomplished AM Math SOC Answers I38pp 54g x 8 

Si 59 Paperbound SI 35 

ADVANCED CALCULUS E B Wilson Still recognized as one of most comprehensve useful 
texts Immense amount ot welt-represented fundamental mater a! inctud ng chapters on 
vector fund ons ord nary differential equations special functions calculus of variations 
etc which are excellent introductions to these areas Requires only one year of calculus 
Over 1300 exercises cover both puce math and appttcat ons to engineering and physical 
problems ideal reference refresher 54 page Introductory review lx + 566pp 518 x 8 

S504 Paperbound $2 4S 

LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS H Hancock Reissue of only book in 
English with so extensive a coverage especially of Abel Jacobi Legendre Weierstrass 
Hermlte Liouvllle and Riemann Unusual fullness of treatment plus applications as well as 
theory in discussing universe of el) ptic integrals original ng in works ot Abel and 
Jacobi Use is made of Riemann to prov de most general theory 40 page table of formulas 
76 figures Kxm + 49Spp 54» s 8 S483 Paperbound $2 55 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO DIFFERENTIAL EQUATIONS Vito 
Volterra Unabridged republlcation of only Engl sh translation General theory of fund ons 
depending on continuous set qt values of another fund on Based on author s concept of 
transiton from finite number ot variables to a continually Infinite number Includes much 
material on calculus of variations Begins with fundamentals exam nes generalization of 
analytic fund ons functional derivative equations applications other direct ons ot theory 
etc New introduction by G C Evans Biography criticism of Volterra s work by E Wh t 
taker xxxx + 226pp 511 x 8 S502 Paperbound $1 75 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin Concentrates on essent ais gives broad view suitable for most appl cations Re 
quires only knowledge of calculus Covers complex qualifies with methods of computing ele 
mentary functions lor complex values ot argument and finding approximations by charls 
Fourier series harmonic anaylsis much more Methods are related to physical problems 
ol heat flow vibrations electrical transmission electromagnetic radiation eto 828 prob 
terns enswtn formerly entitled Fourier Methods x + 289pp 5% * 8 

S452 Paperbound $1 75 

THE ANALYTICAL THEORY OF HEAT Joseph Fourier This book which revolutionized mathe 
matlcal physics has been used by generations of mathemat cians arid physicists Inlerested 
Ifl heat or apptlcat on of Fourier Integral Covers cause and reflection Of rays of heat 
radiant heating heating ol closed spaces use of trigonometric series In theory of heat 
Fourier Integral etc Translated by Alexander Freeman 20 figures xxli + 466pp 548 X 8 

S93 Paperbound $2 00 

ELLIPTIC INTEGRALS H Hancock Invaluable In work Involving differential equations with 
rubles quatrlcs under root sign where elementary calculus methods are Inadequate Prac 
teal solutons to problems in mathematics engineering physics differential equal ons re 
bulling integration ot lamt* Allots or Bouquet* equations determination ot arc ol 
ellipse hyperbola lemlscate solutions of problems In elastics motion of a project le under 
resistance varying at (He cube Ot the velocity pendulums more Exposition In accordance 
with Legendre Ucobl theory Rigorous discussion of Legendre transformations 20 figures 
5 place table 104pp 5*8 x a $484 paperbound $t 25 

THE TAYLOR SERIES. AN INTRODUCTION TO THE THEORY OF FUHCTIONS OF A COMPLEX 
VARIABLE, P Dienei Uses Taylor series to approach theory ol functions using ordinary 
calculus only except in last 2 chapters Starts with Introduct on to real variable and com 
plex algebra derives properties Of Inf n te series complex d fterentiatlon Integration etc 
Lovers o umiorm mapping overconvergence and gap theorems Taylor senes on Its circle 
of convergence etc Unabridged corrected reissue ot f rst edition 186 examples many 
fully worked out. 67 fgures xu + 555pp 5tt x 8 $391 Paperbound $2 75 

LINEAR INTEGRAL EQUATIONS, W V Levitt Systematic survey of general theory with some 
appiicat on to d fferentiai equal ons calculus of variat ons problems of math physics 
Includes integral equal on of 2nd kind by successive substitutions Fredholm s equal on 
is ratio of 2 integral series In lambda applications of the Fredholm theory Hilbert Schmidt 
theory of symmetric kernels applleaton etc Neumann Dmchlet vibratory problems 
I* + 2539P 548 I 8 SL75 Oothbound $1.50 

SI 76 Paperbound $1 GO 
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DICTIONARY OF COIIFORMAt REPRESENTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace’s equation in 2 dimensions. Scores of geometrical forms and transformations 
for electrical engineers, Joukowsk! aerofoil for aerodynamics, Schwartz Christoffel trans- 
formations for hydro dynamics, transcendental functions Contents classified according to 
analytical functions describing transformations with corresponding regions Glossary. Topo- 
logical index. 447 diagrams. 6>/a x 91/1 S160 Paperbound $2.00 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
students to modern theory of functions Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition vii + 71pp 5% x 8 S171 Clothbound $2.85 

S172 Paperbound $1.25 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. 1st publication in any language Excellent 
Introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone Sequences and sets, real and complex numbers, etc Functions of 
a real and complex variable Sequences and series. Infinite series Convergent power series 
Expansion of elementary functions Numerical evaluation of scries, v 4- 186pp. 5 a 'e x 8. 

5152 Clothbound S3.50 

5153 Paperbound $1.75 

THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series Requires only a good background in calculus Exhaustive coverage of: 
metric and descriptive properties of sets of points, transfinite numbers and order types, 
functions of a real variable, the Ricmann and Lebesgue integrals, sequences and series 
of numbers, power series, functions representable by series sequences of continuous func- 
tions, trigonometrical series, representation of functions by Fourier's series, and much 
more "The best possible guide,” Nature Vol. I 88 detailed examples, 10 figures. Index 

xv + 736pp Vol. II 117 detailed examples, 13 figures x + 780pp x 9V4. 

Vol. I S387 Paperbound $3.00 

Vol. II. S388 Paperbound $3.00 

ALMOST PERIODIC FUNCTIONS, A. S. Bcslcovltch. Unique and Important summary by a well 
known mathematician covers in detail the two stages of development in Bohr’s theory 

Of almost periodic functions- (1) as a generalization of pure periodicity, with results and 

proofs, (2) the work done by Stepanof, Wiener, Weyl, and Bohr in generalizing the theory. 
XI + 180pp. 5Va x 8 S18 Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition, an outgrowth ol author's courses at Cambridge Historical introduction, 
rational, irrational numbers, infinite sequences and series, functions of a single variable, 
definite Integral, Fourier series, and similar topics Appendices discuss practical harmonic 
analysis, periodogram analysis, Lebesgue's theory. 84 examples, xiii + 368pp. 5Tb x 8 

S48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE CLEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloem. First publication in any lan- 
guage For mathematically matute readers with no training in symbolic logic Development 
of lectures given at Lund Umv , Sweden, 1948. Partial contents' Logic of Classes, funda- 
mental theorems, Boolean algebra, logic of propositions, ot propositional functions, expres- 
sive languages, combinatory logics, development of math within an object language, para- 
doxes. theorems of Post, Goedel. Church, and similar topics, iv + 214pp 5*^ x 8 

S227 Paperbound $1.45 


INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive 
rigorous, by perhaps grealest living master Symbolic languages analyzed, one constructed’ 
Applications to math (axiom systems (or set theory, real, natural numbers), topology 
(Dcdehnd, Cantor continuity explanations), physics (general analysis of determination cau- 
'ality. space time topology), biology (axiom system for basic concepts) ”A masterpiece ” 
Zentralblatt fur f.’Jthenatik und Ihre Grenzgcbictc. Over 300 exercises 5 figures xvi + 
241pp 5T» x 8 S453 Paperbound $1.85 


AH INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langcr. Probably clearest book for the 
philosopher, scientist. layman— no special knowledge o! math required Starts with simplest 
symbols, goes on to give remarkable grasp of Boole Schroeder, Russclt-V.hitchead systems 
clearly, quickly Part-al Contents Forms, Generalization, Classes, Deductive System oi 
Classes, Algebra of Logic, Assumptions of Principle Mathematics, Logistics. Proofs of 
Theorems, etc Clearest . . simplest introduction . . , the Intelligent non mathematician 
S u Jlll i w ,C no dll' culiy,” MATHEMATICS GAZETTE. Revised, expanded 2rd edition Truth 
value tables CSSpp 5=$ S S164 Paperbound $1.75 
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TRIGONOMETRICAL SERIES Anton! Zygmund On modern advanced level Contains carefully 
organized analyses of trigonometric orthogonal Fourier systems of functions with clear 
adequate descriptions of summabillty of Fourier series proximatlon theory conjugate series 
convergence divergence of Fourier series Especially valuable for Russian Eastern Euro 
pean coverage 329pp 5% x 8 S290 Paperbound it 50 

THE LAWS OF THOUGHT. George Boole This book founded symbolic logic some 100 years 
ago It is the 1 st slgnifcant attempt to apply logic to all aspects ct human endeavour 
Partial contents derivation of laws signs and laws interpretations eliminations Condi 
t ons ol a perfect method, analysis Aristotelian leg t probability and simitar topics 
xvii + 424pp St 'a x S S28 Paperbound 52 00 

SYMBOLIC LOGIC, C I Lewis, C H Langford 2nd revised edition of probably most cited 
book Sit symbolic logit Wide coverage of entire field one of fullest treatments of paradoses 
plus much material not available elsewhere Basic to volume is distinction between logic 
of extens ons and intensions Considerable emphasis on converse substitution while matrix 
system presents supposlt on of variety of non Aristotelian logics Especially valuable sec 
tions on strict limitations existence theorems Partial contents Boole Schroeder algebra 
truth value systems the matrix method implicaton and deducibility general theory of 
propositions etc Most valuable Times London 506pp 5% x 8 SI 70 Paperbound i2 00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein Solution of quintics in terms ol rotations ol regular Icosahedron around its 
axes of symmetry A classic Indispensable source for those interested in higher algebra 
geometry crystallography Considerable explanatory mater a! included 230 footnotes mostly 
bibliography Classical monograph detailed readable book Math Gazette 2nd edi 
turn xvl + 289PP 6% x 8 3314 Paperbound >t 85 


INTRODUCTION TO THE THEORY OF CROUPS OF FINITE ORDER R Carmichael Examines 
fundamental theorems and their applications Beginning with sets systems permutations 
etc, progresses In easy stages through important types ot groups Abelian prime power 
permutation etc Except 1 chapter where matrices are desirable no higher math is needed 
783 exercises problems xvi + 447pp 5% x 8 S299 Clothbound S3 35 

S3 00 Paperbound 52 00 


THEORY OF CROUPS OF FINITE ORDER W Burnside First published some 40 years ago 
still one of clearest introductions Partial contents permutations groups Independent of 
representation composition series of a group isomorphism of a group w th itself Abelian 
groups prime power groups permutatior groups Invariants ol groups of Inear substitu 
tion graphical representation etc Clear and deta led discussion numerous problems 

which are instructive Design News xxlv + 512pp 5Tb x 8 S38 Paperbound 52 45 

COMPUTATIONAL METHODS OF UNEAR ALGEBRA V N Fiddteva translated by C B Benster 
1st English translation ol unique valuable work only pne In English presenting systematic 
expositon ol most Important methods of linear algebra— classical contemporary Oetalls 
Of deriving numerical solutons of problems In mathematical physics Theory and practice 
Includes survey of necessary background most important methods ol solut on Jor exact 
Iterative groups One of most valuable features is 23 tables triple checked for accuracy 
unavailable elsewhere Translators note x + 252pp 5Tb x 8 S424 Paperbound 5195 

TKE CONTINUUM ANO OTHER TYPES OF SERIAL OROER E V Huntington This famous book 
gives a systematic elementary account of the modern theory Of the continuum as a type 
of serial order Based on the Cantor Dedekind ordinal theory which requires no technical 
knowledge of higher mathematics, ft offers an easily followed analysis of ordered classes 
discrete and dense senes continuous series Cantor s trSisf nite numbers Admirable 
introduction to the rigorous theory of tne continuum reading easy Science Progress 
2nd edition vlll + 82pp 5Tb x 8 S129 Clothbound 52 75 

S130 Paperbound jl 00 

THEORY OF SETS, E Kamke Clearest amplest introduction in English well suited for inde 
pendent study Subdivisions of mam theory such as theory of sets of po nts are discussed 
but emphasis Is on general theory Part at contents rudiments of set theory arbitrary sets 
their cardinal numbers ordered sets theit order types well ordered sets their card nal 
numbers vii + 144pp 5Tb x 8 $141 Paperbound 51 35 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFIHITE NUMBERS Georg Cantor 
These papers founded a new branch of mathematics The famous articles of 1895 7 are 
translated with an 82 page introduction by P E B Jour da in deal ng with Cantor the 
background of his discoveries their results future poss bullies ix + 21ipp 5Tb x 8 

S45 Paperbound it 25 
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NUMERICAL AND GRAPHICAL METHODS, TABLES 


JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Mitne-Thomson. Easy-to-follow, practical, not 
only useful numerical tables, but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic Integrals; Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of argument; 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body ol book; 
Graph, 5 figure table of elliptic function sn (u m); cn (u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K', E, E', nome q. 7 figure table of Jacobian zeta-functlon 
Z(u). 3 figures, xl + 123pp. 5Tb x 8. S194 Paperbound $1.35 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke, F. Emde.Most comprehensive 
1-volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, new 76-page section giving tables, formulae for elementary functions not 
In other English editions. Partial contents: sine, cosine, logarithmic Integral; error integral; 
elliptic integrals: theta functions; Legendre, Bessel, Rlemann, Mathieu, hypergeometric 
functions; etc. "Out-of-the-way functions for which we know no other source.” Scientific 
Computing Service, Ltd. 212 figures. 400pp. 5Vb x 8Tb. S133 Paperbound $2.00 


MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im- 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to 1000th of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a= + b-0 exp; Via; complete elliptical in- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential Integrals; El(x) and El( — x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability Integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
sources of more extensive tables, Interpolation data, etc. Over half have columns of 
differences, to facilitate interpolation, vlii + 231pp. 5Tb x 8. S445 Paperbound $1.75 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. WlllerS. Immensely prac- 
tical hand-book lor engineers. How to interpolate, use various methods of numerical differ- 
entiation and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, Integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. W. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 5Tb x 8. 

S273 Paperbound $2.00 

NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy, E. A. BaggDtt. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents- 
graphlcal Integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations o! 2nd and higher orders. 
"Should be in the hands of all in research and applied mathematics, teaching," Nature. 
21 figures, viil + 238pp. 5Tb x 8. S168 Paperbound $1.75 

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennct, Milne, Bateman. Unabridged 
rcpublication of original prepared for National Research Council. New methods of integration 
by 3 leading mathematicians: "The Interpolationai Polynomial," "Successive Approximation " 
A. A. Bennett, "Step-by-step Methods of Integration," VI. W. Milne. "Methods for Partial 
Differential Equations," H. Bateman. Methods for partial differential equations, solution 
ol differential equations to ron-lntcgr3l values ol a parameter will interest mathematicians, 
physicists. 288 footnotes, mostly bibliographical. 235 Item classified bibliography. 108pp. 
5Tb x 8. S305 Paperbound $1.35 
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